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Preface 



This book is designed primarily to supplement standard texts in elementary machine design, 
based on the belief that numerous solved problems constitute one of the best means for clarifying and 
fixing in mind basic principles. Moreover, the statements of theory and principle are sufficiently complete 
that, with suitable handling of lecture-recitation time, the book could be used as a text by itself. 

Each chapter begins with statements of pertinent definilionSj principles and theorems together 
with illustrative and descriptive material. This is followed by graded sets of solved and supplementary 
problems* The solved problems serve to illustrate and amplify the theory and bring into sharp focus 
those fine points without which the student continually feels himself on unsafe ground. Numerous proofs 
of theorems and derivations of formulas are included among the solved problems. The supplementary 
problems serve as a review of the material of each chapter. 

Chapter topics correspond to material usually covered in standard machine design courses. It 
is felt that these are representative topics for illustrating the general approach to design problems. 
Where more than one accq>tcd procedure for handling a problem exists, the authors have in some 
cases adopted what they feel to he the best^ in other cases, alternative procedures are shown; and in 
a few situations there is some innovation in treatment. As a result, while this book will not mesh pre- 
cisely with any one text, the authors feel that it can be a very valuable adjunct to alL 

The following are some of the special features of this book. It contains a wide range of applied 
mechanics review problems. Solved problems are used to review Strength of Materials and to demon- 
strate the application of many previous courses to design situations. Step functions and the theorem of 
Castigliano are introduced as tools for determining deflections in machine members. An introduction 
to Vibration Studies is presented. The latest techniques as developed by Boyd and Kaimondi for solv- 
ing lubrication problems are included. Excerpts from the latest AFBMA Standards are given for 
evaluating static and dynamic load ratings of radial ball bearings. Gear forces are covered in much 
more detail than in standard texts* A careful treatment of critical speeds of shafting is presented. An 
exhaustive treatment is given for determining the rigidity as well as the strength of machine mem- 
bers. Thirty-six design projects are presented, including flow control, automatic electrical control, quality 
control, and creative design problems. 

It is realized that competence in design rests on many factors other than scientific training — 
ingenuity, judgment, familiarity with empirical data, knowledge of design codes and standards, to 
name a few. Many of these can be fully developed only over a number of years of actual experience 
in industry. However, the student can be provided with what is basic, namely a good training in the 
logical application of theory to the design of machine elements plus some feeling for the accompany* 
ing asstmiptions and approximations. It is to this end that this book is directed. 

The authors are deeply indebted to many people. Published texts in machine design, strength 

of materials and dynamics of machinery have been studied and compared; all have contributed to the 
authors' thinking. Members of the machine design staff at Purdue University have served to sharpen and 
refine the treatment of many topics. The authois are extremely grateful to them for constructive criti- 
cisms and suggestions. 



Special appreciation is expressed to E. S. Ault, Professor of Machine Design at Purdue Uni- 
versity, In addition to general encouragement of the audioi^* efforts. Professor Ault is to be credited 

with the procedure presented in die chapters on Toothed Gearing for handling the Lewis formula in 
design calculations. 

Particular thanks are extended to Mr. Henry Hayden for typographical layout and art work 
for the figures. The realism of these figures adds gready to the effectiveness of presentation in a sub- 
ject where spatial visualization plays such an important role. 

We would also like to thank the following for permission to publish copyrighted material: The 
Uncoln Electric Company, The Anti-Friction Bearing Manufacturers Association, and Mr, A. A. 
Raimondi and Mr. John Boyd of the Westin^ouse Electric Company. 

A, S. HaU, Jr- 
A. R» Holowenko 
H, C. Laughlin 

Purdue University 
June, 1961 
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Chapter 1 



Introduction 



ENGINEEIUNCI DESIGN i8 the creation of plans for machines, structures, systems, or processes to 

perfof m desired functions, 

THE DESIGN PROCESS includes the following, 

(1) The recognition of a need and a statement of this need In general terms. This defines the 
IKoUem. 

(2) The consideration of different schemes for solving the problem and the selection of one to be 
investigated in more detail. Peasibllily studies, backed up by special research if necessajy, 
are a feature of this stage in the process. 

(3) A preliminary design of the mELChine, structure, system, or process selected. This establishes 
broad overall features and makes it possible to write speciftcations for major components. 

(4) Design of all components and preparation of all necessary drawings and detail specifications. 

In the early stages of the design process the designer is a creator. Here his Ingenuity and power 

of imaginative thinking should be given full play. 

The drawings and detail specifications for a completed design are a record of a multitude of 
decisions, some large and some small. The designer, in the later stagss of the design process, is 
basically a decision maker. He must work from a sound basis of scientific principles supplemented 
by empirical data. However, it must be under- 
stood that science can only establish limits 
within which a decision must be made, or give 
a statistical picture of the effects of a partic- 
ular decision. The decision itself is made by 
the designer. Hence judgment in making de- 
cisions is one of the outstanding character- 
istics of a good designer, 

TBE DESIGN OF A MACHINE must follow a 

plan somewhat 

as shown in the adjacent figure. 

After the general specifications have been 
set, the kinematic arrangement, or skeleton, of 
the machine must be established, This is 
followed by a force analysis (incomplete be- 
cause masses of moving parts are not yet 
known in designs where dynamics is of im- 
portance). With this information the components 
can be designed (tentatively, because forces 
are not known exactly). Then a more exact 
force analysis can be made and the design re- 

FJg< 1-1 
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fined. Final decisions are affected and modified by many factors other than strength and rigidity 
- appearance, weight and space limitations, availability of materials and fabrication techniques, etc. 

This is an over-simplification of the piobiemp but nevertheless a useful outline to keep in mind. 

None of the steps mentioned are independent of the others. There is continual feedback as suggested 

by the broken arrows in the diagram. For example, after the first tentative design of parts, a dynamic 

analysis may show undesirably high inertia effects and dictate a change in the kinematic scheme of 
the machine. 

THE SCIENCES UNDERLYING MACHINE DESIGN are Mathematics and Physics, with emphasis on 

Kinematics, Statics, Dynamics, and Strength of 
Materials. However, it would be difficult to pick out any of the technical or scientific courses in an 
engineering curiiculum which do not make important contributions to the designer's equipment. Among 

those of importance are Graphics, Economics, Metallurgy, Thermodynamics and Heat Transfer, Fluid 

Mechanics, and Electric Circuit Theory. The student beginning the study of Machine Design should 
have some preparation in all these areas. 

The following list of review questions and problems, primarily from Mechanics, will enable the 

reader to quiz himself on some of this basic material. Without the use of references he should answer 
correctly at least 90% of these, otherwise the indication is that some review of Mechanics is in order, 

MECHANICS REVIEW QCT2 

{Reasonable working time, 3 hoars. Answers are given at the end of this chapter^) 

Make free use of sketches. Give correct units (or answers, 

1. What hp is required to move a car along a level road at SOmph against a horizontal resisting force 
of 5001b along the line of motion if the overall mechanical efficiency is 85%? 

2. A power screw is being turned at a constant rpm by the application of a steady torque of 150 inch- 
pounds. How much work (in-lb) is being expended per revolution? 

3. A 10 inch diameter pulley Is mounted on a shaft midway between two supporting bearings that are 
30 inches apart. The pulley is driven by a belt, both strands pulling vertically upward. If the 

tension in the tight side of the belt is 6001b and in the slack side is 2001b, what is the maximum 
bending moment and the maximum torsional moment if power is taken from one end of the shaft 
through a flexible coupling? 

4. A rope Is draped over a freely rotating pulley. On one end of the rope is a 200 pound weight and 
on the other end is a 50 pound weight. Neglecting the mass of the pulley and friction, determine 

the tension in the rope. 

5. A rigid frame resting on a frictionless plane is made of three straight members pin-joined to form 
an A and is loaded by applying a force F vertically downward on the vertex pin. Draw a free body 
diagram of each member, showing all forces acting in their proper locations and directions. 

6. (a) What is the mathematical definition of moment of inertia of an area? 

(b) Show by means of calculus that the rectangular moment of inertia of a rectangular cross sec- 
tion is bd /12 with respect to the centroidal axis parallel to the base. 

(c) Show that the section modulus for part (6) is 

(d) Using the fact that the rectangular moment of inertia of a circular section with respect to a 
diameter is 77^/64, determine the rectangular moment of inertia of a hollow shaft having an 

o.d. of 4 inches and an i,d, of 2 inches. 

(e) Demonstrate how a close approximation to the rectangular moment of inertia of a very irreg- 
ular area could be determined with a high degree of accuracy. 
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7. The rotor of an electric motor weighs lOpounds and is 4inches in diameter. What is the length 
of time required for the motor speed to increase bom OtolSOOrpm, assuming a constant elec- 
trical torque of 20in*lb and zero external load during this period? Assunte that the rotor is a 
homogeneous cylinder, 

8. Define bending moment. What arbitrary convention is ordinarily used to detesmine the sign of a 

bending moment? Demonstrate the above by means of free bodies consisting of short sections 
taken from the ends of a freely supported beam, loaded in such a manner that £t positive bending 
moment exists in the vicinity of the left end and a negative moment exists in the vicinity of the 
right end. 

9. If a spring deflects 2^' under a 500 lb load, what energy does the spring absorb in one gradual ap-^ 
plication of this load? 

10. Define one horsepower and show that horsepower may be expressed by: 

, F(lb) X y(fpm) , , r(in-lb)xJy(rpm) 

' — Smoo — = eiyooo 

11. Illustrate graphically the distribution of stress over the cross section perpendicular to the axis 
of a beam for the following cases. 

(a) Bending stress, Mc/!, in a simple beam which is (1) symmetrical with respect to the neutral 
axis of the cross section, and (2) unsymmetrical with respect to the neutral axis of the cross 
section. 

(b) Tensile or compressive stress, P/A, due to an axial load in a member of any cross section. 

(c) Torsional stress, Tr/Jt due to an ^plied torque on a member of circular cross section. 

(d) Transverse shear, VQ/lh^ in a simple beam of (i) rectangular cross section, (2) circular cross 
section, and (3) a symmetiical I-section. 

IS. ia) It a machine member is loaded In such a way that the three principal stresses at a point are 

eoopsi tension, BOOpsi tension, and zero, what is the maximum shear stress at the point? 
(6) Same as above except the three principal stresses are 600psi compression, SOOpsi tension, 
and zero. 

13. (a) If a man ties one end of a rope to a tree and pulls on the other end with a force of 100 pounds, 

what is the tensile force set up In the rope? 
(b) What tension would exist in the rope if one man on each end of the rope pulled with a force of 
100 pounds? 

14. A truck with tires of 3 ft outside diameter moves at 60 ^s. What is the velocity relative to the 

ground of that point on the tire tread farthest from the ground at a given instant? What is the 
angular velocity (rpm) of the wheels under these conditions? What is the acceleration of the 
point on the tread in contact with the ground? 

15. A bevel gear having a 7" mean diameter is mounted on the overhung end of a shaft 14inches from 
the nearer bearing. The load on the bevel gear has components as follows: tangential, F^= 12001b; 
radial, 7001b; axial, » 5001b. 

(a) Calculate the shaft torque due to each force, 

(b) Calculate the bending moment on the shaft at the nearer bearing due to each force, 

(c) Calculate the total or resultant bending moment on the shaft at the nearer bearing. 

16< A speed reducer having a speed ratio of 10 to 1 when tested at an input speed of 1000 rpm with 
an output torque of 50 in-lb was found to require an input torque of 6 in-lb. What was the ef- 
nclency of the speed reducer? 
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17. Sand drops from the bottoin of a hopper onto a horizontally moving belt conveyor. If the con- 
veyor Is traveling at 2000fpm and the sand la fed the rate of 15,0001b/mia, what force is 
necessary to drive the conveyor? Neglect friction within the conveyor drive mechanism, 

18. A simply supported steel beam when loaded with a force of 2001b at A is found to deflect 0.41n, 
at B, What force at B would cause a deflection of 0.1 in. at A? 

19. A planet geBi in a planetary gear system moves such that the velocity of the center of the gear is 
40fps and the gear has an angular velocity of 20rad/seo. What is Its kinetic energy? Consider 
the gear as a solid cylinder weighing 101b and having diameter 6" 

20. The differential equation of motion fbr a certain single degree of freedom mass-spring damped sys- 
tem is 8S'^5i-^l2x = 0. What is the natural frequency of vibration? (Units used arelb, in,, and sec) 

31. A connecting rod is moving such that the acceleration of one end relative to the other end is 

200 fps^ at an angle of 30^^ with respect to the line joining the two points which are Bin* apart. 

What are the magnitudes of the angular velocity and angular acceleration?' 

22. A steel cable is wrapped twice around a post. A force P is applied to one end of the cable and 

a force of 30001b is applied to the other end of the cable. Pot a coefficient of friction of 0.15 
determine (a) the force P necessary to cause the cable to move in the direction of the force 
(b) the force necessary to prevent the cable from moving in the dfrection of the 30001b force, 

33. A block weighing 100 lb rests on a horizontal surface. If the ooefHcient of friction is 0.3 (both 
static and kinetic^ what frictional force Is developed if the force applied to the block in the di- 
rection parallel to the horizontal surface is (a) 101b, (b) 201b, (c) 301b, (et) 401b? 

24. The rigid steel bar shown in Pig. 1-2 is 20 inches long. 
1 inch wide, and 1 inch thick. The bar is at rest on 

a horizontal frictlonless surface when a force P = 2001b 

is applied suddenly. Determine (o) the magnitude of 
the maximum bending moment, (6) the maximum bending 
stress. 

25. A constant electrical torque is applied to the motor ro- 
tor (Fig. 1-3), which has a moment of Inertia = Iff, The 
pinion drives two gears, one of which is connected to 
a mass which has a moment of inertia = 1^^ and the other 
is connected to a mass which has a moment of Inertia = 
2l^. The gear ratio ^ D^/D^ is fixed and is equal 
to 3- What should the gear ratio = D^/D^ be to give 
the maximum angular acceleration of gear 4? Neglect 
the mass the gears. 



26. The steel bar shown in Fig. 1-4 is 30 Inches long, 1 

inch wide, and 1 inch thick. The bar is at rest on a 
horizontal surface, with negligible friction. Two equal 
and opposite forces of 200 lb each are applied suddenly. 
Considering the bar as rigid, determine (a) the maxi- 
mum bending moment, (b) the maximum bending stress. 
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COMPETENCE IN APPLYING THE PRINCIPLES OF HECHANICS to the raaonal analysis and design 

of machine components, as with any 
other activity, is developed through practice. The following chapters, through the problem approach, 

are designed to provide that practice. 

The student is urged to use the fallowing plan of study for each chapter, 

(1) Bead the statements of theory and principle. 

(2) Follow through the solved problems, use paper and pencil. Develop all details yourself 
following the leads given. (Some of the solved problems are highly detailed. Others have 
some steps omitted.) 

(3) Work the supplementary problems. After reading a problem statement ask yourself what 
principles apply. Refer back to a similar solved problem only if you find this assistance 

absolutely necessary. 

Preserve youi work In good form for future reference. In studying a later chapter you 
may find some assistance in work you have previously done. 

(4) Be-study the statements of theory until you have them veil fixed In mind. 



Answers to Review Questions — Chapter 1 



1. 94.2 hp 

2. 942in-lb 

3. jfj, = 6000 In-lb, T = 2000 in-lb 

4. 801b 

5. Sides are three force members. 

6. Befer to any standard text on Mechanics. 

7. 0.49 sec 

8. Befer to any standard text on Mechanics of 
Materials. 

9. 500ln-lb 

in hD = 2-n-r/V ^ TN 
^ (12)(33.000) 63,000 

11. Refer to any standard text on Mechanics of 

Materials. 

12. (a) 400 psi, (b) 700 psi 

13. (a) 100 lb, (b) 100 lb 

14. 382 rpm, 2400 fps^ 



15. (a) Torque due to 5001b « 0, to 7001b = 0, 

to 12001b = 4200 In-lb. 

(6) Bending moment due to 5001b = 1750 
in-lb. to 7001b = 9800 in-lb, to 1200lb = 

16,800 In-lb. 

(c) 18.600 in-lb 

16. 83.4% 

17. 2581b 

18. 50 lb 

19. 250.93 ft-lb 

20. 1.225 rad/sec 

21. 16.15 rad/sec, 150 rad/sec^ 
23. P = 19,770 lb. P' = 455 lb 

23. (a) 101b, (6) 201b, (c) 30lb, (d)ZQlb 

24. 592 In-lb. 3550 psi 

25. Ra- VTs = 1.34 

26. 575 In-lb, 3450 psi 



Chapter 2 



Stresses in Simple Machine Members 



MACHINE DEESGN involves, among other considerations, the proper sizing of a machine member to 

safely withstand the maximum stress which is induced within the member when it 
is subjected separately or to any combination of bending^ torsional, axial, or transverse loads. In 
general, ductile materials, such as the soft steels, weaker in shear and are designed on the basis 
of the maximum shear stress; while brittle materials, such as cast iron and certain hard steels, are 
usually designed on the basis of the maximum normal stress in either tension or compression. 



THE MAXIMUM AND MINIMUM NORMAL ffTRESaSS, ^^max) or which are tensile or com- 

pressive stresses, can be determined for the 
general case of two-dimensional loading on a particle by 



Equations (7) and (2) give algebraic maximum and minimum values, where 

^ is a stress at a critical point in tension or compression normcd to the cross section under 
consideration, and may be due to either bendii^ or axial loads, or to a combination of 
the two. When is in tension it must be preceded by a plus (+) sign, and when it is 
compression it must be preceded by a minus (— ) sign. 

Sy is a stress at the same critical point and in a direction normal to the stress. Again, 
this stress must be preceded by the proper algebraic sign, 

T^y is the shear stress at the same critical point acting In the plane normal to the y axis 
(which is the xz plane) and In the plane normal to the x axis <which is the yz plane). 
This shear stress may be due to a torsional moment, a transverse load» or to a combi- 
nation of the two. The manner In which these stresses are oriented with respect to each 

other is shown in Pig, 2-1 below, 

^n(max) and %(mln) are called prbic^al stresses and occur on planes that are at 90"^ to each 
other, called princj^ planes. These are also planes of zero shear. For two-dimensional 

loading, the third principal stress is zero. The manner in which the principal stresses 
are oriented with respect to each other is shown in Fig. 2-2 below. 
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'he 




s„(min) 



Flc. 2-1 




Fie. 2-2 



THE MAXIMUM SHEAR STRESS, r(max), at the critical point being investigated Is equal to half of 

the greatest difference of any two of the three piincipal stresses 
(do not overlook any of the principal stresses which are zero). Hence, for the case of two-dimensional 
loading on a particle causing a two-dimensional stress. 



s-(max) - s (min) 
T(max) = -2 s 



or 



j„(niax) — 0 ^ j^(min) — 0 



depending upon which results in the greatest numerical value. The planes of maximum shear are in- 
clined at 45° with the principal planes as shown in Fig. 2-3 below. 



I %{mtn) 




(max) 



s„(0) 




THE APPLICATION of equations {1) and (2) requires the determination of Sy^ and at the criti- 
cal point In the machine member. The critical point is the point at which the 
applied loads produce the ma3Llinuni combined stress effects. In a beam, the following are representa- 
tive stresses that can occur, to be Included in equations (i) and (2) if they act at the same point. 

Mc P 

and Sy ~ ± ± , remembering that these stresses may be either plus or minus depending 

upon whether they are tension or compression. 

T 

r^y = -j^ + for a circular cross section (when these stresses are parallel), 
M = bending moment, in-lb 

c - distance from neutr^ axis to outer surface, in. 
r = radius of circular cross section. In, 
/ = rectangular moment of Inertia of cross section, in^ 
P - axial load, lb 
A = area of cross section, in^ 
T = torsional moment, in-Ib 
/ - polar moment of inertia of cross section, in^ 
5^ 3 transverse shear, psi. 
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- ^ where 

V = transverse shear load on the cross section, lb 

b = width of the section containing the critic^ point, in- 

Q = momeot of the crosB-sectional area of the member^ above or below the critical poiid, with 
respect to the neutral axis, in^ 

Ay 

5^max) for a circular cross section, and occurs at the neutral axis. 

s^(max) = ^ for a rectangular cross section, and occurs at the neutral axis, 

s^(max) = the maximum algebraic stress, psi. 
5^(min) = the minimum algebraic stress, psi. 
T(max) = the maximum shear stress, psi. 



SOLVED PROBLEMS 



1. A hypothetical machine member 2" diameter by 10^' long and supported at one end as a cantilever 
win be used to demonstrate how numerical tensile, compressive, and shear stresses are determined 
for various types of uniaxial loading. In this example note that = 0 for all arrangements, at the 
critical points. 



(a) Axial load only. 

In this case all points In the member are sub- 
jected to the same stress. 

^ =^ TT In* 

3000 



p 



71 



" -1-954 psi 



s^fmax) = - +954 psi (tension) 
T(max) = i(954) = 477 psl (shear) 



y 2" D la. 



P = 3000 lb 




Pig. 2-4 



(6) Bending only. 

Points A and fi are critical. 
= 0 at points A and B (no transverse sheai). 



Mc 
I 

Ms 
I 



a + 



7T2* 



— 7650 psi at point B 



s„Cmax) = +7650 psi (tension at point -4) 



s^(min) = 

5^(min) = 
T(max) = 



0 at point A 
0 at point B 

-7650 psl (compression at point B) 
1(7650) 



= 3825 psi (shear at points A and B) 




6001b 




Fig. 2-5 
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(r) Toreion only* 

In this case the critical points occur all along the 
outer surface of the member- 



2"Dia, 



= (2000>t»(«2> . 1272 psi 

772^ 



+ 1272 psi (tension) 
— 1272 psi (compression) 

T(max) = 1272 psi (shear) 



5^(min) = 



7" = 2000in-lb 





Fig. 2-6 



(d) Bending and torsion. 

Points A and B are oritical. 

"^^^^^ = +7650 psi at point A 
Sy. = -7650 psi at point B 
%^ ^ Tr/J ^ 1272 psi at points A and B 



j^max) = +7650/2 + V{7650/2)^ + (1272)^ 

= +3825 + 4030 = +7855 psi (tension at point A') 

5^(niln) = +3825 — 4030 = —205 psi (compression at point A) 
s^(max) = -3S25 + 4030 = +205 psi (tension at point B) 
s^(mln) = -3825 " 4030 = -785S psi (compression at point B) 

-H7855-(-205) ^ ^^^^ ^^^^j 

-7855 - 205 



T(max) 



T(max) = 



= -4030 psi (shear at point 5) 



6001b 




Fjlc.£-7 



Note thut the magnitudes of the stresses at points A and B are the same. The si^ns of the maximum 
normal stresses Indicate tension or compression, while the sign of the maximum shear stress Is of no 
consequence since design is based on the magnitude. 



(e) Bending and axial load. 

= 0 at the critical points A and B, 

At point Ai 

^P/A + Mc/I = +954 + 7650 = +8604 psi (tension) 
5^(max) = - +8604 psi (tension) 

jf^(min) = 0 

T(max) = ^(8604)= 4302 psi (shear) 

At point B : 

= '¥P/A - Me /I = +954 - 7650 = -6696 psi (compression) 

s^(max) = 0 

5^(min) = -6696 psi (compression) 
T(max) = ^(6696) = 3348 psi (shear) 




6001b 



2" Dla. 




P = 3000 lb 



Flc.S-8 



If) Torsion and axial load. 

The critical points are the points on the outer surface of 
the member. 

s^ - -\-P/A = +954 psi 
r^^ = Tr/J = 1272 psi 



s^(max) = +954/2 + V(954/2)2 + (1272)^ 

^ +477 + 1360 = +1837 pal (tension) 

5^(min) = +477 - 1360 = -883 psi (compression) 
r(max) = 1360 psi (shear) 



2" Dia 



2000 in-lb 




= 3000 lb 



Fig. 2-9 
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STRESSES IN SIMPLE MACHINE MEMBERS 



(g) Bending, axial load, and torsion. 

MfLximum stresses will occur at points A and B. 
At point A : 

Jtp = +Mc/I + P/A = +7650 + 954 = +8604 psi 

= Tr/J = 1272 psl 

sjj(max) = +8604/2 + ^(8604/2)^+ (1272)^ 

= +4302 + 4480 = +8782 psi (tension) 

s^(min) = +4302 - 4480 = -178 psl (compression) 

T(max) = 4480 psl (shear) 

At point fi: 



= -7650 + 954 = -6696 psi 
= 1272 pel 



2000 



6001b 




=3000 lb 



Pig* 2-10 



ymax) = -6696/2 + V(6696/2)^ + (1272)^ = -3348 + 3581 = +233 psi (tension) 
i^(min) = -3348 - 3581 = -6928 psi (compreBsion) 
T(max) = 3581 psi (shear) 



2. A cantilever member 4^^ long having a rectangular cross section 
of 2"xlO^^ supports a load of 60001b, Wh^ is the maximum shear 
stress and where does it occur? 

Solution: 

The maximum shear stress may occur at points along A-A due to 
the bending moment, or it may occur at points along B-B due to the 
transverse shear lead. 



At points along A-A, 



At points along B-B, 



T(max) = 1 ^ = (6000)_(4K5K121 . ^^^^^^ 
2 / (2)(2)(10a) 



60001b 




A A 



,11 



Fig. 2-11 



Therefore the maximum shear stress Is due to the transverse shear load and it occurs along the neutral 

axis at B*B. 



3. A critical point in a machine member is subjected to 
biaxial loading which produces Sy, and -^^ stresses 
as shown. Determine the maximum and minimum normal 
stresses and the maximum shear stress. 

Solution: 



-400-1200 ^ 



-400-{-1200)V 



2 T\ 2 

= —300 psi (compression) 

$^(min) = —1300 psi (compression) 

T(mai) = ^<"^> " ° = -650 psi. 
Since the third principal stress = 0, 



+ (300)' 



sy= 1200 psl comp. 



V = 400 psi 
comp. 

= 300psl 



Fig. 2-12 



STRESSES IN SIMPLE MACHINE MEMBERS 
4. Draw bending moment diagrams for the machine members as shown. 
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Fig. 3-13 




W =-(&)«?) 



Fig. 2-14 



20001b 




10001b 




ti 





+17.000 
In-lb 




-15,000 in-lb 



Fig. 2-15 



i 



60 



II 



48 



ri 




Cable 



24"Dla. 



Pulley 





-60,000 in-lb 



8001b 



-2 1,600 In-lb 



Fig. 2-16 



5. A 2 In. diameter steel rod supports a 2000 lb load and in addition is subjected to a torsional moment 
of lOOOin-lb as shown in Fig. 2-17. Determine the maximum 
tensile and the maximum shear stresses. 



Solution: The critical stress is at point A. 

1 = 7rrf'^/64 = 772^^/64 = 0,785 m^*^ 

; = 7rd'^/Z2 = 772V32 = 1,57 in'*' 

2000 ^ (2000xl)(l) ^ 



////////// 



2" DIa. 



1000 in-lb 



« A 



Mc 



= + 



180 psl 



/ 77 0.785 

^(max> = +3180/2 + V(3180/2)=' + (637)^ = +3305 psl (tension) 
nmax) = V(3180/2>2 + (637)* = 1715 psl (shear) 




20001b 
Pig. 2-17 
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6, A 3 inch diameter cast iion rod is subjected to an axial compressive load of 12,0001b plus a tor- 
sion^ moment of 2500 in -lb as shown in Fig. 2-18. Deter- 
mine the maximum and minimum norm^ stresses. 

Solution: 



Sy= 0 

(12.000)(4) ,„^„ , 
. f - = --1700PS1 



773^ 

(25Q0)(1,5)(32> 

773-^ 



= 472 psl 



%(max) = -1700/2 + V(n00/2>^ + (472)^ 
= +122 psl (tension) 




r=2500in-lb 



P = 12,000 lb 




8 



Fie. 2-18 



«„(Tnin) = —1822 psl (compression) 



7. Calculate the maximum numerical normal stress and the 
maximum shear stress at section A-A in the member 
loaded as shown in Fig. 2-19. 

Solntlon: 

T = (200)(8> = 1600in-lb due to the 200 Hj load 
Hf = (500>(8) = 4000in-lb due to the 5001b load 
M = (200)(10) = 2000in-lb due to the 2001b load 

The total blinding moment Is the vector sum of the two 

bending moments. 



W(total) = V^OO^ + 2000* = 4470 in-lb 
P _ _ 500 (4470)(1>(64) 



77 



772* 



= -5849 psi 



A— 




5001b 1 5001b 

2001b 




/////?/// 



Fig. 2-19 



*„(mln) - 5849/2 - V(5a49/2)* + (1020)* = -6025 psl (compression) 



(max) - \/(:5849/2)2 +■ (1020)2 = 3100 psi (shear) 



Note that s^(niin) is the maximum numerical normal stress. 



8. Determine the required thickness of the steel bracket at section A-A, when loaded as shown In 
Pig. 2-20, in order to limit the tensile stress to 10.000 psi. 

Solution: 



U = (1000)(2) 

- 2000 in-lb at section A-A 



P 
A 



1000 
2b 



Mc 



1000 (2000)(1)(12) 

= 10.000 psi 



b = 0.35 in. reauired to limit the stress 

to 10,000 psi. 



10001b 



77777777 




T 



11 



i 



fi = 2000 in-lb 




10001b 



Fig. 2-20 
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9, The parallel side rod of a locomotive weighs 60 
lb per ft. The crank length OP is 15 inches and 
the radius of the driver is 3 feet. If the speed 
of the engine is 60 mph and the tractive effort 
per wheel is 10,0001b, find the maximum normal 
and the maximum shear stresses in the side rod 
due to inertia and axial loading for the position 

shown in Pig, 2-21. Take into account the weight 

of the rod. The cross section of the side rod is 
Solution: 

At 60inph the wheels are making 4.67rps. 

All points on the side rod have a downward ac- 




V/////////////// 



celeration, a 



since o^= 0* 




1 1 1 1 1 1 1 



r 



36 

10,0001b /Wy 



Fig. 2-21 



= raj^= (15/12X277 X 4.67)^ = 1080 ft)S 
Total weight of side rod = (60X6.5) = 390 lb. 
Inertia force acting upward on rod = (390/32.2X1080) = 13,100 lb. 
Net upward force on rod ^ 13,100 - 390 = 12,710 lb. 

The axial force F can be determined by using the rear wheel and the rod as free bodies and taking the 
summation of moments about the center of tbe wheels 0, 

15F = (10,000)(36), F = 24,000 lb axial load 

The maximum faendlng moment for a simple beam carrying a uniformly distributed load Is 

ITL/a = (12,710X78)/8 = 124,000 In-lb 



^ P Ml ^ + (124,000X3X12) ^ 3230 



A I 18 (3X6y 

^(max) - ^ - 8230 psi (tension) 

T(max) = 8230/2 = 4115 psi (shear) 



10. A Z-bracket is supported and loaded as shown 

in Fig. 2-22. Compute the maximum shear stress 
at section A-A and at section B-B. 

Solution: 

Using the p(»rtlon of the bracket above section 

A-A as a free body: at point A', = 0 and -5^= 0. 

- Z + ^ - 10.000 (10,000)(7X1X12) 
^~ A / "^lO" (5)(2f 

= —22,000 psi (compression) 
r(max) = 22,000/2 = 11,000 psi (shear) 

Using the portion of the bracket to the left of 
section B-B as a free body: at points Q and A, 
= 0 and -5^= 0. 

Ml (10tOOOK9XlX12) 

^ / (5)C2f 

= 27,000 psi (tension at point R and 

compression at point Q) 

T(max) = 27,000/2 = 13,500 psi (shear at section B-B)- 



10,0001b 




A^-U A 
10,0001b ^ 




Fig. 2-22 



14 



STRESSES IN SIMPLE MACHINE MEMBERS 



11. A steel latch is i" thick. A force P of 600 pounds is uniformly distributed as shown in Pig. 2-23. 
Determine the maximum shear, tensile, and compressive stresses at section A-A and at point fi. 



6001b 




6001b 





= 300 ii^Ib 
= 7200 psl 



mm 



;.^^la^^;^J*' = 900 ill-lb 




= 5400 psl 




Fig. 2-23 



Solution : 

At section A-A: 

The critical point is at tin* top fibers, 

600 



_ ^ P _ (600 X 1.5)(1)(12) ^ 
^" / A ~ (0.25)(2)^ 

= G600psl 



(0.25X2) 



At point B (neglecting stress concentration): 
Mc ^ (900K1X12) ^ 600 



/ A (0,25)(2)^ (0,25X2) 

= 6600 psl (tension) 



.^(max) = = 6600 psl (tension) 

at top fibers of section A-A. 



s^(min) 



-4200 psi (compression) 

at bottom fibers of section A-A. 



TCmax) = 6600/2 = 3300 psi (shear) 
at top fibers of section A-A. 



_ _ (300X0-5X12) 
J ' (0.25X1)^ 



7200 psl (tension) 



^ = 0. 



r^y= 0 
6600+7200 



4 



6600-7200\* 



) 



7200 psi (tensloQ) 
6600 +7200 //6600~ 7200\^ 



= 6600 pal (tension) 



r(max) = ^^^^ — - = 3600 psi (shear) 



12. Determine the maximum normal stress and the maxi- 
mum shear stress at section A-A for the crank shown 
in Fig. 2-24 when a load of 20001b is assumed to be 
concentrated at the center of the crank pin. 

Solntton: 

The critical points are at the front and hack fibers of 

the section. 

M = (2000K3.5) = 7000 In-lb 
r = (2000X5) = 10,000 in-lh 



^ _ Mc _ (7000X1.5X64) 



^ = 1l = (10.000)(1.5X32> 
J 7r(3*) 



2640 psi 



^ 1885 psl 




20001b 



Fie. 2-24 



s^(m2X) = 2640/2 + V(2640/2)2 4- (1885)2 ^ 3620 psi (tension) 
r(max) = V(2640/2)^ + (1885)^ ^ 2300 psi (shear) 
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13. In a gas turbine rotor, a radial stress of +3000 psi and 
a tangential stress of +7000 psi have been found at a 
point as shown in Fte. 2-25. What is the maximum shear 
stress at this point? 

Solution: 

= +3000 psi 
Sy = +7000 psi 

s„(max) = Sy=^ 7000 psi (tension) 
r{max) = '^^^^^ ^ = 3500 psi (shear) 



3000 psi 




SUPPLEMENTARY PROBLEMS 



14. A cantilerer beam of circular cross section is loaded as 
^]\om\ in Fig. 2-26. In terms of 7*^ L, and P, write 

an expression far 

(a) maximum tensile stress at point A, 

(b) maximum compre;:sive stress at point A, 

(c) maximum tensile stress at point fi, 

Id) maximum compressive stress at point B, 




(e) maximum i^hear stre^^ at both points A and B. Fl8-2~S6 

Ans, See Solved Problem 1. 

15. A steel member has a toraue of 1000 In-lb and an axial load of 20001b vplied as shown in Fig. 2-27 below. 

What is the magnitude of (a) the maximum shear stress, (ft) the maximum normal stress, (c) the minimum nor- 
mal stress? Ans, (a) 1740 psi, (ft) 3330 psi, (c) -2100 psi (compression) 




Fig. 2-27 Fig. 2-28 

16- A short circular bar 2 inches in diameter has a couple of 5000 in-lb and a compressive load of 15,000ib ap- 
plied as shown in Fig, 2-28 above. Determine (a) the maximum shear sbess in the bar, (ft) the maximum ten- 
sile stress in the bar, (c) the maximum compressive stress in the bar. 
Ans. (a) 3980 psi, (ft) 1590 psi, (c) —6370 psi (compression) 
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17* Determine tbe maximum shear stress in the member loaded as shown in Fig, 2-29 below, 
Ans, 1785 psi (Shear) 




Fig. Fig, 2-3* 



18* An overhung crank has a load of 2000 lb applied as shown in Flff. 2-30 abore. Determine tbe maximum shrar 
stress at srction A-A where the diameter is 2 inches. 
Ans. (^^= 28,000 psi, -5^= 11,460 psi), T(ma3t) = 18,100 pfli 

19. The three components of tbe total fmce acting on the bevel gear are mutually perpei^teular, with the 10001b 
force being perpendicular to the p^r and acting at the mean radius of the gear as shown in Fig.2-31 below. 
Determine the bending moment and tbe maximum shear stress at section A-A. 
Ans, M = 8150 in-lb, T{mai) = 6120 psi 




3001b 



Fig. 2-^31 Pig. 2-32 



20t A steel bracket of the dimensions shown In Fig.2-32 Is loaded with two 50001b forces* The weight of the 

bracket as well as any stress concentration present is to be neglected. If the maximum tensile stress in the 
bracket is not to exceed 5000 psi, what is the minimum value that tbe length x can be made? Ans, 4.29 In. 



21. The parallel side rod of a locomotive weighs 60 lb/ft. 
The crank length OP is 16 inches and the radius of the 
driver is 3 feet. If the speed of the ei^:liie is ISmph 

and the tractive effort per wheel is 10,000 lb» find the 
maximum normal stress and the maximum shear stress 
in the side rod due to inertia and axial loading. The 

cross section of the rod is 3^^ x 6" , 

Ans, Acceleration of rod - 1790 fps^ upward 
Inertia f(»ce on rod = 33,400 lb downward 
Axial load on the rod = 22,500 lb (compression) 
5^(max) = 27,000 psi (tension) 
^(min) = -29,000 psi (compression) 
T(maa) ^ 15,750 psi (shear) 




Fig. 2-33 
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22. Stresses in a hollow shaft due to a press fit are found to be 5000 psi and 9000 psi tension at a point as 
shown in Fig, 2-34 below. Wtot is the maximum shear stress at the point? Aas, 4500 psi (shear) 



5000 psi 





2" Dia, 




Fig, 3-34 



Fig, 2-35 



33. Determine the maximum normal and maximum shear stress at section A~A for the crank shown in Fig. 2-35 
above, when a load of 20001b, assumed concentrated, is applied at the center of the crank pin. Neglect the 
effect of transverse shear in this problem. 

Ans, 2640 psi, 7^^= 1630 psi, T(max) = 2100 psi (shear), s^^max) = 3420 psi 



24. Ladder rungs one Inch in diameter are welded to the flange of an I-beam^ as shown in Fig, 2-36 below. The 
rung is bent outward 3 inches in a horizontal plane to provide toe room. Assuming the flanges provide rigid 

end supports, compute the maximum shear stresses induced in the run^ by a 1801b man with his foot at the 

center of the span. Neglect the curvature of the rung in the calculation of maximum stress. 
4ns. T(max) = 2200 psi 





PL 
8 




20001b wt, 



Fig. 2-38 



Fig. 2-^37 



25. A weight of 20001b is suspended ftom a bent supporting member as shown in Fig. 2-37 above. This is being 

carried on a moving platform which is accelerated at the rate of 8 fps^. Find the diameter of bar necessary 
such that the maximum shear stress at the base of the rod does not exceed 10,000 psi. Ans, 2,41 in. 



26. A crank built up from cylindrical sections by welding reQuired a 
loading of 2501b to overcome the resistance when in the posi- 
tion shown. 

(a) Compute the maximum normal and shear stresses induced in 
the section A-A. 

(b) Determine the maximum shear stresses Induced in pEU'ts 1, 11, 

and III, 

Ans. (a) s^(max) = 29,000 psi, T(max) = 15,000 psi 

(b) 10,550 psi for part I, 6880 psi for 11, 15,000 psi for m 



1" Dia. 



2S0tb 




1'^ Dla. 



Fig. 2-38 



Chapter 3 



Metal Fits and Tolerances 



METAL FITS must be specified to ensure the proper assembly of mating machine members. Since it 

is impossible to manufacture quantities ot machine parts with exactly the same di- 
mensions, systems have been devised to tolerate small dimensional variations of the mating parts 
without sacrificing their proper functioning. 

Nominal size* Is the approximate size decided upon by the designer and to which allowances 
and tolerances are applied to arrive at final dimensioning of the mating parts. Basic dimensions 
are the dimensions from which variations are permitted. Tolerance is the maximum permissible vari- 
ation in the size of the part. Clearance (or interference) is the actual difference in the size of the 
mating parts. Allowance is the difference between basic dimensions of the mating parts. The toler- 
ance may be bilateral, in which case the size of the part is permitted to vary above and below basic 
size, such as 2.500i 0.003; or the tolerance may be nnilateral, in which case the port may be either 

larger or smaller than the basic size, but not both, such as 2.500 1q*qo3 . The basic hole standard 

having unilateral tolenmce.s lias been recommended by the American Standards Association. In the 
basic hole system the minimum hole diameter is the nominal dimension. 



BASIC HOLE standard provided for eight classes of fits ranging from loose to heavy force or shrink 

fits. 

1. The loose fit has a large allowance and is intended for use where accuracy is not essential, 
such as in some agricultural, road-building, and mining equipment. 

2. The free fit is suitable for use on rotating journals where the speeds are 600 rpm or greater. 
The allowance is sufficient for providing satisfactory lubrication, for such equipment as 
dynamos, engines, and some automotive parts. 

3. The medium fit is for use with running fits under 600 rpm and for sliding fits, in such equip- 
ment as accurate machine tools and precise automotive parts, 

4. The snug fit is the closest fit that can be assembled by hand, to be used where very small 
play is permissible and where moving parts are not intended to move freely under load. 

5. The wringing fit is practically a metal-to-metal fit and is not interchangeable, but is selective 
in assembly. Light tapping with a hammer is necessary to assemble the parts. 

6. The tight fit has a metal interference and is used for semi->permanent assembly suitable for 
drive or shrink fits on light sections. 

7. The medium force fit requires considerable pressure to assemble and is used for shrink fits 

on medium sections or long shafts and is the tightest fit that is safe to use with cast iron 
external members. This fit is suitable for press fits on locomotive wheels, car wheels, 
generator and motor armatures. 

8. The heavy force fit is used as a force or shrink fit for steel exterrml members where consider- 
able bond is required, as on locomotive wheel tires and heavy crank disks of large engines. 

"^In other contexts "nominal'^ size can mean a "name" dimension which bears no specific relation to actual 
dimensions, such as nominal pipe sizes. 
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Class of 

Fit 


Method of 
Assemtily 


Allowance 


Average 
loterference 
(negative 
allowance) 


Hole 
Tolerance 


Shaft 
Tolerance 




TntPTnhfl-iifrpfi.h1 p 


n nn^^iZ^ 




1 


_i 


2. Free 


M 


0,0014 i 




_1 

0.0013 rf"" 


1_ 

0-0013(i^ 


3. Medium 


II 


0 0000 J 




0 QQQSd^ 


0 oooarf^ 


4. Snug 


11 


0.0000 




0.0006 rf® 


1 

0.0004(2^ 


5. Wringing 


Selective 




0.0000 


0.0006 

1 


1 

0,0004 


6. Tight 


II 




0.00025(2 


0,0006 rf® 


0.0006 


7- Medium Force 


II 




0.0005 J 


0,0006 f/^ 


0.0006 (i^ 


8. Heavy Force 


II 




0.0010 


0.0006 (i^ 


1 

0.0006 


or shrink 













ALLOWANCES AND TOLERANCES as appUed to the ba- 
sic hole standard are 
shown in Fig,3-1, Note that the hole dimensions are the 
same for both running and tight fits. 

d nominal dimension 
ij^ = hole tolerance 
= shaft tolerance 
a = allowance 

i - selected average interference (also called neg-* 
atlve allowance in interference fits) 

Fig. 3-1 

SELECTIVE ASE^BLT is the practice of sorting parts into different size groups and then assem- 
bling the parts in corresponding groups, to obtain closer fits than would 
otherwise be economically feasible. For example, suppose linch shafts are to be manufactured In 
accordance with a class 2 fit, with dimensions ranging from 0,9986 in. to 0.9973 in. The correspond- 
ing bearings are manufactured with dimensions ranging from 1.0000 in. to 1.0013 in. If fully inter- 
changeable assembly is practiced, clearance would range from 0.00141n. to 0.0040 in, 

However.if it is desired to hold the clearance range from 0.0020in. to 0.0034in., perhaps for 
lubrication reasons, we migbt sort the shafts and bearings into two groups as follows: 



For Fits (Claas 1-4) 



TztzttT 




Fcr Pits (Class 5-8) 



Group A \ 



{ Bearings 1.0000 in. to 1.0007 in 
Shafts 0.9973 in. to 0.9980 in. 



Group B 



{ Bearings 1.0007 in. to 1.0013 in. 
Shafts 0.9980 in. to 0.9986 in. 
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METAL FITS AND TOLERANCES 



With complete interchangeability within Gmup A, the range of clearances obtained will be 0.0020 in. 
to 0.0034in.; and with complete Interchangeability within Group B, from 0.0021in. to O.OOSSin. Ef- 
fectively what has been done was to obtain the benefits of smaller tolerances than those to which the 
parts were machined. This has been done at the expense of some interchangeability. 

If the parts were sorted into more groups, then the range of clearance would be further reduced. 

The same procedure of using selective assembly is followed for Interference fits. Here the rea- 
son is to keep maximum stresses within suitable limits. 

In the table for Recommended Allowances and Tolerances, under Method of Assembly, the class- 
es 1 through 4 are described as interchangeable, where interchangeable means simply that all parts 
within a class will fit freely; similarly, with classes 5 through 8, Selective Assembly means that parts 
have to be grouped to permit the method of assembly with proper tightness as described. 



STRESSES DUE TO INTERFERENCE FITS may be calculated by considering the fitted parts as 

thick-walled cylinders, as shown in Fig. ^2, by the fol- 
lowing equations: 



where 



~ 2 + — 



8 = 

k = 

dc = 

do - 

H = 



pressure at the contact surface, psi 

the total interference, In. 
inside diameter of the inner member. In. 
diameter of the contact surface, in. 
outside diameter of outer member, in. 
Poisson's ratio for outer member 
Poisson's ratio for inner member 
modulus of elasticity of outer member, psi 
modulus of elasticity of Inner member, psi 




Iimer HenAer 
Outer Mdmber 



Fig. 3-2 



If the outer and inner members are of the same material^ the above equation reduces to 

S 



After has been determined, then the actual tangential stresses at the various surfaces, in accord- 
ance with Lame''s ecLuation, for use in conjunction with the maximum shear theory of failure, may be 
determined by: 



On the surface at d 



0' 



s 



to 



4-4 



On the surface at d^ for the outer member, s^^^ = 



On the surface at for the inner member, s^^i = 




-2pd 



On the surface at d 



c c 



4? 



ti 



4-4 
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The equivalent t^Qgential stresBes at the vaiioas surfaces, in accordcmce with Blniie's equation, 
for use in conjunction with the maximum^strain theory of failure may be determined by: 

On the surface at dp for the outer member, s^^ - 



On the surface at d^fot the inner member, s'^^^ 



On the surface at d^, s^^ 



4- 4 



On the surface at d^toi the outer member, 5^^^ = 




2 

re C 



FORCES AND TORQUES. The maximum axial force required to assemble a force fit varies direct- 
ly as the thickness of the outer member, the length of the outer member, 
the difference in diameters of the mating members, and the coefficient of friction. This force In pounds 
may be approximated by 

The torque that ceui be transmitted by an interference fit without t>lipping between the hub and 
shaft can be estimated by 



T = 



fp 7Td% 



where 



Pa - 

T - 

d =- 

/ = 

L - 

P. = 



axial load, lb 

torque transmitted, in-lb 

nominal shaft dlameterp in. 

coefficient of friction 

length of external member, in. 

contact pressure between the two members, psi 



ASSEMBLY OF SHRINK FITS is often facilitated by heating the hub until it has expanded by an 

amount at least as much as the interference. The temperature change 
AT required to effect an increase 8 in the inside diameter of the hub may be determined by 

where * 

S = diametral interference, in. 

a ^ coefficient of linear expansion, per °F 
Ar =- chftnge in temperature. '^P 
d^ ^ initial diameter of the hole before expansion, in. 

An ^ternate to heating the hub is to cool the shaft by means of a coolant such as dry ice. 
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SOLVED PROBLEMS 

1. What are the values of allowance^ hole tolerancBp and shaft tolerance for the following dimensions 
of mated parts according to the basic hole system? 

Hole 1.5000" Shaft 1.4988" 

1-5009" 1,4978" 

SolutiDn; 

Hole 1.5000" Shaft 1.5"^ a a = 0,0012" 

to 1.5"+ *ft 1^=0,0009" to 1.5"- a -tj t^= O.OOlO" 



2. A3" shaft rotates in a bearing. The tolerance for both shaft and bearing is 0.003'^ and the re- 
quired allowance Is 0.004." Dimension both the shaft and bearing bore in accordance with the 
basic hole standard, 

SolntloD: 

Hole d = 3.000" Shaft d-a = 2.996" 

d + t^ = 3.003" rf-a-£^ = 2.993" 

o 

3. A medium force fit on a 3 inch shaft requires a hole tolerance of 0.009 in., a shaft tolerance of 
0. 00*1 in,, and an average Interference of O.OOlSin. Give the proper hole and shaft dimensions in 
accordance with the basic hole standard. 



Solution: 



Hole d = S.OOOO" Shaft d + i^ S.OOls" 

rf + = 3.0009" d + i + = 3.0024" 



4. (a) What is the difference in the type of assembly generally used in running fits and interference fits? 

(b) If a medium force fit (0.00l5in. interference) is desired, which axle should be fitted to each 
car wheel In the following group? 

Vheel ABC 
Hole Diameter 3.0009" 3,0005" 3.0000" 

Axle A' B' C' 

Diameter 3.0015" 3.0020" 3.0024" 

Solution; 

(a) Running fits are strictly interchangeable while interference fits require selective assembly. 
{b) For selective assembly a' should be mated with C, B' with B, and c' with A. 



5, Give the dimensions for the hole and shaft for the following: (a) a i inch electric motor sleeve 
bearing, (b) a medium force fit on an 8inch shaft, (c) a 2inch sleeve bearing on the elevating 
mechanism of a road grader. 

Solution: 

(a) A class 2, free fit. would be suitable for an electric motor sleeve bearing. ^ ^ 
Allowance = 0.0014x0.5^^^= 0.0009 in. 
Hole dimen. = dto d + l^= 0.5000 to O.SOlOln. 

(b) Interference = 0.0005x8 = 0,0040 in. 
Hole dimen, = d to d + t^ = 8.0000 to 8.00i2iii, 

(a) A class 1, loose fit, would be suitable. 
Allowance = •0025x2^''® = 0.0041n. 

Hole dimensions - 2.000 to 2.003 In. 



Tolerance (shaft and hole) = 0.0013x0.5 ' = O.OOlOin, 
Shaft dimen. - d^a to d^a-^i^ = 0.4991 to 0.4g81in. 

Tolerance (shaft and hole) = 0.0006x8^^^= 0.0012 in. 
Shaft dimen, = d^i to d^i+t^ = 8.0040 to 8.0052in. 

Tolerance (shaft and hole) = .0025x2^^^ ^ 0.003in, 
Shaft dimensions = 1.996 to 1.9931n. 
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6. It is usual practice to design a hub such that its outside diameter is about twice the bore diameter, 
It is also known that a selective assembly should be used when shrinking a hub on a shaft. The 
purpose of this problem is to determine how small and how large stresses can be with a shrink fit 
(class 8 fit) if a selective assembly is not used. Determine for a 1^' diameter solid shaft, the actu- 
al maximum and minimum tangential stresses that will result if the maximum and minimum interfer- 
ences should be used for a hub with a 2" outside diameter. The shaft and hub are both made of 
steel. Poisson's ratio may be taken as equal to 0,3. 

Solution: 

0. = i". 4, = 2" 

First determine the radial pressure on the contact surface, p . Since both hub and shaft are made of the 
same material, 

^ ^c(4'H^ (2X0(2-0) 

Then, uslne Lame^'s equation, determine the tangential stress at the contact surface of the outer member. 

flL+d- 6^ + 1 a 

*fco " Pc^~^ " S(U.25)(10) = 3(18.75X10) 

For a class 8 Qt, hole dimension m^ vaiy from l.OOOO" to 1.0006" and shaft dimension may vary from 
l.OOlO" to L0016"; then S(max) = O.OOls". d(min) = 0.0004^\ and 

sj^^(max) = (0.001GUI8.75>(10^ = 30,000 psf 
3j^(min) = (0.0004)(18,75)(10^ = 7,500 psi 



7, A 6in. diameter steel shaft is to have a press fit with a 12in. o.d. by 10in» long hub of oast iron. 
The maximum tangential stress Is to be 5000 psi. £ = 30xl0^psi for steel and 15xl0'^psi for cast 
iron; ^ - 0,3 assumed for both steel and cast iron; / = 0.12. 
(o) Determine the maximum diametral interference, 

(b) What axial force will be required to press the hub on the shaft? 

(c) What torque may be transmitted with this fit? 

Solntton: 

(o) The tukgentiai maximum stress occurs on the surface for the outer member: 





Using 



Pc ~ r ,2 .2 .2, .2 





mil 



6^+0 ^ 12^+6^ 0 .3 ^ 



(30)(10^(6^-0) (15X10^(12^-^) (30)(l(f) (15)( 

from which B = 0.00278 in. (maximum permissible diametral interference). 
(6) = tndLp^ = 0.127r(6>(10)(3000) = 67,8001b 

(c) r = /p 7t/l/2 = FAd/2) = 67,800(6/2) = 203,400 in-lb 

c 
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8. A cast steel hub having a mimmum diameter of 4.000 in. is to be shrunk on a shaft which has a 
maximum diameter of 4,006 in. Assuming a loom temperature of 70^F, a coefficient of linear ex- 
pansion for steel of 0.0000063 per degree Fahrenheit, and a desired diametral clearance of 0.0021n., 
to what mimmum temperature should the hub be heated in order to permit assembly without inter- 
ference? 

Solution: 

The hub diameter is to be expanded to 4.008 in. Ar = - rMMM^^n^^4 a^a^ = ^^'^^^ 

0.0000063 X 4.0000 

The hub should then be heated to a minimum temperature of: 70*^+ 317*^= 387*^F. 



SUPPLEMENTARY PROBLEMS 

8. What are the values of allowance, hole tolerance, and shaft tolerance fOr the following dimensions of mated 

parts according to the basic hole system? 

Hole 1.7500 Shaft 1.7490 

1.7506 1,7483 Ans. £^0.0006. a = 0.0010, £^= 0.0007 

10, What are the correct dimensions for mating a 6 inch diameter shaft with a hub to give a class 8 fit? 
Ans, Hole 6.0000 Shaft 6,0060 

6.0011 6.0071 

11. A medium force lit on a 3 Inch diameter shaft reauires a hole tolerance of 0.0009 in., a shaft tolerance of 
0.0009 in,, and an average Interference of 0.0015 in. Determine the proper dimensions for the hole and shaft* 

Ans- 3.0000 and 3.0015 



12. A 17^ inch o.d.xlO inch i.d. steel hub is to have a shrink fit on a 10 inch diameter steel shaft. The tan- 
gential stress at the contact surfoce is to be 15,000 psi. The length of the huh is 12 inches, (a) What is 
the radial stress at the contact surface? (b) Kovi much torque mar he transmitted assuming a coefflcient of 

friction of 0.18? Ans. p = 7600 psi. T = 215,000 ft-lb 

c 

13. A 2^^ o.d. X 1^' i,d. steel hub is to be assembled on a l" diameter steel shaft with a class 8 Qt, not using a 

selective assembly. 

(a) Determine the tolerance, interference, and dimensions of the mating parts. 

(6) What will be the maximum radial contact stress? 

(c) What will be the actual maximum and minimum tangential stresses at the contact surface? (Use the Lame' 
equation.) 

(d) What will be the equivalent maximum and minimum tangential stresses, based on the maximum-strain 
theory, at the contact surface? (Use Bimle's equation.) 

(e) What is the maximum uial force required for assembly of the mating parts, assuming a hub length of 

3 in. and f= 0.12? 

(/} What is the maximum torque that may be transmitted with this assembly? (Base solution on maximum in- 
terference.) 

Ans. (a) Tolerance 0.0006 In. Maximmn Interference 0.0016 in. Hole 1.0000 in. Shaft 1. 0010 in. 

Minimum interference 0.0004 in. 1.0006 in. 1,0016 in. 

{b) p (max) = 18,000 psi (c) 5^(mM) = 30,000 psi (d) s^(max) = 35,400 psi (e) ^ = 20,400 lb 
^ 5^(min) = 7,500 psi spAn) = 8,850 psi T ^ 10.200 in-lb 

14. A steel hub of 1 " l.d. Is to be assembled on a shaft having a diameter of 1.001. To what temperature should 
the shaft be cooled to permit a slip fit, assuming a room temper^ure of 70^ F and a coefflcient of linear 
expansion of 0.0000063 per degree Fahrenheit? Ans, -88.5*^F 
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15. It is desired to assemble two steel cylinders haying nominal diameters of l"i,d.x 2''o-d. and 2"i.d.x3"o.d. 
mth the tangential stress at the inner surface of the outer member limited to 12,000 psi- Determine the re- 
goired interference and the tangential stresses at the inner and outer surfaces of the two members, in ac- 
cordance with Birnie's equation, 

Ans. p = 4,130 psi s'.- ^ -11,020 psi 

8 = 0.00U78 interference si^^ ^ - 5,650 psi 

s^co = 12,000 pal 
= 6,608 psi 

16. A centering fit for a flange coupling is to locate the two halves of the coupling. If a class 4 fit Is used to 

provide for a close fit, the allowance is proper bnt the tolerances are small. Determine the necessary di- 
mensions of the centering fit for a nominal dimension of 6 in., if a compromise is made by using the allow- 
ance of a class 4 fit with the tolerances of a class 3 Ut. Note that some of the benefit of a class 4 fit is 
obtained with the economy of a class 3 fit. 

Ans. 6-QQ15 and 6.0000 
6.0000 5.9985 

17. A class 8 fit is used for a hub shrunk on a 2 in. shaft. How many groups of the parts are necessary for 
selective interchangeable assembly to yield a maximum Interference of 0.0022 in. and minimum interference 

of 0.0018 in,? 

Ans. 4 groups separated as follows: 



Gionp 


A 


B 


C 


D 


Hole 


2.0002 
2.0000 


2.0004 

2.0002 


2.0006 

2,0004 


2.0008 

2,0006 


fitaft 


2.0022 
2.0020 


2.0024 
2.0022 


2.0026 
2.0024 


2.0028 
2.0026 



Chapter 4 



Curved Beams 



BENDING STRESSES IN CURVED BEAMS do not 

follow 

the same linear variation as straight beams, be- 
cause of the variation In arc length. Even though 

the same assumptions are used for both types, I.e. 

that plane sections perpendicular to the axis of the 
beam remain plane after bending and that stress 

is proportional to strain, the distribution of stress 
is Quite different. Fig- 4-1 shows the linear stress 
variation In a straight beam and the hyperbolic 
stress distribution in a curved beam- Note that 
the bending stress in the curved beam is zero at a 
point other than at the center of gravity axis. Also, 
note that the neutral axis is located between the 
gravity axis and the center of curvature; this al- 
ways occurs in curved beams. 




Center of gravity azla 
Neutral axis 




Fit. 4-1 



STRESS DISTRIBUTION due to bending is given by 



* = 



where a is the bending stress, psl 

ilf Is the bending moment with respect to the centroldal axis, in-lb 

y Is the distance from the neutral axis to the point in question, inches (positive for 
distances toward the center of curvature, negative for distances away from the center 
of curvature) 

A is the area of the section, sq In. 

e is the distance from the center of gravity axis to the neutral axis, Inches 
is the radius of curvature of the neutral axis. Inches. 



BENDING STRESS AT THE INSIDE FIBER is given by s 



A 



where 



is the distance from the neutral axis to the inside fiber, inches (A^= r^-r^) 
is the radius of curvature of the inside fiber, inches. 



BENDING STRESS AT THE OUTSIDE FIBER is given by s = 

Aer^ 

where is the distance from the neutral axis to the outside fiber, inches (A^- r^-r^) 

is the radius of curvature of the outside fiber. Inches. 
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If the section is a symmetrical one (as a circle, rectangle, I-beam with equal flanges) the max- 
imum bending stress will always occur at the inside fiber. If the section is nnsymmetrical, the max- 
imum bending stress may occur at either the inside or outside fiber. 

If the section has an axial load in addition to bending, the axial stress must be added algebrai- 
cally to tbe bending stress. 

Considerable care must be taken in the arithmetic. The distance "e" from the center of gravity 
axis to the neutral axis is usually small- A numerical variation in the calculation of ^'c" can cause 
B large percentage change in the final results. 

Table I below gives the location to the neutral axis, the distance from the centroidal axis to the 
neutral axis, and the distance to the centroidal axis from tbe center of curvature for various commonly 

encountered shapes. 



TABLE I 



J 



R 




CG.azis -J h Neutial axia 



= 

e = 
R = 



n+ A/2 




-*1 H-c 
C>G.axis-J 1^ Neutral axis I 



o i 



e 
R 



= R- 



n 



= ri+rf/2 





C-G<axi«-W W Neuual axis 




= R- 



R = + 



» r 
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TABLE 1 (contiDued) 




i 



— 4 




-J 



R 



C-G.axis-*| t*Neutrai axis 





C.G.axis-^ ^Neuualaxis 



= r . + 



ht + (t^-O^ 



e = R - r. 



R = + 





G^.axis'*! l^Neiuial axis 



6 log ^ + log -\ I 



= R- 



•n 
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SOLVED PROBLEMS 




PiK.4rX 



2001b 



2001b 



1. The offset bar has forces applied as 

shown. The bar is l"x2". The effect 
of the two applied forces is a pure 
couple which causes the same bending 
moment at every section of the beam. 
Determine the maximum tension, com- 
pression and shear stresses, and state 
where each occurs. 

Solution: 

(a) The bending moment at every section is 
200(5i) = llOOiD-lb 

(h) Since the couple for equilibrium is as 
shown* tension occurs in the upper 
fiber CDE and compression occurs In 
the lower fiber ABF. Because the beam 
is symmetrical, the maximum normal 
stress occurs at the inner fiber of the 
portion with the smaller radius of cur- 

TEtDre, with A>8i*\ n = 2!\ the maximum stress at the inner fiber Is compression. However, the 

I 11 I 11 

location of the maximum tensile stress Is not evident. The sections with A = 3x and A = 42 shoald be 
checked. 




2001b 



2001b 



(c) To determine e : 



'n = - 



1 



= 3.485^'. 



« = A-r„ > 3.5-3.485 



.015 



.11 



(d) For the section with R = 3^" the stress at the inner fiber is 

Mhj 1100(.485) „„„ , 

S: = - — - = = 5930 psi compression 



The stress at the outer fiber is 



2 (015X3) 



Mh. 



^° = Aer. 



1100 C51S) 
2 (.015X4) 



4720 DBi tenaicm 



(e) For the section with /J = 4i", r„ = 



^ = 4.480" or e = «- r^= 4.5-4.480 = 0.02d'. 



» log^^rj log, I 
The stress at the inner fiber is - — — = = 3300 psi tension, 

^ Aer^ 2(.02)(4) 



The stress at the outer fiber is 5. = = - 2860 psi compression. 

^ Aer^ 2 (.02) (5) 



(/) Hence, the maximum tension occurs at the outside fiber of the section with R = 3^". 



The maximum compression occurs at the inside Tibers of the section with R = 35". The maximum shear 
stress is half of the greatest difference of any two of the three principal stresses. Since only bending 
stresses are present at the outer fiber, the maximum shear is i(-5930— 0) = 2965 pel. 

(For comparison, the maximum stress in the straight beam is 



Mc 
I 



iioo(i) 

2(lVl2 



= 3300 psi tensioD sod comivession,) 
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2. A spring clip, made from a l" diameter rod, 
is shown in Fig. 4-3- Determine the max- 
imum shear stress and specify its location 
or locations. 

Solution; 

(a) The location of the maximum normal stress 
can be found ^om inspection and compar-^ 
ison. Any free body of the bar which in- 
cludes the two applied forces of the upper 
or lower parts would have the same bend- 
ing moment since the two applied forces 
give a pure couple. The maximum bending 
stress will occur at the Inside fiber of the 
sections with the inside radius of curvature 
^^= 3"(from ^ to B and C to D). The max- 
imum stress will not occur where r{=4". 



,2 



= 3.482 



.11 



(c) e = R-Tn = 3.5-3.482 = .018 



ri 



hi = .50 - .018 = .482 

1 



500 (.482) 



Aer. iTTflf (.018)(3) 



5680 psl 



(e ) The stress from A to B is tension and from 
C to Z> 1b compreBslon. 



100 lb 



M = 100(5) = 



1" Dia. Rod 




lOOlb 



Fll.4-3 



(/) The maximum shear stress Is ^ (5680) = 2840 psl and occurs at every point from A to B and tram C to D 



(g) Since the section Is symmetrical, the maximum stress at the outer fibers need not be checked. 



3. An open S link is made from a l" diameter 

rod . Determine the max imum tensile stress 
and maximum shear stress. 

Solution: 

(a) A comparison of section A-A and B-B. in 

Pig. 4-4, shows that the bending moment 

at A-A is less than at section B-B. bat 
the radius of curvature is less at A-A than 
B-B. It will be necessary to investigate 
both sections. 



At section A-A. point P : 



(6) W = 600 in-lb 

4 



[(3^)^'".(2h^'"l^ 



n 



= 2-979 



n 



l" Dia. 





tf= 200(3) » 600 in-lb 



2001b 



200 lb 



M = 200(4) = 800 in-lb 



--.-nih- — B 




e = R-r= 3.0^2.979 = .02l". 



n 



= .5 -.021 = -479 



II 



Bending stress + direct tension = +— = SMC 479) 



Aer^ A 



= 6960 + 260 = 



7220 psi 
tension 
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At SecttoD B-B, point Q: 

(rf) Jf - 800 in-lb 

" 4 4 

e = 4.0-3.984 = .OlS^V = 5- 016 = .484" 

/ ^ T> ji * i.*. i Mh. p 800C484) . 200 

(ff) Bending Stress + direct tension = — 1 + ^ = ~ + 

Aer^ A 47T(lf (.016)(3.5) ^TTdr 



00 + 260 = 9060 PBi tension 
(/) Maximum shear = i(9060) = 4530 psi at point 



1 An offset bar is loaded as shown in Fig. 4-5. The weight of the 

bar can be neglected. What is the maximum offset (dimension X) if 
the allowable stress in tension is limited to 10,000 psi? Where 
will the maximum tensile shear stress occur? 

r 

Solution: 

{a) Since the bat is symmetrical, bending causes the greatest stress at 
the inside fiber. Point P on section A-A wlU be stressed the greatest. 

(6) M for section A-A = 2000 (A") in^lb- 



n 



- — Q ^ 



[(6,0>^^+(2.0)^r 



= 3.732 



u 



= P = 4 _ 3.732 = .268^' 



n 

= 2 - .268 = 



.11 



1.732 

A = 47T(4)^ = 12,56 in^ 

(c) The allowable tensile stress is 10.000 psi. 

Bending tensile stress -f direct tensile stress = 



Mh, p 
A^Tx A 



01 



10 000 - ^OQOt^Xl "^32) ^ 2000 



12.56 (.268) (2) 
from which X= 19^', the maximum offset. 



12.56 



20001b 




Fig. 4-5 



5. Set up the basic relations necessary to obtain 
the stress distribution in a curved beam due to 

bending alone and derive the equation to give 
the bending stress distribution. See Fig. 4-6. 

Solution: 

(a) Consider a differential element of the beam 
subtending an angle dB. 

(b) As a result of bending, and plane sections re- 
maining plane, an arbitrary section p-q rotates 
to phi', with tension on the inner fiber and com- 
pression on the outer fiber. The rotation oc- 
curs with a point on the neutiai axis remaining 
fixed. 

(e-) The elongation of the fiber a distance y from 
the neutral surfoce is ydtp. 




Neuiiai axis 

^Change in Length 
Original Length 



Fig. 4-6 
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(d) The original length of the differential fiber is (r^-y)dO, 

(e) Slnc9 stress Is proportional to strain, 

5 » e£ * -t-jB or 3 = — - — -rrsE , where s Is the bending stress 

(/) The smnmatlon of all differential fwces must be zero tor equlUbrium ; hence 

IsdA^O or I 2^ = 0 or -^E I ^ = 0 



(h) 



(g) Also, the moment of the differential forces about any point should be equal to the applied couple if. 
Take the point K as a convenient center of moments. 

Man^)ulation of T— ^ dA = U . by dividing (r-,-y) into y^. gives 

(i) But from (/). I ^ dA - 0 and f y dA represents the moment about the neutral axis of the differential 

J r^^y J 

areas comprising the section. Hence J ydA can be written as Ae^ where e is the distance from the neu- 
tral axis to the centroidal axis. 

(/) Thus the equation in(g) can be written [ ^ dA = W = ^fiUe] or = - , 

du J r^y du du Ae 

(k) The stress eauatlon in (e) can be written s = - i £ = -21_ which gives the stress yariatlon, 

(>^-y)dO Ae ijj-r 



6. A section of a C-clamp Is shown in Pig. 4-7, What force 
F can be exerted by the screw if ttie maximum tensile stress 
in the clamp is limited to 20,000 psi? 

Solution: 

(a) The maximum tensile stress will occur at point P at section 
A-Ai on which section the bending is naximum, curvature ex- 
ists, and a direct tensile stress acts, 

(b) The distance frcxn the center of curvature to the C.G. axis is, 
firom Table i. 



= 1 + 



2(1) (j) + 2(j) (h— 5") 




1.332 



(e) Also, tram Table X, 



'n = 



(fc -0(0+ tk 

i — * 



,3 I . , I , 2 



= 1.267 



Pig. 4-7 
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(rf) e = R-r^ = 1.332 -1.267 = 0.065". fcj = r„-r^ = 1.267 -l.O = 0.267". 

(0 Aiea = |(|) + |(|> = 0.203 sq in. 
(0 Bending moment (about C.G.) = F(2+1.332) = 3.332F 

Mlu V 

(g) Bending stress + direct stress = —-1 + ^ 

Aer^ A 



20000 = 3 332F(0.267) ^ _g_ ^ F (maxUnum) ^ 276 lb 



(^) Note that the stress at the outer fiber may be larger In this case than at the Inner fiber, but this stress at 
the outer fiber is compression. 



2001b 




Flc.4-8 
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7. A trough I'^thick by 8"long is sub- 
jected to a cuncentrated load of 400 lb. 
Determine the magnitude and location 
of the maximum tension, compression, 
and shear stresses. 

Solution: 

(o) The location of the maiimiim bending 
stress can be reduced, by Inspection, 
to three different locations: 

1) Section A-A 

2) Section B-B 

3> Section C-C 

At section A-A, the bending moment is maximum but the beam is straight. 

At section B-B, the bending moment Is leas than at A-A but the beam has currature. 

At section C-C, the bending moment is less than at A-A and B-B but the beam Ins a smaller radius of 

curvature. Also, at C-C a direct tensile stress is applied, which is not present at thp other two sections. 

Hence the stress will be computed at the three different sections and compared. (The stresses need 
be computed on only one side of the centerllne since the beam is symmetrical.) 



(b) Section A-A 

I 



(200x20)1 
8(lVl2 



3000 psi (tension at point q. compressioa at point p) 



Note. TransTerse shear stress la zero at points p and q. 



(c) Section B-B 
Point T : 



= — -«- = i — = 2216 pel (compression) 



Agr 



8(0.0i9)(4) 



where r,^ = 



ft 



II 



*°«e 't/'i ^ 5/4 



= 4.481". 



e . Jl-r„ = 4.5-4.481 = 0.019 



II 



Point s ; 



*° " A^. 



(200xl4)(0.S + 0.019) 
8 (0.019) (5) 



= 1910 psi (tension) 



id) Section C-C 



Point t : At point t the stress due to bending is compression and the direct stress is tension. Hence the 
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stresses subtract from each other. The bending stress at point i Is 

Mho (200x9. 5)(0. 5 + 0. 024) 

*° = 1^ = 8(0.024X4) (compression) 

Where r„ = = — = 3.476" e r R-r = 3.5-3.476 := 0,024" 

log, r^/r. log, 4/3 

P/A = 200/8 = 25 psi 

Net stress = 1300 - 25 ^ 1275 psi (compression) 



Point u : 



Mhi (200x9.5)(0,5^0.024) ^ ^ ^ 

*i = AB^^/^v = is™ l»l (tension) 

^ iler^ 8(0.024)(3) 
P/i4 = 200/8 = 25 psi 

Total stress = 1570+25 = 1595 psi (tension) 



(e) The mftxlmum stress occurs at the straight portion, section A-A, and is 3000 psi (tension at point q and 
compression at point p). 

The maximum shear occurs at both points p and q and is ^(3000) = 1500 psi. 



SUPPLEMENTARY PROBLEMS 



8> Interference of machine parts necessitated the use of a steel member as shown in Fig, 4-9 below. If a load of 
175 lb is applied, determine the maximum tensile stress and maximum shear stress and indicate the location, 

Ans. 2670 psi, 1335 psi: both occur at point i4 



9, A portable Itydraullc riveter has a maximum riveting force of 15,000 lb. The U tirame Is made of cast steel 
with an ultimate tensile stress of 70.000 psi and a yield point In tension of 35,000 psi. Referring to Fig. 4-10 
below, consider only the section A-A and determine the following: 

(a) bending moment Ans, (a) 159,000 in-U) 

(b) distance from centroidal axis to neutral axis (b) 0.334^' 

(c) direct tensile farce (c) 10.600 lb 

(d) maximum tensile stress and location (d) 17,860 psi at point P 

(e) maximum shear stress and location (e) 8930 psi at point P 
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10. A ring is made from a 3 inch diameier bar. Tbe inside diameter of the ring is 4 inches. For the load shown 
In Fig. 4-11 below, calculate tbe maximum shear stress in the bat, and specify tta location. 
Ans, 4210 psi at points 




Pig. 4-11 Fli.4-U 



11. Determine the magnitude and location ot the maximum tensile stress of the machine part loaded as shown in 
Fig. 4-12 above, Ans, 1360 psl at point P 

12. Consider a crane hook made from a two-inch diameter bar and loaded as shown in Fig. 4-13 below. Determine 
the maximum tensile stress and specitir its location. Ans, 5680 psl at point A 

13. A machine member Is made from a one-inch diameter rod and is loaded as shown in Fig. 4-14 below. 

{a) Where does the maximum tensile stress occur? Ans, (a) point P on sectlcHi A-A 
(b) What is the bending moment at the worst stressed section? (6) 210 in-lb 
(e) What is the direct load at tlie worst stressed section? (c) 20 lb 

(d) What is the maximum tensile stress? (d) 2430 psl 

14. The supporting structure of a movable 1 ton crane has the dimensions as shown In Fig. 4-15. Determine the 

following: (a) location of the maximum compressive stress, (b) location of the maximum shear stress, (c) 
bending moment at section A*A, (d) direct compressive load at section A-A, (e) maximum compressive stress, 
/) maximum shear stress. Ans. (a) point P on section A-A, (&) point P on section A-A, (c) 71,000in-lb. 
(d) 20001b, (e) 4800psl, (f) 2400pal 




Fig, 4-13 Fig. 4-14 Flff. 4-15 
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15. The centerlme of the supporting beam of the undercarriage of a crane Is as shown In Fig. 4-16 below. The 

beam is supported in bearings at C and Consider the beam as made from a 2-inch diameter bar. (a) What 
are the reactions at C and £>? (b) How does the bending moment at sections perpendicular to the axis of the 
beam vary between A and S? {c) Determine the worst stressed section or sectlcHiS' {d) What is the maximum 

stress? 

Ans, {a) Reaction at C=1000ib. at 0 = 1000 lb. (i> Bending moment is the same at every section from A to 
5. 10,000 in-lb. (c) Prom .4 to £ and F to fi. id) 15.700 psi tension. 

16. In the small C-clamp shown in Fig. 4-17 below, a force If =1000 lb is exerted between the C-clamp and screw. 

(a) If the maximtim allowable shear stress is 7.500 pel. the maximum allowable tensile stress is 15.000 psi 

and the maximum allowable compressive stress is 15,000 psi. is the C-clamp properly designed from the 

;tandpoint of strength? <&) If the design is not proper, wbat chaises could be made to improve the design? 
Assume that the analysis is to be made after the screw has been tightened. 

Am. {a) Design is not satisfectory. since the maximum tensile stress Is 45.300 psi and the allowable ten- 
sile stress is 15,000 psi (or the maximum shear stress is 22.700 psi and the allowable is 7,500 psi). 
(6) 1, A diflerent sectim, as an I or T section might be used. 2. Increase radius of curvature. 3, In- 
crease diameter of C-clamp, 




Fig, 4-17 



17. A crane hook has a section which, for purposes of analysis, is considered trapezoidal. The maximum tension 
(and shear) stress occur at point P, as shown in Fig. 4-18 below. Determine the (a) distance ft from the cen- 
ter of curvature to the centroldal axis. (6) bending moment for section A-A. (c) distance from the center of 
curvature to the neutral axis, id) area, (e) maximum tensile stress (point P), (f) maximum stress at point Q. 
Ans. (a) 4,33". (b) 86,60d in-lb. (c) 4,0", (d) 10^ sqln,. (e) 17,500 psi, (/) 8130 psi (compression) 

18. A link is offset, as shown in Fig,4-L9 below, to provide clearance for adjacent parts. Determine the maxi- 
mum shear stress and specify its location (or locations), 44ns. 1970 psi ; points A and B 




20,000 lb 
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Deflection and Buckling of Machine Members 



RIGIDITY may in some cases determine the design of a machine member. The member may be strong 

enough to prevent a stress failure, but may not be sufficiently rigid for satisfactory opera- 
tion. The following topics will discuss rigidity from the standpoint of axial deflection, torsional de- 
Hection, deflection due to bending, deflection due to sbearp and buckling doe to column effect. 



AXIAL DEFLECTION B due to an axial load F is based on Hooke*s Law, 



from which 



where 



FL 
AE 



8 



axial deflection, inches 

axial length of member before application of the axial load, inches 
cross sectional area, In^ 
modnlns of elasticity, pel 



A 



E 



TORSIONAL DEFLECTION 6° due to a twsional load on a solid circular section is 



584 7*1 

CD* 



For a hollow member of circular cross section, the angular deflection is 



584 TL 



where 
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For a &olid rectangular member the torsional deflection is 

^ ^ 57.3 TL 



abc^G 



where 



b = long side of rectangle. In. 

c = short side of rectangle, in. 

o = a factor depending upon the ratio of b/c as follows: 

b/c = 1.000 1,500 1,750 2.000 2.500 3,000 4.000 6,000 8.000 10,000 
a - 0.141 0.196 0.214 0.229 0,249 0.263 0,281 0,299 0.307 0,313 0,333 

G - modulus of r^idity, psi, 
L ^ length of member, in. 



LATERAL D£FL£CTION due to bending only may be determined by solving the differential equation 

of the elastic curve of the neutral axis, 

fl - JL 

dx^ EI 

where 

M = the bending moment, In-Ib 
/ = the rectangular moment of inertia, in^ 

E modulus of elasticity, psl 

V = deflection, In. 

X = distance from end of member to the section where 
the deflection is to be determined* in. 

A straight anal^cal solution of this equation by double integration is quite tedious for multiple 

loads and for beams that have changes in cross section. Easier solutions may usually be obtained by 
resorting to other methods such as: area moment method, conjugate beam method, the use of step func- 
tions, application of the theorem of Castigliano, or by graphical integration. 



THE AREA MOMENT method for determining the 

deflection of a beam due to 
bending is based on the proposition that the verti- 
cal distance of any point A on the elastic curve of 
a beam from the tangent at any other point B on the 
elastic curve is equal to the moment with respect 
to the ordinate at A of the area of the M/EI diagram 
between the points A and fi, (See Fig. 5-1^ 



where 



A, 

«2 



A — A^x^ + A^x^ + 

^ area of portion I of the M/EJ diagram 

~- distance from the ordinate at point A 
to the center of gravity of 

area of portion II of the M/El diagram 

- distance from the ordinate at point A 
to the center of gravity of A^, 
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A simple beam of length L having a concentrated load P located at a distance a from the left sup- 
port and at a distance b from the right support may be used to illustrate the above procedure. Refer- 
ring to Fig. 5'lp in order to determine the denection y under the load P complete the following steps: 

1* Sketch the elastic curve, 

2. Sketch a tangent to the elastic curve at point B located at the left reaction. 

3. Sketch the M/EI diagram. 

4. Determine by summing the moments of the areas of section I and section n with respect to 

the Tight support: 

5. Determine which is equal to the moment of section n with respect to a vertical axis through 
point C: 

^2Z:£7^^3^ - 6LEI 

6. Determine &8 by proportion; 

^ L ^I^El 2L^El 6L^EI 

r Then y = A3^ A, = ^ - ^ ^ Ph^ _ Pb^ ^ 

^ ZI?E1 2J?El 6[?E1 GLEI 

It should be noted that in the above illustration the areas of both section I and section II are 

positive. If any part of the M/El diagram is negative, then the moment of that part of the M/EI dia- 
gram must be taken as negative. 



TH£ CONJUGATE BEAM method for determining the lateral deflection due to bending of a beam Is 

based on the mathematical similarity of the loading, shear, and bending 
moment diagrams to the M/EI loading, slope, and deflection diagrams: 

Due to the similarity of the above equations, the following statements are the basis of the solution: 

1. The "shear" force of the conjugate beam is equivalent to the slope of the actual beam, 

2. The "bending moment'^ of the conjugate beam is equivalent to the deflection of the actual beam. 

It is necessary, however, to first set up the conjugate beam such that boundary conditions are 
satisfied. Where the slope of the ordinal beam is not zero, a "shearing" force on the conjugate beam 
must exist. If the loading is such that no "shear" is present, a "shear" force must be inserted In 

the conjugate beam loading. Similarly with the deflection - if the deflection is not zero, a "moment" 
must exist- If the loading is such that no ' moment" is present, a "moment" must be inserted in the 
conjugate beam loading. 

In order to demonstrate the above procedure, consider a cantilever beam having a constant cross 

section and a concentrated load P at the end as shown in Pig. 5-2 below« The following steps will 

determine the deflection at the end of the beam: 

a. Sketch the bending moment diagram. 

b. Load the conjugate beam so that the intensity of load at any section is equal to the ordinate 
of M/EL 
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c. In order to satisfy the boundary con- 
ditions, there must be a value of 
slope, or "shear", at the section of 

the conjugate beam under the load P 
represented by the reaction "R". 

In order for a deflection, or "moment" 

to exist at the reaction, there must 

be a "Dioment"("iV") appUed at the 

right end of the beam. 

d. The triangular distributed "load" on 

the conjugate beam may then be con- 
sidered as equivalent to the area of 
this triangle, PZf/2£/, concentrated 
at the centroid of the triangle. 

e- By summation of vertical "forces", 
the "reaction" at the right end of 
the beam is Pl^/2EL 

L Taking moments at the right end of 
the coixfugate beam, we have 

-if (f ) * """ - 0 

or "Af" = PLVzEI which is the de- 
flection at the right end of the beam. 



t 



■mm 

I 





Bending Moment 




Conjugate Beam I 



I P/; 

T 2E1 



"«" 
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APPLICATION OF ffTEP FUNCTIONS for deter- 
mining the 

deflection of a beam due to bending requires the 
evaluation of only two constants of Integration for 
a beam subjected to any number of loads and changes 
of section. In applying the usual double integra- 
tion method of writing the M/EI equation In each 
section of a beam, one must evaluate two constants 
of integration for each section. 

The use of step functions provides a means 
of writing mathematically a single expression for 
M/EI that is valid for any section of the beam, 
which, after double integration, results in a single 
expression for deflection valid for any section of 
the beam. 

A step function, as used later. Is defined by 

the following notation: 

is a step function where 0 if % < o 

/{, = 1 if %£a 
Hf^ is a step function where = Q tS x<b 

- 1 if X > 6 

The product of the two step functions then is, for b>a, 

HJi^ = 0 if a: < 6 

H^H^ ^ l it x^b 
A plot of the above step functions is shown 
in Pig- 5^3. 



0 



i 





T 
1 



6 
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The mathematical proceduie for integrating a step function multiplied by a function fix) is 



Example 1. Let f(x) = x?. 



0 •'a 
where C constant of Integration. 



Example a. When b>a. 



HbHa(x-a)dx = fib] 



Example S. The method of handling changes of 

section by means of step functions 
is demonstrated as follows: Pig. 5-4 

shows a beam having three sections 
cl different moments of Inertia. 
and ^ are overhung loads and there 
are fixed bearings at f^n&Rg. The 
moment equation valid for any sec- 
tion Is 



/ 




b 



^ ! 



Now l/Ix' the reciprocal of the moment ot inertia at any section, may be written 



from which 



Ix / L m m n J 

Double integration may be completed as explained above, noting that f^f^ = ^ and 



DEFLECTION DUE TO SHEAR may be significant, for example, in machine members which are short 

in comparison to their depth, or for large diameter hollow members. In 
such cases the deflection due to shear should be added to the deflection due to bending. This could 
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be of considerable importance when calculating deflec- 
tions for determining critical speeds of rotating members. 
An expression for the deflection due to shew may be 
determined by considerii^ a diCterential element taken at 
the centroldal axis of a member subjected to a transverse 
load as shown in Fig. 5-5. 



dx 



(at neutral axis) VQ 



max 



IbG 



(See Chapter 2 tcs discussion of ^ .) 

lb 



where is a constant which accounts for the angle of 

rotation of the cross sections with respect to the zero 
deflection line. (All cross sections rotate through the 
same angle.) Integrating, 



KVx 
AG 



where K ^ 




K = 4/3 ten a circular cross section, 

K = 3/2 for a rectangular cross section. 

(For Fig. 5-5, Ci = 0. See Fig. 5-19 for Illustration of CiO 



^ be*** 



Before Load 





THE THEOREM OF CASTTIGLIANO may be used for determining the deflection of simple members as 

well as more complex structures. This theorem is based on strain 

energy relationships. F(» example, the strain energy U for a member of length^ under simple tension is 

2AE 

and by taking the partial derivative of this expression with respect to F, we determine the axial deflec- 
tion S for the member in the direction of the applied force F : 

^ = Ik = rt 
^F AE 

Also, by taking the partial derivative of the torsional strain energy, we may determine the angle of 
twist for a member having a circular cross section when subjected to a totquB T: 

In the above as well as in the following expressions, it is assumed that the material of the system 
follows Hooke's Law. The strain energy in a straight beam subjected to a bending moment M is 



2EI 

The strain energy In a curved beam subjected to a bendir^ moment M Is 



2AeE 

The strain energy in a straight member subjected to a transverse shearii^ force V Is 

KV^dx 



2AG 



The strain energy in a curved beam subjected to a transverse shearing force V is 

C KV^ds ^ CKV^Rd^ 

J 2AG J~ 
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Refeiring to Fig* 5-6 below, the differential energy stored in the differential section due to the 
bending moment the nomal force P, and the shearing force may be written 



where 



2AeE UE AE ^ 2AG 



2AeE 

2AE 

MP d4> 
AE 



2AG 



= the strain energy due to the bending moment M acting alone 



the strain energy due to the normal force P acting alone. 



= the strain energy resulting from the fact that P tends to rotate the faces of the 
element against the resisting couples 

Note that in the case Fig. 5-6, this term is negative since the force P tends 
to increase the angle between the two faces, while the couples M tend to decrease 

the angle between the two faces of the section. If the sense of P were reversed, 
then both P and the couples M would tend to decrease the angle between the two faces. 

= the strain energy due to the shearing force V, 



Application of the above expressions will solve de- 
flection problems based on the theorem of Castigliano 
which states that the partial derivative of strain energy 
with respect to any force (m couple) gives the displace- 
ment (or angle of twist) corresponding to the force (or 
couple). In other words, if the total strain energy of a 
system is written as a function of one or more forces, 
then the deriectlon In the direction of any selected force 
may be determined by taking the partial derivative of the 
total strain energy with respect to the particular fcvce 
selected. Also, If the total strain energy is a function 
of a couple as well as one or mc^e forces, then the partial 
derivative of the total strain energy with respect to the 
couple will give the angle ctf rotation of the section on 
which the couple acts. The theorem of Castigliano may 
also be used to find the deflection at a point, where no 
load exists in the direction of the desired deflection^ by 
adding a load Q at the selected point and in the direction 
in which the deflection is required. Then the partial de- 
rivative 'dU/2Q will give the desired deflection when Q 
is made equal to zero. 




Flg.S-< 



GRAPHICAL INTEGRATION iS another method to obtain 

a deflection curve for a 
shaft subjected to bending loads. The method is illus- 
trated by the following simplified example with the fol- 
lowing steps. Refer to Fig. 5-7. 

1. Divide the area into sections, with ordinatesv, 
, etc., at the midpoints of x^, x^, etc, to loc^e 
points 1, 2, etc, (x^ need not be equal to x^^ al- 
though these aie usually taken equal for simpli- 
fication in drafting). 

2- Project from points 1, 2, etc, to locate points \\ 2\ etc., on any vertical line AB. Prom any 
point 0' on the horizontal axis (thus determining distance fl), draw rays O'-l', 0'- 2', etc. 




Pig. 9-7 
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3- Draw line 0"-l" parallel to line O'-l' and line 2" parallel to 0'- 2' . Line m-l" is propor- 
tional to area I and line p-2'' is pioportional to aiea II, or, line n-2" is proportional to the sum 
of the areas I and n. 

4. TheproofisobtainedfromthepropertyofsiiDilartriangles. Consider triangles 0-^4-1' andO''-m-l'': 

^ or A = ^ or «>1- « ^ 

or the area x^y^ = H{m-l"). Thus the vertical distance m-l" Is proportional to the area of I, 
which is approximated by (x^y^). If the distance is small^ the approximation is very close to 
the true area. Thus the smaller the divisions, the closer the approximation is to the true area. 

5. In a similar manner, 

or the area x^y^ = fl(p - 2"). Then the total intercept » - 2" is the sum of the two areas shown. 

6. The above procedure is illustrated for two cases: 

(a) Beam suppcffted at the ends, Fig. 5- 8(a) below^ diameters given. 
(6) Beam with an overhung load, Fig« 5- 8(6) below, diameters not given. 

Erowple (o). Determine the deflection at each load. Use double integration, graphically. 




Flg.5-«(a) 
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ExiiBvIe (b). Determine diameter D to limit the deflection at the 901b load to 0.001 Use dou- 

ble integration, giftphically. The moment of inertia of the sections of diameter D 
is /. 



901b 



301b 



is =8") 




Oiacram 



Slope Oiftsram 



0.17 «etMl dlaniioa 



Deflection DiAcraai 



Result: 

Denection at 90 lb load is y = (0.15)(^). 

If the deOection at the 90 lb load is limited to 0.001^ 
/ -=0.032 in'* for £ =30x10^ psi, or /) - 0,90", 
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COLUMN ACTION due to axial loading of machine parts occurs very frequently. If the axial load Is 

a tensile load, then the application of 5 = P/A is in (^er. If the axial load Is a 
compressive load, then an ^propriate column equation should be used. 

The Euler equation for the critical load fcv slender columns of uniform cross section is 

<L/kf 

where 

F^^ = critical load to cause buckling. 
C = constant depending upon the end conditions (see Fig, 5-9 below for values), 
E - modulus of elasticity, psi, 
A = area of transverse section, in.^ 
L = length of column, in, 

k « minimum radius of gyration which Is y/lM inches, 

where / is the minimum moment of inertia about the axis of bending. 

For a circular section, k = D/4, 

For a rectangular section k = h/z/S, where k is the smaller dimension of the 

rectangle. 

The critical load for moderate length columns of uniform cross section is given by several empir- 
ical formulas, one of which is the J. B. Johnson formula: 

Where 

By = yield point, psi. The other symbols are as defined for the Euler equation. 

The value of C depends on the end conditions. Fig. 5-9. While thecHetical values of C greater 
than one are given, it is recommended that great care be taken in evaluating the fixity of the ends. 
Where end conditions are uncertain, the value of C perhaps should not exceed a value of around 2, 
for even what might be thought of as fixed ends. In general, C ^ 1 as a maximum value might be ap- 
propriate, and where considerable flexibility of an end might be present, a value C^l might be de- 
sirable . 




One end fixed and the 
other end free of all 

tesrra im 





Both cods free lo lO* 
Uiie, but not free to 
move laiemlly (so- 
called tottod, ot piv- 
ot. Of hinged end c<4* 
nmns) 

C= 1 





One end fixed nod 
one end £rae to ro- 
tate, bvt Boc free to 
Bove latefalisr 

C = 2 





Both end« fixed so 
clwt the tao^enl to 
the elastic com at 
each end Is pacallet 

to the original 
of the column 

C = 4 
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The safe load is obtained bj dividing the critical load by a factor of safety N: 



Safe load F, Euler equation: 



N NH/kf 



S^e load F, J. B. Johnson eauation: F 



8^ . SyiL/kf. 

N iCn^E ^ 



The value of L/k which determines whether the Enler equation or J.B.Johnson equation should be 
used is found by equating the critical load from the Euler equation to the critical load from the J.B. 
Johnson formula: 



Ctt^EA 



) from which L/k 



2C-n^E 



The value of L/k above which the Euler equation should be used and below which the J. B. Johnson 
formula should be used, for different representative data are: 



1 

4 



2 



E 



30x100 psi 



SO X loe psi 



30x10^ psi 



it/hf 



80,000 psi 
70.000 

60.000 

50,000 
40,000 



80,000 psi 
70.000 
60.000 
SO,i 
40,1 



II 



111 



80,000 psi 

70,000 

60,000 

50,000 

40.000 



1,849 
2.113 

2.465 

2.958 
3,697 



7.394 

8,451 

9,860 
11.832 
14,789 



iL/k) 



43 
46 

50 

54 
61 



14,780 

16,902 
19,719 
23.663 
20,579 



86 

92 

99 
109 
121 



121 
130 
140 
154 
172 



K L/k is below that given by yTCv^E/sy . use the J. B. Johnson formula, which is valid down to L/k = 0. 

Equivalent column Stresses are used where column action is to be combined with other effects 
as torsion and bending. The equivalent stress is a fictitious stress related to the yield point stress 
in the same way as the actual load is related to the critical load. The equivalent column stress f<K an 
actual load f , derived from Euler's equation, is 



F , 



( 



{L/k-)- 



where ct = 



^y{L/kf 



A ■ Cn^K 

Note that the equivalent stress depends upon the yield point stress, whereas the critical load is in- 
dependent of the yield point. If a column is of given proportions and length, changing materials does 

not change the critical load, whereas the equivalent stress changes. The ratio of the actual load to 

the critical load is the same, however, as the ratio of the equivalent stress to the yield point stress. 

The equivalent column stress for an actual load F, derived from J.B. Johnson's equation, is 



»«9 = ^ 




Sy{L/k1- 

iCv^E 



where a = 



, SyjL/kf 

iCi^E 



In the equivalent stress equations, the following relations hold, with the symbols as defined above: 

5.„ 



Fcr 
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SOLVED PROBLEMS 

1. Derive an expression for the elastic strain energy of bending in a straight beam. 
Solution: 

The change of angle dCL between two transTerse planes at a distance dx a^wt In a straight beam subjected 
to a bending moment M is dct = Mdx/EI, The strain energy in the section of the beam of length dx Is 



2EI " " J 2£/ 



-/I 



2. Derive an expression for the elastic strain energy of bending in a curved beam. 
Solution: 

The change of angle da between two transverae planes separated by an angle in a curved beam sub- 
jected to a bending moment M ]s dd ^ Md^/AsE^ where e is the distance ftom the centroldal axis to the neu- 
tral axis, always measured from the centooldal axla toward the center of curvature. The strain energy in the 
section between the two planes is 

2 X4s£ J 2AeB 



3. Determine that the deflection due to bending at the load P located at the end of a cantilever beam 

of length /. is Pf^ 2EI by using 

(a) double Integration* (i>> area moment method, (c) the theorem of Castlgliano. 
Solution: 

(a) Using doubie integratioB. 

The equation of the elastic curve is 

£/g = « = -P. 
where x Is measured from the load toward the support. Integrating once, we have 

dx 2 ^ 

Since the slope is zero at x « ^ PI?/2 and 



The second Intesration gives 



Ely = * + 



Since yO Rt x" L, = -PI?/^ and 



6 

and for x > 0, 



Uly - + — = =- 



y = =^ 
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{b) UBtog area woweMt method, Fig> MO. 

(1) Sketch the beam sbowing load P, 

(2) Sketch the elastic curve and draw a tuigent 
to the cunre at point 0. 

(3) Sketch the M/EI diagram. 

(4) The deflection r is then obtained by taking 
the moment of the area of the M/El between 
points A and 8 with respect to point A , The 
moment arm of this area Is 2L/3. The area 

is Then 

^ ^ Z 2EI 



3£f 



(c) Using the Castlglfamo thecwm. 

The strain energy stcved in a straight beam 
subjected to a bending moment If is 



M^dx 



2EI 



Since the moment Is ~Px, 



Jo 2E/ 



9 EI 




Then the deflection is obtained by taking the partial derivative 



Fig*»0 



Bp 



2PU 



PI? 



BP ' ^ dp m zEf 

A plus value of deflection means that the deflection is In the dlrecticm of the load, which is downward 
for this problem. 



4. Determine that the deflection at the load due to bending of a simply supported beam having a con- 
centrated load of P at its mid-length is PL^iSEI (a) by using the area moment method, (b) byusii^ 
the conjugate beam method, (c) by using step functions, (d) by using the theorem of Castlgllano. 

Solution: 

(a) As shown in Fig, &*11, sketch the elastic curve, 
and the M/EI diagram. Then draw a tangent to 
the elastic curve at its midpoint A, which in this 
case is the point of maximum deflection. Knowing 
the slope to be zero at the load simplifies the 
procedure for this problem. 

The deflectionA is then determined by taking 
the moment of the area of the M/Et diagram be- 
tween points A and B with respect to point 

The area the M/El diagram between points 
^ and A is 

L PI? 
2^4Er 2 ' ISEl 



The moment arm to the centroid the triangular 
aTeafirompoint5is(2/3){t/2)=L/3. Then 

A = (^)(^) = 

^16£r ^3 ^ 4aE/ 




Fig. 5-11 
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(b) Using the conjugate beam method, sketch the con- 
Jugate beam and Load it so that the intensity of 
load at any section is eqml to the ordinate of the 
M/EI diagram as shown in Pig. 5-12. Consider the 
loads on the conjugate beam due to area A and 
area B as concentrated at the centrolds of these 
areas* The nugnltudes <tf these loads are 



16£/ 



The right and left end reactions may now be 
determined. In this case they will be equal due 
to the symmetry of loading, and may be found from 
a vertical summation of "loads" being equal to 
zero. 




Flg.5-lS 




Now the deflection at any section ot the original beam is equal to the bending moment of the conjugate 
beam at that section. The bending moment at the conjugate beam, or the deflection of the original beam, 
at its midpoint is 



(c) The use of step functions in this case is simplified since the beam Is taken as one of uniform cross sec- 
tion. We may write the moment equation as 

where the step function: ^j^= Otot x< L/2, Hy^ = 1 for x ^ L/2. 
The first integration yields 

- -4 2 * 

noting that 

One boundary condition to evaluate Ci is: dy/dx= o when x = L/2; then Cj_= -Pl?/1& and 

g,di Px^ P{x~L/2f „ PI? 

The second integration yields 

^'J' - I2 6 "Afe - -16-' * 

One boundary condition to evaluate is: y = 0 when x= 0; hence £3= 0. Then substituting L/2 tot x, 
the deflection at x = L/2 is 



96 32 48 ^ 48e/ 
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{d) U&iag tbe tbeorem of CastigUano, we may write the strain energr equatioa 

" J 2fi/ "J 2fi; Vjife m "J 26/ ^ ii/^ 2EI 



fromwUch V"^-^. Tbe deflection at tbe load P la |^ - 

96£/ oP 486/ 



5. Determine the vertical deflectioDp due to bending, of 
point P of a cantilever beam loaded with a horizon- 
tal load F, as shown in Fig. 5-13(o). Neglect de- 
formation of the vertical member. 

Solution : 

A problem of this type may be solved by the theorem 
of Castigilano if we superimpose a vertical load Q at the 
point where the deflection is to be fotrnd* as ahown in 
Fig.5-13(b). Tbe strain energy is 




F 



V 



(Fh + Qxfdx 

2EI 



2SI 



The vertical deflection Is 



5 



V 



By Fhl^ + 2QL% 



Bp 



2EI 



Now setting Q 0» we have tbe vertical deflection at the point P: 




(6) 



Fig. 5-13 



n 

1 



8 



V 



FhV 



6. A shaft is supported by two anti-friction bearings at A and C with loads of 30 lb each acting at points 
B and F, as shown in Fig, 5-14 below. The portion of the shaft between B and C has a diameter of 
2D compared to a diameter of D for the pwtions of the shaft between A and 5 and between C and 
F. In connection with a critical speed calculation, it is required to determine the deflection of the 
shaft at points B and F. Use the area moment method and consider deflections due to bending only. 
(See the chapter on Shafts for a more extensive deflection analysis. ) 

Soltttion: 

(1) Sketch the elastic curve passing ttoough polnta of aero deflection at points A and C, and draw tbe 

tangent at point A, 



(2) Sketch the M/EI diagram noting that tbe moment of inertia cS tbe section having a diameter 20 is 16 
times that ct tbe sections having a diameter D, The / refers to the smaller diameter portions of tbe 

(3) Determine by taking the moment of the areas of the M/EI diagram between points ^ and F with 

respect to point F, 
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(4) Determine by taking moment of the areas of 
the M/EI diagram between points A and C with 
respect to point C. 

A. = (:?|^)(6)(3).(J|f)(4)(8) = 



16EI 



(5) Deteradne A3 by prcvortlon: 



6783.75 
EI 



Then = Ai - As 



3543.75 
EI 



(6) Detenoine As by prcvortlon: 

.A - 
3 



EI 



(7) Determine A4 : 



(180) (6) ^ 1080 



Then = Ao - A* « 



1181.25 



Pg-301b 




Fig. 5-14 



7. Solve Problem 6 using the theorem of Castigllano 
Solution: 

The total stialn energr U due to bending Is 



SET = ^^'"^'"^ 



where = energr from > 0 to % ■ 6 

J/j = energy from x = 6 to x - 12 
1/3 = energy from x = 12 to x = 18. 



^ i 2£/ 1 6Ei L El Ei\ 2 / 



Now evaluate t^: = J ^ 2£/ " ~Et 




If / is the mo me at of inertia (tf a section of diameter D, then the moment of inertia of the section from 
X > 6 to « = 12, which has a diameter of 2D, is 16/. The strain energy in the center portion Is 



" {Rj,x - P^ix ~6)f dx 
2£(16/) 



Integrating, substltnting fix J^and collecting terms. 
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Tbe total strata energy is U = U,^* 



EI 



Tbe deflection undei is 

'^V ^ IS.n^p, . _ 1080 ■ 101,25 _ 1181.25 

" Er ^- ^^ 4£/*^ 2* ~ El El " El 



The deflection at is 



- IS/P + L A-^iuK + - 1080 . 303.75 + 2160 , 3543,75 

" JE/*^ ^ 82B/1 * 2 '*2' 2 J £/ " £/ £/ £/ El 



8. (a) Using the area moment method, show that the maximum bending deflection of a simply Bupported 
member of length L and carrying a uniformly distributed load of wlb per Inch, as shownlnFlg. 5-lS<a), 
is 5!^Z.y384£/* (b) Same as (a) except use Castlgliano's theorem. 

Solution : 



(a) Using Uie area moment method, 

1. Sketch the elastic curve as shown in Fig. 5-i5(M- 
Draw a horizontal tangent to tbe elastic curve 
at point M, Then the deflection y is the moment 
of the area at tbe moment diagram between points 
jir and 5, with respect to B, divided by El, 

2. Sketch the moment diagram as shown in Figure 

5- 15(c), 

3. For a change, let us draw the moment diagram 
by parts, Flg.5-15(d), to lllnstrate snch a pro- 
cedure. This procedure in some cases mi^ht be 
expedient in order to simplify tbe detefmination 
cS areas and centroids of areas. 

4. In this case we are only ccmcerned with the mo- 
ments of sections I and n. 



The area of section I = ( 



4 16 



Tbe area of section n = ^xfx^ - 



The distance of the centroid of section I 
to point B is (2/3)(L/2) = L/3- 

The distance of the centroid of section n 
to point 5 is (3/4)(L/2) = 



Then Ely - (^^)(|) - (^')(^) 



384 



(->) 




and 



' " 384£/ 
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1. A load Q must be imagliied as acting at tbe point where the deflection Is to be deteimlned, as shown 
in Pig. 5- 15(e) above. 



Z. Tbe bending strain eneigy is | . Foe tbe left half of the beam, the strain energy is 

'L/2 r 1 



Since the strain energy in the left is tbe same as that for the right portion, tbe total strain energy in 
the beam Is V=W^: 

" Vn 2E/ " fi/Ll 2 /24 ~ 128 640 J 



When Q = 0» 

384£/ 



" £/ [48 " 128j 



or If Wis the total load and is wL, r = 3»fe ' 



9. Determine the horizontal deflection of point A 
of a 2'' diameter steel curved beam having a 
4" inside radius of curvature and loaded as 
shown In Fig. 5-16, Consider bending only* 

Solution ! 

At any angle <f> the bending moment with re- 
spect to the gravity axis is Jf > P(68iii^). HOnce 
tbe strain energr due to bending is 



V 



-I 



2AeE 



2^e£ 

25 TTPf 
4 AeE 



The deflection in the dlrecticm ctf the load P is 

^ - 25 ttP 
3P ^ 2 A^E 



Fig. 5*16 




P= 175 lb 




The value of e, the distance from the cenboldal axis to the neitfral axis tor a circular cross section, is 



4 



S - ^ ■ ^ = 0.0505 



The deflection In the direction of the load P is 



3P 



2977(175) 



^ ttP_ 

2 " 277(0.0505X30 xlOP) 



» 0.001442 
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10. Fot Problem 9, determine the deflections due to (a) shear and (6) combined effects of bending, shear, 
and normid load conotonents. 

SoIoUod: 

(0) At anj section, the value of the transverse shearing force K Is V = P cos^. The strain energy is 



— " (where J£ = y f» a circular cross section) 



) 



The deflection due to shear In the direction of the force Is 

^ - 0.0884P7r _ OMmnSYrr ^ 0 0000486 
3P 10^ IflP 

conpared with a deflection erf 0.001442" due to bending cnly. 



(6) The normal load component of P which produces axial elongation at any section is N = P sin<f>. 

The rotation of a section due to the normal force N is opposed by the moment M= PR sin^< 
The strain energy due to the normal load component In the presence of bending is 



r^r/v^ UN] 

Jo l2AE AE}'^ 1 



5(P sin6f'l<6 



'o 277(30;<]0^) 



-f 

Jo 



(5P sin ti>)(P sin (f>)dd> 



77(30X10®) 



0.0265/'^ 
10« 



0.0265P* 77 0.053?^ ,7T 
*2' " 



Bp 



[0.0265(175)- 0.053(175)]7r _ - 



Hill I 



145 



Then the net deflection due to the combined effects at bending, shear, and normal force Is 
B = 0.001442 + 0.0000486 - 0.0000145 = 0.0014761 In., or O.OOIS In. 



11. Determine the horizontal displacement along the load line of the ftame shown in Fig. 5-17. The 
moment of inertia is the same for all sections. Consider deflection due to bending only. 

Solution : 

Using the theorem of CastigUano, the strain energy of the ftame is the sum of the energy in the three 
members. For members 1 and 3 the energy is the same. 



U 



1.3 



= 2 



= 2 



I 



(Fyf dy 



2BI 



= 2( 



6EI 



) 



V, 



i 



2EI 



Total U = 



2EI 



tot member 2 



M 2f &^ Fh^L 

3F ~ m EI 



= AL In the direction of F. 




Fic. 5-17 
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12- For the machine frame as shown in Pig. 5^18, determine 
both the horizontal and vertical deflection of the lower 
end of member Ip due to the applied horizontal force F, 
Consider bending and axial loads. 

Solution: 

The strain energy fvt bending and axial loading in the various 
parts of the bame is 



2El 



dy + 



^ (Qx + Fhf 
2EI 



dx * 



The total strain energy V = Ui+U^-i-Va. 



2AE 

2AE 



2AE 




FlK.S-18 



_ F^A'^ Q^A Q^Z.^ Q^Fh F%^L P^L (pL% QLFk^ FV (fh^ 
^ m 2AE* ^ 6EI 2EI 2E1 2AE* ^ 2EI 2EI 6EI 2AE' 



The horizontal cleflection is determined by taking the partial derivative of U with respect to F, with Q 
being zero. 



Bp ft Fh'^ ,2h 



The vertical deflection la determined by taking the partial derivative of U with respect to<?,afterwhich 
Q is set eQual to zero. 



M 

Bo 



13. Derive the shear deflection equation for a beam 
with several loads and changes of section of 
the following form: 



dx 



AG 



Solution: 



1. Consider a beam with fvces applied at i4, 

fi, C, and D, as shown in Fig, 5-19(a}. No 
restraint is in^osed at this time as to what 
points of the beam are [vevented from de- 
flecting. (Concentrated loads are shown, 
but the procedure could be extended to var- 
ying loads in a similar manner as given be-> 
low.) 

2. The deflection due to shear will be deter- 
mined by considering only the deflection of 

the neutral surface. This eliminates the ne- 
cessity of considering the warpage which 
actually occurs across the section. The 




DIflplacMwnt pnUy 



7, = < 



(M 

Fig. 9-19 



differential elements of the cross sections at the neutral axis slide in a direction perpendicular to 
the neutral surface of the original beam. Then all of the planes containing tliese elements at the 
neutral sur^e remain parallel since they are perpendicnlat to the neutral surface of the original beam. 
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3. The parts of the member will deflect due to shear relative to each other as shown (exaggerated) in 
Fig. 5-19(6) above. 

4* If it is known that the ends at A and D are prevented iiom deflecting, the zero deflection line (or 
base line) AD may be drawn. 

5. Now draw the line AE perpendicular to the section at A for a reference line, 

6. The angle between the zero deflection line AD and the reference line AE is C^. 

7. The angle between the zero deflection line and the centerUne of a member is called 6. 6^= C^-^yi, 
0Q= Cx 4- 72 - ^3 = Ci + 73 * Since all these angles are small (close to zero or 360*^), we may write 

tan^i = Ci + tan7i, tan (9a » Ci + tan 72 . tanflg = Ci + tan7a 

8* The tangent of 0 1b the slope ot the centerline with respect to the zero deflection line. 

tan^i = (dy/dx)^, tan tf^ = (dy/<fa)ii, tan^s = (dy/dx\^^ 
9. Since shear stress is proportional to shear strain, 

K V KV 

In the above, K Is a constant for the particul^ cross section used (as iC = 4/3 for a circular cross 
secticn or K = 3/2 for a rectangular cross secticm). For the different sections, we have 

10. Subatltntlng values from (9) and (8) Into (7). we get 



11. In using the equations In (10), draw a conventional shear diagram. If the shear force Is (+), substitute 
as such In the equations; if the shear force is (-)< substitute as such in the eauations. A plus de- 
flection means deflection downward and a minus deflection means dsflection upward. 



14. Determine the deflection due to shear only in the direc- 
tion of the applied load P, for Pig, 5-20. (a) by applying 
the strain energy theorem of Castigllano, (6) by applying 
the transverse shear equation combined with a step func- 
tion. Observe that there is zero deflection due to shear 
between the fixed supports. 

Solution: 

(a) The total strain energy stored In the member is the sum ot 
the strain energies in sections 1 and 2. 



U = i;^ + ^2 = J 



10 



2AG 



dx + 



r 



2AG 



dx 



0 




«i = 0.2/' 



Fic. 9-20 



2AG 



dx + 



The vertical denectlon at the load P Is 



Bp 



2AKP 
AG 



AG 



(b) The deflection at P may also be obtained by integtatlng 4^- = + C, . 

dx AG ^ 

It is observed ttiat the value ot V between the two reactions is +0.2P, and that the value of is 
between the right reaction and the load P. Using a step function the value of V may be expressed 

V = 0.2P-1.2/'ffio where = 0 forx<10, ff jo = 1 for«?IO. 



-P 



Then 



dy K<0.2P- 1.2Ptfio) 
dx ' AG 



+ C. 



1.2ffK)(*-10) + Cix +C2] 
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Prom the boundary condition y = 0 when % = 0, = 0. 

KP 

Prom the boundary condition y=0 when a; = 10, 0 = -j^ (2 + WCi) and = -0.2 

KP 

The general shear deflection equation is 7 = - i.2ffio(x- 10)— 0,2x], 



The Bbear deflection at 12" is r = ^"^g ^ ■ 



15. Determine the deflection due to shear only under the 
load P for the member shown in Fig, 5-21, when there 
is a change of cross section^ area from j4 to 2<4 at 
the midpoint of the member, (a) using the strain- 
energy method, (6) using the shear deflection equa- 
tion» (c) same as (b) except using step functions. 

Solution: 



(a) The total strain energy due to shear is 



-I 



K(P/2r dx 




K{~P/2f dx 



KP^L 



2AG J^^^ 2i2A)(G) 

The shear deflection under the load P is v =^ = + = 

3P 8/4C \UG lUG 



Flc- S-21 



(6) UsiDE transverse shear equation. 



KV 



Where V =< shearing force = — 



P 

2 



Then integrating ^ = Ci -h Alf^, we obtain (J) 

dx AG 



y = 



2AG 



. Pa Y ^ ^ ^ ^ ^^^^ ^~ shearing force = 



Then integrating 4^ 

ox 



KP 



3* The boundary conditions are: 

a, when x = 0, y = Qi thus from eqiutlon (1), 0 = (C^ + KP/2AC)0 + Cq or = 0. 

b, when a: = i., y = 0; thug ftom equation (2), 0 = (Ci- /lP/4^C)£, + C3. 

c, when x = L/2, y from equation (7) = y from equation (2): 

(C^^KP/2AC)L/2 ^ 0 = {Cj-KP/4-4G>L/2 + Cg, 



Solving for and Cg, = - 



and C«=4^''^ 



SAG "~ "3 " 8 • 

The deflection at x = L/2 can he found ftom equation (1) with the constants insetted in the 

equation: 

ZKPL 



, KP . KP ^ ^ 



(c) Using a step function. 

The equation for the slope Is, from ^ = 4^+ c,. = - ^i^ta + c, with the step 

dx AG ^ dx AG 2 i AG V2 ^ 

function Hj^ > 0 tor x < L/2 and Hj^ = 1 for x ^ iV2. Integrating, 

When X = 0, y = 0, which gives = O; when x = L, y = 0, which gives Cj = -KP/a4G. The deflec- 
tion at* =V2 is ^ ^ , KP,/.. + „ _ 3KPL 

y 2AG^2 tUcS' " " 1&4C 
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16. Compare the deflection at the load due to transverse shear to the deflection due to bending for the 
hollow shaft loaded as shown. Deteindne the total deflection at the load. Refer to Fig. 5-22- 

SolBtion: 



(a) The deflection dne to transverse shear is 



= Ul T * „ - Li T 



dx 



AG 



AG 



Integrating, 

(i) y = 



2 £ X £ 6 

- ^^*~AG ^ AG 



Integratlne. 



The boundary conditions are: 

1. when ;t = 0^ ;^ = 0 

2. wben x = 6", y = 0 

3. y from (7) = y from (2) when ac = 2' 

ftom which Ci = 0, C^ = o, Cg = 24QQK/AG. 

Then putting €^ = 0^ = 0 in equation (i) and solving tcx 
the denection at x^2^\ 

AG AO 

where ii^ Is the factcs applied to the average shear stress to 
find the maiimum shear stress at the neutral axis. 



Now X(7)= -7^ or 
A lb 



wh«e 



Q = moment of the area ahove the neutral axis 
* 8 *37r " ' 8 *37r 



-^P- 800 




Rg = ^P- 4001b 



8001b 



Shemr Diagram 



400 lb 



Flc.5-22 



area of the cross section 



7r(D* -of) 

— , moment ol Inertia of a cross section 

64 



b = D^-D^ ; = outside diameter, s"; = inside diameter, 6". 



Suhstttutlng In K 



5d 
lb 



, K = 1.97. Then y = 



1600K 



1600(1.97) 



AG ~ ImS^-B^iUxlO^ 



= ILgxlO'^ln. 



(6) Deflection due to bending at the load for the beam loaded as shown Is given by 



Pfx ,,2 ,2 2, 



<1200)(4)(2) 



— (6^-4^-2^) = 1.035xl0-^in, 



6(6X30xlrf>)(7r/64)(D5-D*> 



(c) Ratio of shear deflection to bending deflection at the load is 



11.9 X 10 



-a 



1.035x10' 



= 11.5. 



(d) Total deflection at the load is 11.9x10"^+ 1.035 xior« = 12.935 x 10"* In. 



(e) Note that the bending stress is quite smaU: s = — = — 1600(8/2) = q 

/ (7T/64X8*~6*) 
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if) Transverse sheai deflection using Castigliano's theoiem: 



V = 



J 2AG "Jo 2AG L UG " UG 



DefXecticm at the load IB =_=___ = 

Note that this deflection 1b the same as obtained by deriving the general equation of transverse shear 
deflection in (0). 



17. Determine the shear deflection midway 
between supports due to the transverse 
loading of 1001b per in. Refer to Fig. 
5-23< Solve by the following three meth- 
ods: 

(o) Castigliano's theorem. 

(fc) Transverse shear eqnation* 
(c) Step function. 

Solution: 

(o) Solution using Casttgllano's theorea. 

The shear energy is given by 



-J 

-L 



2AG 



2AG 



r 



2AG 



^" KimOO-WQxf dx 



2AG 



12 



tt 



!<? 



^ 100 lb/in 

ttiiimUnnititm 



24 



II 



777777 




rr 



=1125 lb +2 lb 



Rg =l8751b+2ib 



100 lb/in 

iimiiiiiiiiiuimu 




1 V. 




24 



rr 



-4-- 6" 



/ii; =1125 lb 



= 18751b 



Fit. 5-23 



where a load of Q lb is applied at the pc^t where the deflection Is to be found. Integrating, 



V = 



-K 



600AG 



[(iO- 15)=' - (1125 + iQf- {kQ + 1275)'' + (75 + kQf - (600)3] 



When Q=0, deflection at ? is y = 7200K/^G, 

^ , „il , 11 7200K 7200(3/2) 

a rectangular section 2 X 1", y = 



AG 



2(12x108) 



= 450x10"^ in. 



(b) Solntion using the Iraiisveise shear equaUon. See Fig. 5-23(fr). 



0^ 24 



dx AG 



g(1125-100«) 
AG 



Integrating, 



AG 



(1125x-5Cb:2) + 



24 ^ X ^ 30 

dy ^ . - ^ g(1125-10ac + 1875) 
_ _ + ^ - Ci + 



Integrating, 



K 



y = + — (3ooa»!-50x*) + Cg 

ACr 
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iiidai7 conditions: x = o. 7 = 0: x = 24 , 7 => 0 for both deflection eqnaUons. 



Substitution of the boundary conditions into the two deflection eQuations gives = 15K/AG, =* 0, 
-45.000KMG. The deflection at x= 12in. is found from 



r = Ci« + ^(1125x-50x2) + C2 = ^(12) + ^[ll25(12)-50<12f] + 0 = 

(c) Solntlon OBing a step flmctlon. 

The equation for the shear force, using a step function /f24> where ^24= 0 f ot x < 24" and Hqa." 1 
for X S 24", is K - 1125 - lOQx + l&lbH^^. 

The sbear deflection equation Is ■^=-^J'+Ci = -^(1125- lOOx-t- 1875^24) + C, . 

ax Air Air 

Integrating, y = -^[ll25x-50x2+ 1875(a: - 24) ffaj + C^x + Cj. 



Prom the boundary conditions = 0, y = 0) and (x = 24, y= 0), we have = 15K/AG, = 0. The 



deflection at x = 12" is 



r = 



_ K 



AG 



[ll25(12>-50(12)=+0] + ^(12) + 0 = 



AG 



18, Determine the shear deflection at Pj^ and for the beam shown in Fig. 5-24 loaded by Pj^=- 301b 
and = 30 lb. Use the shear deflection equation dy/dx = + KV/AG. 



Soluti 



9 [til 



Integrating, 

Boundaiy conditions: 



6 ^ z £ 12 
Integrating, 

(2) 7 = Ci* + 0 + Cj 



* = 0, y = 0 

* - 6, y from eg, (i ) = y from eq. (2) 

V = 12, y = 0 from eQ. (2) and ftom eq, (3), 

Substitution of the boundary conditions into 
equations (1), (2) and {3) gives 



AC 



Thus the deflectioa at the loadPj is, from 
eqiwtion (7), 

^ AG'' AG''*^ - AG' 

and for a: = 6" , 

y = (the plus sign indicates 



deflection in the plus 
direction, that is, down- 
ward). 



K(-30) 
AG 



12 £ X ^ 18 

^ - C + 
dx - ^1 ^ 

Integrating, 

„ 30/C ^ ^ 



301b 




-30 



Fl«.5-24 
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The sbesx deflection at is, from equaticm (3), 



AG"" AG AG^ AG 



and fcff :ic = 18^' , y = -270K/i4G (the negative sign means deflection in the up direction)^ 



19* Same as previous, except use Castlgliano'e 
theorem. See Fig. 5-25. 

Solution: 

The left reaction is ^(Pi+Ps) and the right 
reaction is k{2Pz-P%). 

The strain energy Is 



V 



r 



2AG 



12 



2(4/1 )C 



J- 18 
12 



2AG 



k(Pi+ Pa) 



6 



II 



UzP^-Px) 




6 



II 



Flc.5-25 



Integrating, 



SAG 32AG 2AG 



6 



II 



Pa = 30 lb 



The shear deflection at is y = 



90K 



3^- (P1+P2) - -^<Pa-Pi) + 0 



2AG 



SAG 



and for Po = Pi = 301b, y » +^7r (tbe plua sign indicates deflection in the direction of P±, that Is, down). 

AG 

The Shear deflection at Pj. 18 ^ = = ^^^'■^^^'^ ^ ^^^''''^^^ ^ 

and for Pi = = 301b, y = +—7^ (the plus sign Indicates deflection in the direction of P^- that is, up). 

Air 



20- Determine the deflection due to shear at the center of 
a beam of uniform cross section. The loading is uni- 
form and the beam is simply supported at the ends. Use 
Castigliano's thecvem. Refer to Fig- 5-26. 

Solntloii: 

Insert a concentrated force Q at the point at wTiich the 
deflection is to be determined. The shear strain energy is 

'L/2 



wL 



J 



K wL Q 2 , 



K 



and for Q= 0, y * KwI?/BAG. 



Q wL Q a wL 0 ^ 



GAGwl 8 



3 

2 2 



L 

2 




w lb/in 



* Mil t M M 



Fig.9-2S 



2 2^ 2 ' J 



2 
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(Bear mi mised during 
iutKllatioa lo give 
proper angle ^) 



Zh Two rotors are to be mounted 
on three bearings and coupled 
together as illustrated in Fig, 
5-27(a). It is required that, 
after installation, the bending 
moment in shaft B at the cen- 
ter bearing be very nearly zero. 
The instcdlation procedure is 
shown in Fig. 5-27(6), Shaft 
B will be mounted in its bear- 
ings* Shaft A will be mounted 
in Its bearing (No. 1) and tem- 
porarily supported at the cou- 
pling. The support for bearing 
No, 1 will be adjusted verti- 
cally to give the angle ^, be- 
tween faces of the coupling 
halves, the proper value. The 
coupling halves will then be 
bolted tightly together and the 
temporary siqipcHt removed. 
Determine the necessary value 
of the angle ^, 

Solution: Fig. 5-27 

(a) Freebody diagrams of the two 
rotors will be as shown in 

Fig. 5-28 below. is the bending moment set up at the coupling when It Is bolted together. F Is the 
vertical force that one coupling half exerts on the other. 

(b) Taking moments around the left end of shaft A, 

tfc + 80F » (1000)(30), 
The bending moment in shaft B at bearing No. 2 must be zero; 

M^- lOF = 0. 

(c) Solving the above two equations simultaneously. 




F 



333.3 lb, 
3333 In-lb. 




Plg.S-28 
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id) We now study tbe elastic curve of shaft A befcve and after bolting of the coupling halves. Pig. 5-29 below 
shows loading, bending moment and deflection dlE^Tams for this shaft before bolting. 

The slope of the deflection curve at the coupling end is 2]^/80. By the aiea*moment theorem we cal- 
culate 

Z^El = (18,750)(50/2>(30+ 50/3)+ (18,750)(30/2)(20) = 27.50 x 10^ 

Hence angle 7±"^= mFj (tan'^ « since the angle Is small). 




Fig, S-2§ Fig. 5-30 



Fig. 5-30 above shows the loading, bending moment and deflection diagrams for shaft A after bolting. 

Calculation by the erea^moment theorem yields Z2EI = 34.61 x 10^; then 7o = - ^'^^iT/*^ radians. 

80£/ 



(e) The angle through which the coupling half attached to shaft A must be rotated upon bolting Is 



/ (34.61- 27.50)1 0^\180 ^ 

I mi )ir ^^^^^ 



Bince E = 3 X 10^ psi for steel and / = 772^64 In'*, - 7i = 0.215 deg. 



(f ) We now study the elastic curve for shaft B be- 
fore and after bolting. Fig. 5-31 shows the sit- 
uation befwe bolting. The portion of the shaft 

to the left of the left bearing is straight and 
makes angle with the bearing centerline. 

After bolting, the situation is as shown in 
Fig. 5-32 below. The portion of the shaft to the 

left of the left bearing is now curved and a tan- 
gent at the left end makes angle y^ with the 

bearing centerline. However, since the bending 
moment diagram between the bearings is un- 
cban^, a tangent at the left bearing still 
makes angle y^ with the bearing centerline. 
The angle thtoagh which the coupling half must 
be turned 14^00 bolting is (^4 — ^3), 

But fi/fy* - ys) = the area of the bending 



-10 



rr 



40 



rr 



10001b 



20001b 



40 



ri 



10001b 



40,000 In-lb 





Fig. 5-31 
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20001b 



3333in-U> 



3333 in-lb 




10001b 



F1K.S-3S 



moment diagram between the left shaft end and the left bearing. 



ig) Then, finally, the angle between coupling halves before bolting Bhould be 

<f> - 0.215 + 0.041 0.256 deg. 



32. A tapered shaft section shown in Pig. 5-33(a) Is some- 
times more conveniently analyzed if replaced by an 
^proximately equivalent stepped section as shown 
In Fig, 5-33(6). For ^proximstely equivalent stiff- 
ness, the step diameters should be determined as fol- 
lows: 




2 



Fig. 5-33 



23. In the vicinity of shonldeis and grooves, not all the 

material is effective in stiffening the shaft. A rough 
rule is to igmxe the material shaded as shown In 

Pig. 5-34. 





Fig. 5-34 
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24. A rectangular steel bar is 2"x3" in cross section and 40" long. The yield point of the material 
used is 50,000 psi. Axial loads are applied at the ends. Determine: (a) the L/k ratio; (b) whether 
the Euler or the Johnson formula should be used; (c)the critical load, the ends being relatively 
rigid; (d) the safe axial load fv a factor of safety /V= 3; (e) the equivalent compressive stress. 

Solution: 

(a) ^ = ^ -r== = 69.3 forft=2" 

* V/(min)/-4 V(fc/?/12)/iA 

(b) The value of L/k below which the J*B. Johnson fcsmula and above which the Euler formula Is to be used 
is 





TCtT^E / 2(1X77 ^)(30)(10^) 

50,000 " 

Thus, use the J,B. Johnson formula. Note that C is taken as 1, even though the ends are considered rel- 
atively rigid. 

(c) The critical load is 

(d) The safe axial load F = F^/N = 239.000/3 - 79,700 lb. 



(«) The eQuivalent comi^essive stress = — 




«9 A\ s^iUkf 



= 16,700 psi. 



Note that the above stress is the same as would have been gotten from 

Sy 50,000 

Note also that Just using F/A gives 79,700/6 = 13,800 psi for a stress, which has no meaning since 



i — = ^' ~i — "3, or = 16,700 psi. 



column effect is present. 



25, A piston rod for an air cylinder is to be designed for an axial load of 60001b. The rod when ex- 
tended has a length of 20'^ Although one end of the rod is fastened more or less rigidlyto^he pis- 
ton and the other end of the rod is pinned to a member which is constrainedlnaguide, the value of 
C = 1 is to be used. Determine the size of rod to be used for a factor of safety of 2.5 with a mate- 
rial having a yield point of 40,000 psi. 

Solution: 

(a) Whether Euler'a equation or J.B. Johnson's equation Is to be naed cannot be determined at start, since 
the diameter is unknown, A trial and error procedure is in Mder, Let's try Euler's equation and check 
at the end, using the equation In the equivalent stress form. 

The allowable stress = Sy/N ^ 40,000/2.5 = 16,000 psi. 

^ fl ^ylt^/kfl 6QQQ [40,000(20/^0)^ 1 

from which D =t 0.802". Try D = 13/16". 



in i(i3/i6) 

30x10® psi, and a yield point of 40,000 psi, Euler's equation should be used U L/k 
TherefcHe J.B, Johnson's equation should have been used, 

(c) Using J,B. Johnson's formula, D = 0.833". Hence use D 7/8". Pinal check: ^^-^ = -gQ ■ =914 

ft iD 4(7/8) 



(b) Check L/k : ^ = 

P« C= 1, E = 
is larger than 121. 
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26. A 1^' sauare threaded screw is 15" long between the nut and collar. The axial load is 50001b and 
the torque in the screw between the nut and collar is lOOOin-lb. Using C = 1 and neglecting the 
threads, determine the factor of safety If a steel with a yield point in tension of 50,000 psl is 
used. (Consider steady loading*) 

Solution: 

(a) Root diameter of a l" square threaded screw is 0.783". = p 733/4 " "^6.6. 

{b) The value ot L/k which determines whether we use J.B. Johnson's tormnla <x Enler*s formula: 



L _ l2C7r^E _ /2(lK7r^)(30)(lF) _ 
* " V ^ "V 50,000 " 

TherefOTe use J.B, Johnson^s (ormnia with L/k = 76.6. 
(c) The equivalent CDmpresslve stress is 

5 . Z{ 1 1 = 5000 r 1 ] _ j3 

A I sy {L/kf ^(0.783)^ _ 50,000(76,6)^ 

L ^ ACiT^E J L 4(l)(7r«)(30KlO^) J 

m The shearing stress due to torsion is ^ = « ^2H0 783^ " 



eoo psl 



(c) The maximum shear stress is r(max) = y/is^/2f-^ = V(13-900/2)2 + <io,600f = 12,650 psi. 

(f) The yield point in shear is about O.Ss^ = 0.5(50,000) = 25,000 psl. 
The factor of safety Is 25,000/12,650 = 1.98. 



27. Same as Problem 26, except the load is applied repetitively from zero to maximum. Take the actual 
stress concentration factor Kf for the threads in axial loading as 2,8 and the actual stress con- 
centration factor Kf for the threads in torsion as 2.0 (assumed). The endurance limit for the mate- 
rial for reversed bending la 32,000 psl. 

Solution: 

(a) From Problem 26, the maximum eaulvalent column compressive stress Is 13,900 pal anl the maximum 

torsional stress is 10,600 psi. 

(6) The equivalent noriml stress due to the variable loading, with a maximum stress of 13,900 psi, a mean 
stress of 13,900/2 or 6950 psi and a variable stress of 6950 psl, is 

s^ABC * (32.000)(.7K.85)(1) " 

where A =0,1 (axial loading), A = .85 (size effect), C = l (since actual atiesa concentration factor is used). 



(c) The equivalent shear stress due to the variable loading, with a maximum of 10,600 psi, a mean stress of 
5300 psi, and a variable stress of 5300 psl, is 

s = s ^ ^'^^ = 5300 + (50.0P0)(.6X2.0X5300) _ 

"es ^«s+ ^^^Bc (32.000K.6X.85)(1) " 24.800 psi 



(d) The equivalent shear stress due to the variable loading Is 

% = V(V21^ + (%s>® = V(58,000/2)2 + (24,8001? = 38.200 psi 



II 
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(e) The safe design stress treating as a static stress is 

CM , 3,.,00 »=1 

fTom which N = 0.65. A suitable value of ^ foi safe design ma; be taken as 1.5, or the proposed design 
Is unsatisfiictoiy. 

Note that in this problem there aie two "eqalvalent" BtresBes, one dne to an equivalent compres- 
sive stress and the other doe to variable loading. 



28. Derive the ecLuivalent column stress relatioD for the Euler formula. 
Solution: 

p _ Ctj^EA . Ctt^E £ _ Ctt^E 

~ ih/hf ' NA " N(L/kf' A ~ N{L/kf 

where /V is the factor of safety. A is the area, and the safe load F = F^/N. 
Put N = — ^ in the last equation and solve for «eo = -7 \; 1 . 



39. Derive the eauivalent column stress relation for the J.B.Johnson formula. 
SolntlDn: 




iC-n'^E J' NA 



1 - 



Sy (L/ky 



Sy {L/ky 



where N is the factor of safety, <4 Is the area, and the safe load F = F^^/N. 



8 
S 



'•V F 
Put JV s — in the last equation and solve for = — 



'eq 



[_ ' 
^ " iCn'^E J 
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SUPPLEMENTARY PROBLEMS 

30. Show that the bending deflection at the end of a cantllereT l)eam d length L, due to uniformly distributed 

load of Ei'lb per unit length Is wLVsEI 

{a) using the aiea moment method, (6) using the theorem of CostlgUano. 

31. U8ing a step function, set up the equation for EI{d^y/dx^) and by double Integration show tbat the muimum 

deflection of a cantilever beam of length L, due to a concentrated load P at a distance a units from the free 

end and at a distance b units ftom the fixed end is ^=^(26 -t- 3a) at the free end. 



3!i. Determine the vertical deflection due to 
bending at v « a, for a horizontal mem- 
ber of length L when subjected to a hor- 
izontal force F acting to the left and at 
a distance h units above the neutral axis 
at the section where a; > a, as shown in 
Fig. 5-35. 

(a) Use the conjugate beam method. 
{h) Use a step function and apply double 
integration. 

33. A 2 inch diameter steel shaft is freely supported on two bearings 30 inches apart. The shaft operates at 
1600rpm and canies a flywheel mounted midway between the bearings. What should be the weight of the fly* 
wheel tt it is desired to operate at 50% of the critical speed of the shaft? TTae the conjugate beam method (tf 
solution for defl^^ctlon. 

Ans, y = 0.00271 in. required. (See Chapter 8 for critical speed.) Weight of flywheel = 113.5 lb. 

34* A shaft of constant diameter Is simply supported at the ends. The distance between supports Is 20 In. and a 

mass weighing 501b is located 4in- to the right of the loft bearing. The shaft must operate at IgOOrpm and 
It is known that a minimum critical speed or whirling speed of 2500 rpm would give satisfactory operation. 
What is the minimum diameter of shaft that can be used so that the minimum critical speed is 2500rpm? 
Ans^ Deflection at the load = 3412/£/. Minimum shaft diameter = 0.81 in. 




Flg,S-3S 



35. A steel shaft, freely supported at its ends, is made of three sections. The first section^ 12in. long, has 
a constant diameter. The second section, 24 in. long, has a diameter twice that of the first section. The 
third section, 12 in. long, has a diameter the same as that of the first sectiCHL Equal concentrated loads of 
2001b are applied at the sections where the diameters change. Show that the deflection under each concen- 
trated load is 0.0929/0"^, where D is the diameter of the first and third sections. 



36. A steel shaft, freely supported on bearings 2 feet apart, carries a concentrated load of 2001b 8 In. from the 
right bearing and a load of 1001b 10 in, from the left bearing. The diameter of the shaft is ccmstrat. Show 
that the deflection under the 1001b load is 0.00244// and that the deflection under the 2001b loadlfl 0,00228//. 

37. A 4 inch steel shaft Is swported on bearings 5 feet apart and carries a 3000 lb disk 1^ feet ftom the left bear- 
ing. The shaft has a 2 inch hole extending from the right bearing to the centerline €t the 30001b disk. De- 
termine the deflection at the disk. Ans. y = 0.027 in. 

38. A shaft, of constant cross section and diameter 2in-, is freely supported by two bearings 30in. apart. The 
shaft carries two masses, each weighing 4001b, One mass is located gin. to the right ctf the left bearing, 
and the other mass is gin. to the left <a the right bearing. Determine the deflection under each mass aod 
the critical speed of the shaft, Ans. y = 0,0124 in. Critical speed = 1680 rpm. (See Chap. 8.) 
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39. The steel shaft of an engine Is 24 in. long between bearli^* For a distance of Sin. from the left hand bear* 
ing the diameter is 2 in. The remainder d the shaft is 3 In* in diameter* A load of 10001b is concentrated at 
a point 10 in. from the left bearing, and a load of 20001b Is concentrated at a point 15 In. from the left bearing. 
What is the deflection under each load? 

Ans, y = O.Ollin. under lOOOlbp y = 0.00941n* under 20001b 

40- A 4 inch diameter shaft is freely supported in bearings 48in, apart. In the center is a gear weighing 30001b, 
A 2 inch diameter hole in the center of the cross section extends 18 In. toward the sear from the left bearing. 
At this point the hole diameter decreases to li in. and the bole Is ccmtinued tbough the remaining length of 
the shaft. Determine the deflection nnder the gear bj three different methods, and compute the critical speed 

of the shaft. 

Ans, y = 0.0189 In. Critical speed = 1365 rpm. (See Chap* 8j 

41. A steel shaft. 30 in, long, is supported on bearings at the ends. Prom the left bearing to a point 12in. to the 
right of it the shaft diameter is 2in. The remainder of the shaft is l2lQ.indiameter. Two loads, each weighing 
400 lb, are located one at the change of section and one at the middle ctf tbe smaller portion of the shaft. 

Using the conjugate beam method, determine the deflection tinder each load. 

Arts, y = 0.0381 In. under left load, y = 0.0374in. under right load. 

42. A steel shaft, simply supported on bearings 45 in. apait, is to be of diameter D over the middle 15 in. and of 

diameter 0,750 over the 15 In. at each end. The shaft will carry a 40001b load at each change of diaxmeter, 
If the static deflections at the points where the loads are located are not to exceed 0.001 in., what will be 
the maximum deflection of the shaft? Neglect weight of shaft in all calculations. 
Ans, D = 6.15in., y(mex) = 0.001081n. at center at sbaft. 

43. A steel shaft is simply supported on two bearings 30in, apart. The shaft Is of 3in. diameter for a length of 
lOin. from the left bearing, 2^ in. diameter for the next 81n., and 21n. diameter for the remainiiv 12in. A 
7001b load Is carried at a point 10 in. to the right of the left bearing. Determine the static deflection under 
the 700 lb load. What will be the critical speed of the shaft? 

Ans, y = 0.00561n. The critical speed will be 2500 rpnu (See Chap. 8.) 

44. A shaft, of diameter 2in- and length 601n,, receives 10,000 in-lb torque from a pulley at the left end. A gear 
at the mid-length of the shaft delivers 60001n-lb and another gear at the right end delivers the balance. Cal- 
culate the maximum total tc^sional deflection of the shaft tot these conditions, neglecting the effect of key* 
ways. Use C= ll.Sxio^psi. Ans. 1.335"* 

45. Determine the equation for the deflection due to shear for a simply supported uniformly loaded beam of length 
L. The loading is w lb/in. 

A.S. ,.|j^<t._.»,, ,(„^,.^ 

4e, A hollow steel shaft, s'^ o,d- x 55" i.d. x 30" long, is sup- 
ported at its ends and carries four rotors of equal weight and 
equally spaced o" apart as shown in Pig,5-36(o). Each rotor 
weighs 801b which includes ^ of the shaft weight. Then for 
the loading as shown in Pig, 5-36(fe)» determine; (o) the shaft 
deflection due to bending at the two outer rotors, and at the 
two inner rotcnrs; (b) the shaft deflection due to shear at the 
two outer rotors, and at the two inner rotors. 

djis (LI) y - 1,44 X 10 in. at outer rotors due to bending, 

y = 2,31 X 10 in. at inner rot(»s due to bending . 
(b) y - 0.354 X 10"^ in. at outer rotors due to shear, 
y = 0.532 X lo""^ In. at inner rotors due to shear. 



(a) 



(b) 




'—6 - 4" 6— 'r— 6 



160U 



801b 801b 80 lb 801b 

t t i t _ 



30 



II 



1601b 



Pig. 5-36 
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47. Using Castlgliano's tlieoiem, de- 
rive the general eQuatlon for the 
deflection due to bending at any 
section of a simply supported 
beam of uniform cross section 
baving a load P applied as shown 
In Fig. 5-37, Hint: Consider a 
concentrated imaginary load Q 
applied at a distance z Uom tbe 
left support, Tbe distance z Is 
variable, although z is considered 
as a fixed value in determining 
the strain energy* Tbe distance 
z is limited to Q z ^ a for the 
bending moment diagram as shown* 

This equation is valid for 
0 ^ 2 £ a* In a similar man- 
ner the equation for the de* 

flection to tbe right of the 
load P may be determined. 



COLUMN PROBLEMS 

48^ What is the allowable compressive load for a 1" x2" bar that Is 20" long for a factor of safety of 4? The 
yield point of tbe material Is 40,000 psi. C = 1. 
Ans. For L/k » 69.4, J.B. Johnson's formula applies. F= 16,750 lb 

49. Same as above, except C= q:. Ans. Fcft L/k ^ 69*4, Euler's eanatlon applies. F= 7670 lb 

50. The piston rod of an air cylinder Is 60" long. For an axial load ctf 20001b, tbe material being steel with a 

yield point of 40,000 psl, determine the size of rod required. Take Actor of safety ^ 4 and C = 1, 
Ans. Euler's equation applies. D = 1.68in. Use I'f'ln. 

51. A l" square threaded screw is 40" long between the nut and collar. The axial load is 2000 lb and the torque 

in the screw between the nut and collar is lOOOin-lb, Using C-l and nefilecting the threads and stress 
conceiriiration, determine the factor of safety if a steel with a yield point in tension of 50,000psi is used. 
The root diameter la 0.783 in. 

Ans. Euler's equation applies. Equivalent column stress = 14,80Dpsi. torsional stress = 10,600psi, maxi- 
mum shear stress - 12,900 psi. The factw of safety for a yield point in shear of 25,000 psi is 1.93. 
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Chapter 6 



Designing Machine Members Subjected 

to Variable Loads 

DESIONING MACHINE MEMBERS FOB STRENGTH Is one of the necessary steps in setting the pro- 
portions of a machine member. The usual steps 
in machine design consist of determining the kinematic arrangement, a force apalysis, selection of 
materials, and proportioning of parts. The proportioning of parts may be controlled by any one or all 
of the following: strength, ligidi^, critical speeds, appearance, corrosion rate, fabrication, foundry 
practice, stability, etc. 



THE STRENGTH OF A MACHINE MEMBER Is influenced by many items such as stress concentra- 
tion, fatigue or variable loading, shock, surface finish, 

and size of part. 



I^RESS CONCENTRATIWI may be caused by any discontinuity 

(stress raiseO such as holes, abrupt 
changes In the cross section, notches, grooves, and surface de- 
fects. A typical example of a stress raiser is shown in Fig.6-1, 
where a hole of diameter d is introduced in a tension member. 
The value of the maximum stress occuring at the edge of the hole 
may be thought of as the nominal stress multiplied by a stress 
concentration factor K. 



f • 



«(max) 



where 
P 
A 
K 



= total axial load, lb 

= net area at cross section containing the hole, in' 

= theoretical stress concentration factor 

(or geometric factor) 



HUM 




5 (max) 



Flc.C-1 



The value of is difficult to calculate in most cases, and 
is usually determined by some experimental technique such as 

photoelastic analysis of a plastic model of the part. Under steady 

loadSj ductile materials are not affected by stress raisers to the extent that the photoelastic analysis 
might indicate due to a redistribution of the stresses in the region of the stress raisers resulting from 

plastic flow of the material when the maximum stress reaches the yield point. The effect of a stress 
raiser on brittle material such as cast iron, under steady load, may be as severe as the photoelastic 
analysis indicates since little or no plastic flow occurs. Under repeated loads, however, the endurance 
strength of even ductile materials m^^r be greatly decreased due to stress concentration. 
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1HE NOTCH SENSITIVITY q of the material may be used to determine the fatigue strength reduction 

factor or actual stress concentration factor Kj: as a function of the theo- 
retical stress concentration factor for the case of repeated loads. Values for q and may be found 
in "stress Concentration Factors" by B.B.Petersonp and in other literature pertaining to this subject 

g = ^-—^ or Kj: = 
where * 

f = an experimental notch sensitivity value due to stress concentration. Values range from 
0 to 1,0. 

^ theoretical value of the stress concentration factor. Average values range from 1.0 to 3.0, 
but could be greater than 3.0. 

« the actual stress concentration factor for determining the reduction in the fatigue-strength 
of the material. 



VABIARLE STRESSES may be classified as (a) revened^ (by repeated, (c) flactaatinE, and (d) alter- 
nating as shown in Pig. 6-2. The maximum stress is the largest algebraic 
value and the minimum stress is the lowest algebraic value of a variable stress. The mean stress 
is the average of the maximum and minimum stress. The variable stress s^is the increase or decrease 
Id stress above or below the mean stress. 




1BE ENDUEtANCE LIMIT of a material is deter- 
mined experimentally 
by rotating a test specimen while it is loaded in 
bending. Typical curves showing the endurance 
strength of a ferrous and a non-ferrous material 
are presented in Flg.6-3. Note that the endur- 
ance limit of this particular steel specimen is 
rather sharply defined at about 35,500 psl, while 
the aluminum specimen has no well defined endur- 
ance limit. The value of the endurance limit of 
35.500 for the steel specimen is for reversed load- 
ing, where a point on the outer fiber is stressed 
alternately by equal amounts of compression and 
tension. In order to avoid confusion, the term 
"endurance limit" will be used for reversed bend- 
ing only. For other types of loading, the term 
^'endurance strength" will be used when referring 
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to the fatigue strength of the material. The value 
of the endurance strength will be different from 
the endurance limit for other types of loading, 

and will also be different if the specimen Is sub- 
jected to variable stresses due to torsion or axial 
loads. One method of plotting the endurance 

strength versus the mean stress for various types 

of loading is the modified Goodman diagram shown 

in Fig. 6-4. Each material tested would have its 
own Goodman diagram. However, if no test data 
are available, approximate Goodman diagrams may 
be constructed for various ductile materials by 
assuming that the endurance limit under reversed 
loading will be approximately equal to one half of 
the ultimate strength of the material. More re- 
cently, endurance strength data have been plotted 
in the form shown in Fig.6-5. This plot shows 
the relationship of the modified Goodman line with 
the more conservative Soderberg line. In the fol- 
lowing discussion we shall use the Soderberg line 
as our design basis. If we apply a suitable factor 
of safety N to both the endurance limit ajid yield 
strength, we may draw line CD parallel to the 
Soderberg line AB as shown in Pig, 6-6. Line 
CD may then be considered as a safe stress line. 
From the geometry of tliis plot, It can be shown that 



V 



1^ 

N 

In order to make this into a design equation, the 

experimental value of the endurance limit under 

reversed bending should be reduced for size ef- 
fect, surface effect, and type of variable loading 

if torsional or axial instead of bending. The cal- 
culated variable stress should be increased by 
the actual stress concentration factor for duc- 
tile materials. For brittle materials the theoret- 
ical stress concentration factor K^. should be ap- 
plied to the mean stress and Kf to the variable 
stress. 

1 

N 



5!. 



KfSy 

— for ductile materials in 

tension or compression 



1 
N 



1 
N 



*ys 



s^ABC 
s^ABC 



for brittle materials 



for ductile materials in 
shear 



where 



5-. - 



yield point in tension or compression 
and must be given the same sign as 

the mean stress . 




Flg.«-4 



Failure points 



Failure curve 



Modified Goodman line 




Soderberg line 



Static dr Hum Streas 



Pig.e-S 



line 




Mean Sti'ess 



Fig. 6-6 
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mean normal stress, psi. 


*«s 




mean shear stress, psi. 


*w 

U 




variable normal stress, psi. 






variable shear stress, psi. 




= 


endurance limit of the material in reversed bending, psi. 






theoretical stress concentration factor. 


Kf 

J 




actnal stress concentration factor based on the notch Bensitlvlty of the material. 


A 




correction footer for type of loading other than reversed bending. 


A 




0.7 for reversed axial loading. 


A 




0.6 for reversed torsional loading. 


B 




a size correction factor, since a standard test specimen has a nominal diameter of 0.3in, 


B 




0,85 for parts ranging in size from 5 in. to 2in, 


C 




a surface correction factor, since the test specimen was polished* 



Some average valnes for C for a machined surface and for a hot rolled sur&ce are listed below: 





C 


C 


Madibied surfoce 


Hot iDlled snrfoce 


60.000 


0.91 


0.72 


70,000 


0.90 


0.68 


80.000 


0.88 


0.62 


90,000 


0.86 


0.58 


100.000 


0.85 


0.55 


110,000 


0.84 


0.50 


120,000 


0.82 


0.48 


150,000 


0.78 


0.38 


200.000 


0.72 


0.30 



N ^ factor of safety to account for such items as variations in material properties, uncertainty 
of loEuling, accuracy of assumptionSp workmanship, possible loss of life, cost of shutdowns 
or maintenance, lack or spread of test data, etc. The value of N will range from about 1.25 
to 3.0 for ordinary design, depending upon whether the conditions are well defined or if con- 
siderable uncertainty exists. Values of N greater than 3 might be used if the uncertainty Is 
quite high and the consequences of failure are serious. The selection of is a matter of 

judgment. 



THE EQUIVALENT MAZIHUH SBEAB STRESS, T^^Cmax), when we have both a variable normal stress 

and a variable shear stress, may be determined by 
using the theory of combined stresses. The equivalent normal stress s^^ is 



The equivalent shear stress, s^^, is 



s 



ys '^f^vs 

^es - ^^s-^t 5^ ' ABC 

Note: Put A = 0,6 in this equation when using ductile materials, and use = (0.6)(5j, 

ys y 
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Then the equivaleot maximum shear stress ^^^(max) in designing with ductile materials is 




This may be equated to ^^/N for use as a design eauation. 

Note; Use = 0.5 for tMs equation. 

The equivalent maximum normal stresB to be used when designing with brittle materials is 

This may be equated to Sy/N for use as a design equation 

The value of the yield point in shear, s^^, for ose in the above equivalent shear stress, s^^, 
equation may be taken as 0.6 times the yield point in tension. This is In close agreement with ex- 
perimental torsional shear tests. However, the value of the yield point in shear, sy^, should be taken 
as 0.5 times the yield point In tension for use in the maximum shear design equation. This equation 
is based on the maximum shear theory of failure which considers a member In simple tension. 



SOLVED PROBLEMS 

1. A steel connecting rod made of AISI 8650 steel, oil quenched at l^O^F and tempered at lOOO^F, 
is to be subjected to a reversed axial load of 40,0001b. Determine the required diameter of the 
rod. using a factor of safety AT = 2. Assume no column action. 

Solution: 

The properties of this material are: Sy^- 155,000 psl, 8y» 132,000 psl. Assume that the endurance limit 
for reversed bending is half the ultimate tensile strengUi: 

S^= 5(155.000) = 77,500 psl. 

The mean stress is = 0. 

F 4f 4(40.000) 

The variable stress is Sy ' — = — r = 5 — • 

The endurance limit correction foctor fbr axial loading is A =0,7. 

The endurance limit correction factor fbr size, estimating d>^ in., is 5 = 0.85. 

Using the endurance limit correction factor for a machined surface* CsO.S. 

Assuming no s^eas concentration, Kf = U 

Substituting in the design equation 

1 % ^f^v 1 (1)(4)(40,000) ^ , , 

N Sy s^BC 2 7rrf^(77,500)(0-7)(0.85)(0.8) "* 
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2. A hot rolled AISI 1025 steel rod is to be subjected to a torsional load that will va^ from a -1000 
in-lb to 4000 in-lb. Determine the required diameter of the rod using a factor of safety ^=1 .75. 

Solution: 

The properties of this material are: = 67,000 psi, Sy = 45^000 psi. 

Assume that the endurance limit for reversed bending is 2(67,000) = 33,500 psi. Assume that the 
yield strength in shear is 0.6 of the yield strength in tension: Sy^ = (0.6}(45,000) = 27,000 psi. Assuming 
no stress concentration, Kf = l, 

The endurance limit correction factor for torsional loading is ^=0.6. The endurance limit correction 
factor for size, estimating d> ^in., is fi»0.85. The endurance limit correction factor for hot rolled material 
fors^ s 67,000psiis C»0.68. 

The mean and variable stresses are based on the mean and variable torquea. The mean torque is 

= 4 [iXmax) + r(niHi)] - i [4000 +(-1000)] * 1500 In-lb, 

The variable torque la 

= 4[71[niax)-r(min)] = i [4000 -(^1000)] = 2500 in-lb. 

Then for any point on the outer surface. 

Is! ^^^^ (16)(1S00) 24,000 Tjf ISTy (16) (2500) 40,000 

24,000 ^ (1K40.000) 

tt/ (27.000) tt/ (33,500)(0.6)(0,85)(0-68) ' 



Substituting in the design equation 

i ■ ^f^vs 1 . 

N 3y^ s^ABC' 1.75 

and <2= 1.34. Userf = i|ln. 



3. A cantilever beam» made of cold drawn C-1025 steel of circular cross section as shown in Fig. 6-7, 
is subjected to a load which varies ftom ~F to 3F. Determine the maximum load that this member 

can withstand for an Indefinite life using a factor of safety N-2. A photoelastic model indicates 

a theoretical stress concentration factor of 21^^=1.42 and the notch sensitivity for a -j-in. radius for 
this material is 9=0.9. Analyze at the change of cross section only. 

SoluUi 

For C-1025 cold drawn material: 

= 80.000 psi. 
Sy = 68,000 psi. 

- 40.000 psi. 
Kf = 1 ^q(K^ - 1) = 1+0,9(1.42 - 1) = 1.38. 
A = 1 , since the member is loaded in bending. 
B = 0.85 correction factor for size effect. 
C = 0.88 correction factor fbr surftce effect* 

The bending moment at the change in cross section varies 
A in terms of the bending moment is 




Fig. 6-7 



3F 



—SF to 15F. The bending stress at point 



St = 



32M 



TTi 



32M 



81.51/ 



Tlien s(min) = (81.5)(-5f) 
s(max) = (81.5)<15f) 



-407. 
1222. 5F 



s„ = Hl222.5F + (-407.5F)] = 
Sy = i[l222.5f -(-407.5f)] = 



407. 5F 
815f 
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substituting in ^ = ^ + i = + (L38)(815F) ^ ^ ^ 

^ N Sy s^ABC 2 68,000 (40.000)(0,85)(0.88) 

As a matter of interest, we could have analyzed the stress at point 6 as follows: 

s(miD) = -1222.5F fi^ = U407.5F+(-1222,5F)] = -407,5F 
5(niax) = +407. 5F = i [407. 5F-( -1222. 5F)] = +815F 

Substituting in = ^ + — Ynn noting that s will be given a negative sign to agree with the negative 
sign of the mean stress. 

1 -407.5F ^ (1.38)(815F) , ^, ^ r- , , = ,v. 

2 = reiToM * (40.000)(0.85)(0.88) "^""^ ^ = ^^-^ 



4. A cold drawn C-1025 steel rod of circular cross section is subjected to a variable bending moment 
of 5000in-lb to 10,000in-lb, as the axial load varies from 10001b to 30001b. The maximum bending 

moment occurs at the same instant that the axial load is maximum. Determine the required diameter 
of the rod for a factor of safety N -2, Neglect any stress concentration and column effect. Design 
on the basis of the maximum shear stress. 

Solution; 

For C-1025 cold drawn material: 

5^ = no.OOO psi B = 0,85 correction factor for size e^ect 

Sy = 6ti,000 psi C - 0.88 correction factor fdr surface effect 

5^ = 40,000 psi A = 1.00 for bending 

Kf = I for no stress concentration A = 0.70 for axial load 

Determine the e(iuivalent normal stress. 

(a) Due to bending, the mean and variable moments are 

= i (5000 + 10,000) = 7500in-lb and = ^(10,000-5000) > 2500 in-lb. 



Itien due to bending 



Mc 32W (32)(7500) Mc 32 W (32)(2500) 



. ^y^S^^ (32X7500) ^ (68, OOP) (1X32) (2500) 134,000 . . w^„Hi«cr 

and s„ = 4. + — — - — = 3 — + — g = 3 — due to bending 

s^ABC TTd 7Td (40,000)(1)(0.85)(0.88) d 

(6) Due to axial load, the mean and variable forces are 

= ^(1000 + 3000) - 2000 1b and = i(3O0O- 1000) 1000 1b. 

Then due to axial load. 

(2000) (4) ^ (68,000) (4000) _ 6690 

®" TTd^ 7rrf^(40,000)(0-70)(0.85)(0-88) d^ 

(c) Total ecLUivalent normal stress, s^^total) = ^^^'v ' ^ + 

d d 

(d) Equating the total etiuivalent normal stress to Sy/N, 

134,000 6690 ^ ^ 68>QQ0 

d"" rf^ " /V ^ 2 

from which by trial and error d = 1,625 in. 



due to axial load 
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S. Shaft is rotating at 1200 rpm clock- 
wise and has a concentrated unbal- 
anced load of W of 8 lb at a radius of 
2 in, in a plane midway between sup- 
ports A and B, as shown in Pig. 6-8. 
A constant vertical load of 15001b 

IS applied by means of two anti-friction 
bearings at C and D, If the shaft ma- 
terial has an ultimate strength of 
60,000 psl and a yield strength of 
45,000 psi, determine the required di- 
ameter of the shaft at section A-A 
for a design factor of safety ;V==2, 
Consider only point P, 

Solution: 



1^ 




Fig. 6-8 



U) Assume: Endurance limit = = 30,000 psi; stress concentration factor* = 1; endurance limit cor- 
rection factor for size, ^4=^0.85; endurance limit correction factor for machined finish, C = 0.9. 

(2) Show t*iat the bending moment due to the rotating load varies from -6540 in-lb to 6540 in-lb, 

(3) Show that Che bending moment due to the constant vertical load is 7500 In-lb. 
{4) The combined bending moment then varies ftom 960 in-lb to 14,040 in-lb. 

(5) Now it should be noted that, if we consider point P on the outer fiber in a plane midway between the two 
supportSi the 14,040 in-lb moment will produce a negative or compressive stress, while the 960 in-lb mo- 
ment will produce a positive or tensile stress. 

(5) The maximum, minimum, mean, and variable bending stresses are 



s(max) = 



5(min) = 



-(32)(14,040) -143,000 

+ (32) (960) +9775 
_3 ~ _3 ' 

7Td d 



^ = 



-143,000 + 9775 



9775 -(-143,000) 



d^ 
76,390 



2d 



3 



(7) Then i = ^^'^ 



-66,610 



(1)76,390 



■y s^ABC 2 -45,000(/® <30,000)(l)(0,85)(0,90)d 



3. and d = 2A2, \5sb d^-l-^^iw 



6. A steel alloy has an ultimate ten- 
sile strength of 90,000 psi, a 
yield strength of 60,000 psi and 
an endurance limit of 30,000 psi 
under reversed bending. Sketch 
a modified Goodman diagram. 
Indicate on the sketch and give 
the magnitude of the endurance 
stress for released loading. 

Solution: 

Sketch a Goodman diagram as 
shown in Fig.6-9- The line JVP rep- 
resents the magnitude of the endur- 
ance strength for released loading. 

The values can be determined from 

a sketch made to scale, or from a 
calculation, as follows. 

By similar triangles ACB and ANT, 



90,000 psi ^ 



60,000 psi 




30,000 psi 



Mean Stnss 



NT 



90,000 
120,000 



Fig. 6-9 



or NT = 67,500 psi- 



90,000 

Then MN ^ 22,&00 psi. and /VP = 45,000 psi since MA is a mean stress line. 
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7. A hot rolled steel shaft is subjected to a torsional load that varies from 3000in-lb clockwise to 
1000 iii'-lb counterclockwise as an E4}plied bending moment at a critical section varies from + 4000 in-Ib 
to -2000in-lb. The shaft is of uniform cross section and no keyway is present at the critical sec- 
tion. Determine the required shaft diameter. The material has an ultimate strength of 80,000psl 
and a yield strength of 60,000psL Base design on a factor of safety N = 1.S, Take the endurance 
limit as half the ultimate strength. 

Solution: 

(a) Determine the equivalent normal stress due to bending, 

(32)(4000) [(32)(4000)] + [--(32)(2000)] 10,200 

TTd TJTd d 

r A ^ -(32) (2000) [O2)(4000)l - [-(32)(2000 )1 30,600 

77/ ^ 2nd^ d^ 

The equivalent normal stress is [-4 = 1, B = 0.85, C = 0.62, K^-i\ 

10.200 reO.OOOl r 30.600 "1 97,300 



^ L^^'<***<^JU'(1)(0.85)(0,62)J ' 



ib) Determine the eauivalent shear stress. 

(16X3000) (16X1000) 5100 

7Td vd d 

, , , -(16X1000) (16)(2000) 10.200 

, __ ^ , — _ 

The equivalent shear stress Is [A =0.6, fi»0.85, CaO.62, 5^3=0.65^ 



5100 



r<0.6)(60,000) '] r 10.200 ~[ _ MJi 

L 40.000 J Lrf^(0.6)(0.85)(0.82)J ~ 



(c) Equate the eauivalent marimmn shear stress to Sy^/N, where Sy^ = (0.5)Sy = (0.5X60.000) = 30.000 psi, 



T^^Cmax) = -^V(^^~—r^ (34.100)^ = or <f = i.44in. 



Note, While we used = Q.SSy for pure torsional shear, we used Sy^ = 0.5^ for combined stress shear, 
according to the maximum shear theory of failure- 



s' A pulley is keyed to a shaft midway between two anti-friction bearings. The bending moment at the 
pulley varies from 1500in-lb to 4500]n'lb as the torsional moment in the shaft varies from 500 to 1500 
in-lb. The frequency of the variation of the loads is the same as the shaft speed. The shaft is made 
of cold drawn steel having an ultimate strength of 78,000 psi and a yield strength of 58,000psi, 
Determine the required diameter for an Indefinite life. The stress concentration factor for the key- 
way in bending and torsion may be taken as 1.6 and 1.3 respectively. Use design factor 1,5. 

Solution: 

L Determine the equivalent normal stress, s^^ 

f \ TM,^f«K / V (32) (4500) 45,900 ^ , , ^ •"(32)(1500) 15.300 

(o> Due to bending. s(max) = 5— = — 5— and s(min) = -^^ — — - ^ 

TTd d jTd d 

ib) Due to beiKUne. 5, = 45.900+(-l5.300) ^ 15^ ^ 45,9Q0-(-l5.300) ^ 3M00 

(c) Assume s^=^/2 = 78.000/2 = 39,000, A = l. B "0.65. € = 0.66. The equivalent normal stress is 

s = s + fi)'^^ = 15.300 ^ 58,000 (1.6)(30.600) ^ 112.600 
en - « s^ABC ^3 ^000 (0.85)(0.88)rf^ " d"" 
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n. Deteimine tbe eQuivalent shear stress. . 

(a) Maximum and minimum shear stresses: 

(16)(1500) 7635 , , , <16)(500) 2545 

(b) Mean and variable shear stresses: 



_ 7635 + 2545 5090 . ^ 7635 - 2545 _ 2545 

2/ " ■ " 2rf^ " 



(c) Sys = O.GSy = 0.6(58,000) = 34,800 psi. -4 =0.6 for torsion. B = 0. 85, C = 0.88. The equivalent 
shear stress Is 

Sys KfSj^ 5090 , 34.800 , (I.3)(2545) 11.620 
'es - ^ms '■'^s/aBC " < 39.000> (o.6)(0.85)(0.88>d^ ' 

UI. EQuattDg tbe equivalent maximum shear stress to Sy^/N^ 

-^/max) = y(^) = _y(___) + (11,620) = 



2,97, d = 1.44 in. 



9. A cast Iron shaft, ASTM-*25 with an ultimate tensile strength of 25,000 psl, is subjected to a tor- 
sional load which is completely reversed. The load is to be applied an indefinite number of cycles. 
The shaft is 2^' in diameter and is joined to a 3^^ diameter shaft with a ^" radius fillet. The factor 
of safety is to be 2. What is the maximum torque that can be applied to the shaft? Solve by two 
methods: (2) using Soderberg's equation, (2) using = Tc/J directly. 

Solution: 

(a) The mean shear stress = 0. The variable shear stress is 

5 = 161 = JAL = 27 ^ijgjg J ^ jijg maximum torque, in-lh 

(b) The equivalent shear stress s^^ on a particle on tbe surface is 



ys 



where s^^ = mean shear stress = 0. 

Kf = theoretical stress concentration factor, which is i.l7 for the given diameter and radius, 
as found from photoelastic testa for torsion for the shape specified. 

= actual stress concentration effect on fatigue , where 

Kf ^ 1 -^^ qiK^-l) = 1 + 0(1.17-1) = 1. 

The values of notch sensitivity q for cast iron have not been specifically re- 
ported in the literature although tests made on cast iron show that the reduction in 

the endurance limit as the result of notches In test specimens is zero for a tensile 
strength of 20,000 psi and 26% for a tensile strength of about 43,000 psi. The notch 
sensitivity factor q is taken as zero for ASTM-25. (Note that whereas the notch sen- 
sitivity effect is very low for fatigue, the notch effect is very high on impact loading,) 

Sy^ - variable shear stress = 2r/7rpsi, 
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5 = the yield strength in shear for cast iron. This value is usually taken equal to the 
yield strength iJi tension for cast iron, Syp - The yield strength In tension can be 
taken as approximately 60% of the ultimate tensile stress. Thus, 

Sy^ = Sy = 0.6(25.000) = 15.000 psL 

= endutEince limit in bending for cast iron, l^is value has a wider range than found 
in steels. Tests that have been reported state that the endurance limit in bending 
vary from 0.33 to 0.6 of the ultimate strength. Results show that the endurance Umit 
in torsion has varied from 0.75 to 1,25 of the endurance limit in bending. The en- 
durance limit in bending will be taken arbitrarily as 0.4 of the ultimate strength. 
The endurance limit s^in bending then. Is 0.4(25,000) = 10,000 psl. 

4 = 0.75 (the lower value above). 

B = size effect, taken as 0.85. the same as for steels. 

C - surface finish = 1. 

Substitution in the equation for the equivalent shear stress gives 

'es ' °<' "'^"><f' (10,OOOK%r(.85Kl) ' 

(c) The eQOivalent normal stress is zero. From the combined stress equation, the maximum equivalent 
static tensile stress is 

5„(max) = isgn + "^(U^f + (^^s^^ = 0 + Vo + (1.57)^ = 1.57 psl 

(d) The allowable static tensile stress = Sy/N = 15,000/2 = 7,500 psi. 

(e) Setting (c) and (d) equal, 7500 = 1.57 ot T ^ 5000 In-lb. Thus, the allowable torque = 5000in-lb. 

(f) The preceding solution Illustrates the procedure of application of the Soderberg equation in working 

with cast iron. Since the stress is completly reversed and reversed torsion test data can be applied 
directly, a quicker solution for this particular problem can be obtained by direct application of 
S3 « Tc/J, where ^ (s^){AHB)(C)/N. 

(s^(A)(B)(C) ^ Te 10,000(0.75)(0.8S)(1) ^ r(l) 
N J " 2 7r(2V32 

or the allowable torque 7" = 5000 in-lb. in the above, the endurance limit in bending of 10,000 psi is 
multiplied tqr il = 0.75 to correct for torsion, B - 0.85 to take care of the size effect, C » 1 for sur- 
face effect, and the design factor > 2 is used. No stress concentration factor Is applied because 
the notch sensitivity factor for cast iron is taken as zero. 

It is to be noted that where test data is available, such should be used directly. If the load is 
not c(»npletely reversed and/or test data Is not available, then the use of the Soderberg equation is 
indicated. 



10. In Fig.6-10 below, the shaft transmits 10 horsepower from the pulley P to the gear G at 900rpm 
under steady load conditions. The shaft Is machined from AISI-1035 steel, hot rolled. The ulti- 
mate tensile strength is 85,000 psi and the yield point in tension is 55,000 psi. The pulley diam- 
eter is lO-O", and the pitch dimeter of the gear is also 10. o". The weight of the pulley P is 30 
lb and the weight of the gear G is 301b. Neglect the weight of the shaft. The ratio of belt tensions 
is Ti/r^ = 2.5. The gear pressure angle is 20^ 

The shaft size is to be determined, using the Soderberg variable stress equations. (The so- 
lution using the A^E Shafting Code equation is on page 121. The design for rigidity andcritical 
speed is on pages 123-127.) 

Solutton: 

(o) The torque Af^on the shaft is found torn 

4/4^/63,000 = hp. jtft(900)/63.000 = 10. or = 70O In-lb. 
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ib) The belt forces are found from 

(TV-rgXR) = or (ri-TgXS) = 700 and Tj^/T^ = 2.5 
from which = 233 lb. = 93 lb. 



511b 



t 

93 lb 



1401b 




25.5 lb 



(a) 



1 



5591b 



140 lb 



T 



<6) 

3261b 

Jl HorizonUL Loads 




Horizontal Bending 
Moment Diagram 

30 Lb 

1 V^ical Loads 

(including welgtits) 

Vertical Bending 
Moment Diagram 



Combined Bending 
Monmit Otacram 



Flg.S-10 



(c) 'The tangential gear force Ff - M^/R = 700/5 = 140 lb. 

(d) The separating force = tan ^ = 140 tan 2ff = 51 lb. 

(c) The loading and bending moment diagrams are shown with the figure. The belt forces and gear 
forces are assumed concentrated as shown. The v/eight of the pulley and gear is included. 

(/) Consider the section at the gear first. Even though the bending moment here is less than at the 
tight bearing, the keyytny might he the influencing factor- 

The stress concentration factor Kf due to the keyway in bending is 1,6. 

The stress concentration factor in bending due to the fillet where the shaft portion of diameter 
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d joins witli the sliaft of diameter 2d depends upon the radius of the fillet- Even if the ratio of the 

radius of the fillet to the shaft diameter d is specified to obtain the theoretical stress concentration 
factor Kt, the actual stress concentration factor Kf depends upon the notch sensitivity, which is a 
function of the radius of the fillet. Thus it is necessary to use a trial and error solution, by E^i- 

proximating the diameter d and the radius of the fillet and checking with the calculated value of d. 
The values used in the following calculations are those which agree with the final values: 

r/d = 0,083, for which = "ig-" 

For r/d = 0.083, and ratio of diameters ~ 2. the theoretical stress concentration factor Ki in bending 
is 1.86r The notch sensitivity factor q is 0.78 for annealed steels with the fillet radius of Then 

- 1 + g(K^-l) = 1 + 0.78(1. 86-1) = 1^67 

Thus the radius of the fillet is such as to cause a worse effect than the keyw^. 

(g) The bending is constant. 580 in-ib< but a particle on the surface is subjected to a complete reversal 
of stress. The mean bending stress = 0. The variable bending stress is 

Mc 580(<f/2) 5910 

*^ / ' 7rrfV64 ' 

(h) The equivalent normal stress is 

J. «/5910. 55.000 17,300 

*en " S + '^f'vs^ABC " " ^'"^ / ^42. 500) (1) (0.85) (0.87) " 

(i ) The shear stress due to torsion is constant, since the torque is constant. The variable shear stress 
is zero. The mean shear stress is 



Tc 700(rf/2) 3570 



(/) The equivalent shear stress is 



» * 4. ft- c - 3570 . ft 



(k) The allowable shear stress Is 



V _ o.5(.,, _ 0M5,.m, ^^^^^^^ 



N N 1.5 

(I) Setting the allowable shear stress equal to the maximum shear stress. 

18,300 = V(isgflf + (^3^ = V(17.300/2(i^ + (3570/d^f from which d = 0.79b" 

(ib) The shaft at the rl^t bearins will be analyzed next. Speciflcally, the section with diameter d 

at the fillet will be considered, with the bending moment at the centerllne of the bearing taken as 
acting at the section with the fillet- The mean bending stress s^=0. 

The variable bending stress Is 

_ tfc _ 1965 (J/2) ^ 20.100 

^ " / " 7rd*/64 ' d^ 

The stress concentration factor Kf cannot be determined directly here. The same procedure as 
used at the section at the gear will be used, trial and error, with tinal values given. A large value 
of r/d will he used: r/d = 0.22. (d turns out to be about 1-^", and r of about -jf" can be t^en.) 

For r/d = 0.22. ^£ = 1.37; forr = -i-, q = 0.95. Thus = 1 (K*- 1) = 1 +0.95(1-37 ^ 1) = 1-35 
Then the equivalent normal stress s^^ is 

20,100 . 55,000 4 7,600 

«en = 5« + V^fi^4BC ^ ° ^"^^^ '(42.500)(1)(0.85)(0.87) " j3 
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(n) The mean shear stress due to torsion is 

16T _ 16(700) _ 3570 

The variable Bbear stress Sjj^ = 0. Hence tbe equivalent shear stress is 

(o) The allowable shear stress is as found in (ib): 18,300 psi. 

(p) Prom the combined shear stress for the equivalent stress. 

18,300 = ^iks^rf + i^ef = V(47.600/2<J^)^ + or rf=l,09". Use rf=l|". 

(g> Hie size of the sh^t d is thus determined by the stresses acting in the shaft at the right bearing. 
Final proportions determined from a strength consideration only using the Soderberg equation are: 




11. AsteelcantileTermemberassbownln Fig, 6- 11 
is subjected to a transverse load at its end 
that Taiies from 101b up to 301b down as an 
axial load varies from 251b (compression) to 
1001b (tension). Determine the required di- 
ameter at the change of section for infinite life ^^^^^——-n^^^^^™ 
using a factor of safety of 2. The strength ^.^^^^^^^^^^^^^^ 25 lb 1001b 

properties of the material are: 

- 80,000 psi (ultimate strength), 
Sy = 68,000 psi (yield strength), Flc.6-U 
= 40,000psi (endurance limit). 

Test data indicate that the theoretical stress concentration factor for bending and axial loads are 
K^= 1.44 and = 1.63 respectively, at the change of cross section. 

Solution: 

For point A, which is critical, determine the equivalent normal stress. It is assumed that the equiva- 
lent normal stress at this point will be the algebraic sum of tbe equivalent normal stress due to bending and 
the equivalent normal stress due to axial loading. 

Due to bending tbe equivalent normal stress is 

Sy^v^f 510 (68,000)(102Q)(1.44) 3780 

<^en>b " s^BC " rf® (40,000)(d®>(l)(0.85)(0.9) ^ 

(32)(150) ... (32)(50) ^ (32) (100) ^510 (32>(200) _ 1020 

where s(max)x__^, ,(„to>=,__. . _____ . _^ , 

Due to axial Loading, the equivalent normal stress is 

150 (68,000)(250)(1.63) _ 460 

^" " 77d (40.000)(77)(rf )(0,7)(0-85)(0.9) d 

400 100 150 250 

where 5(max) = —s, s(min) = - — -s, — = —5 

TTd nd * TTrf " TTd 

Then the total equivalent normal stress s^^ at point A is 

3780 ^ 460 68.000 . ^^.n - 

*en ^ ^ If ^ — 2 — which d = 0-490 in. 
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12. In some instances, it may be more economical to design on the basis of an endurance strength for 
a finite life rather than foT infinite life. As an iUustratioQ assume that a fuel pump pusher rod is 
to be designed for not more than 100,000 cycles while it is being subjected to a released cyclic 
load of 17501b. Test data indicate that the material ftom which the rod is to be made has a yield 
strength of 55,000 psi and an endurance limit of 38,000 psi for reversed loading, but has an endur* 
ance strength of 50,000psi for reversed loading at 100,000 cycles. For a factor of safety of 2 
determine the required diameter of the pusher rod for both a fiiiite life of 100,000 cycles and for 
an infinite life. 

Solution: 

Since we have released loading, = sy = F/A ^ nbO/iind^) = 

1 

ABS}meKf;=Kf=l, ^='0,7, B = l. C=0.9; and substitute In the equaUon ^ " ^ + "^^JbC' 

(a) For a finite life of 100.000 cycles 

1 2230 (1)(2230) ^ „ , 
;r = -5 + T or rf = 0,475 in, 

2 d (55,000) li (50.000>(0.7)(1)(0.9) 



{b) For an infinite life 



1 2230 ^ (1)(2230) . ^ ^ 

= _ + d - 0.517 in, 

2 rf®(55,000) ^^^(38,000)(0,7){1)(0.9) 



SUPPLEMENTARY PROBLEMS 

13. A one Inch diameter machined steel cantilever lO in. long is loaded on the end with a force that varies from 
60 lb down to XOO lb up. There is a flUet where the member is connected to the support which causes a 
theoretical stress concentration factor Xj-1.32. The notch sensitivity factor q may be taken at 0.92. 

If the material has an ultimate stress = 80,000 psi. an endurance limit in reversed bending s^= 35,000, 
and a yield strength. 60,000, detetmine: (a) maximum bending stress, (b) minimum bending stress, 
(c) mean stress, (d) variable stress, (e) design factor N, 

Ans, (a) 10.200 psl. (b) -6120 psi, (c) 2040 psi, (d) 8160 psl. (e) 2.29 



14. A force spiled to the end of the cantilever bar varies with time In the plane of the paper as shown in 
Fig. 6-12. A factor of safety N = 2.5 is desired for the EQ)plicatlon, yet proportions dictate the maximum 

dimensions shown. 

The material is AISI-1020 with an ultimate strength of 64,000 pel, sn endurance limit of 32,000 psi In 
reversed bending and a yield point in tension of 



48,000 psi. For the section A-A, the theoretical 

stress concentration factor K^is 1.37 for the 2*' 

diameter bar with a Hllet radius. The notch 
sensltlvi^ factor g for an annealed ste&l Is 0.95 
for the fillet radius of ^ '^ 

Using a factor C =0.90 for the surface effect, 
a factor 5=0.85 fOr the size effect, and a factor 
4 = 1 since there is no axial load, determine for 
section A-A: (a) the stress concentration factor 
Ky, (b) the mean stress » (c) the variable 
stress Sy, (d) the factor of safety N . (e) whether 




Fig. fi-12 



F (varying force) 



6001b 
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the proportions are satisfactory. (/) if the proportions arc unsattsfactory. what could be done to give a 
satisfactory solution without changing the 2^' diameter section. 

Ans, (a) Kf= 1.35, (b) = 3820 psl, (c) Sy - 11,480 psi, (d) N = 1,4. (e) Proportions are not satis- 
factory. (/) Use a better material with a higher endurance limit. A larger radius of curvature at the 
fillet will not give sufficient increase in strength to increase the factor of safety to 2.5. This may be 
checked by using = 1 as a limiting value* 



IS. Determine the maximum load for the simply supported beam cycUcly 
loaded aa shown in Fig.6-13. The ultimate strength is 100,000 psl. 
the yield point in tension is 75,000 psi. the endurance limit for revers- 
ed bending is 50,000 psl. and the design factor N is 1*3. Use a size 
effect factor B =0.85 and a surface finish factor C=0,go. 
Ans. For a mean stress Z2W/7T psl and a variable stress 16W/n psl» 
1^ = 2850 lb and Sff'^SSSOlb. 



IF to 31F 




Fic. 6-13 



16. A section of a shaft of diameter d is joined to a section of shaft of diameter 1.5rf with a fillet which pro- 
duces an actual stress concentration factor of K^= 1.22 for the shaft in torsion. 

The material has a yield point In tension of 81,500 psi. and an endurance limit In reversed bending of 
54,500 psl; and ao endurance limit of 0.6(54,500) = 32,700 psi in reversed torsion. 

Using a size effect factor B = 0.85, a surface finish factor C=!0.85, and ^ =0,6. determine the size of 
shaft required for a torque which varies from 0 to 20,000 in-lb in the shaft at the smaller diameter. Use 
design factor AT = 2, Ans, d = l,93"; use 1 IS" 

16 

17. A cantilever beam of circular cross section is subjected to an alternating stress at a point on the outer 
fiber In the plane of the support that varies from 3000 psi (compression) to 4000 psl (tension). At the same 
time there is an alternating stress due to axial loading that varies from 2000 psi (compression) to 4000 psl 
(tension). The material has an ultimate strength ^ ^ 60,000 psi and a yield strength Sy= 45,000 psl. 
Assume that Kf^l, fi'-O.SS, and C=0.9. Determine (a) the equivalent normal stress due to ailal loading, 
(b) the equivalent normal stress due to bending, (c) the total equivalent normal stress due to axial loading 
and bending. Ans, (a) 9425 psl, (b) 7360 psi, (c) 16,785 psl 



18. A steel member of circular cross section is subjected to a torsional stress that varies from 0 to IjOOO psi, 
and at the same time it is subjected to an axial stress that varies from -2000 psl to +4000 psi. Neglecting 
stress concentration and column effect, and assuming that the maximum stresses in bending and axial load 
Occur at the same time, determine (a) the maximum eqiuvalent shear stress, (6) the design factor of safety 
based upon yield in shear. The material has an endurance limit = 30.000 psi„ and a yield strength Sy = 
70,000 psL The diameter of the member is less than k inch; B = l; and the surface has a mirror polish, 
C = l. Ans. (a) '^max) = 9100 psl, (b) JV = 3.85 

SAE-3125 steel has an ultimate tensile strength 100,000 psi, a yield point 64,000 psi, and a reversed bend- 
ing endurance limit 32,000 psi. Sketch its modified Goodman diagram and from the sketch determine the 
magnitude of its endurance strength for released loading in bending. Ans. 48,600 psi. 



to. The 2 inch diameter bar is bent into the shape 
shown in Fig.6-14. The force applied to the bar 
varies bom 0 to a maximum of F lb. The bar is 
made from steel with a yield point in tension of 
60,000 psi and an endurance limit of 45,000 psi. 

What is the maximum load that can be applied for a 

factor of safety N=2 based upon the static yield 
point? Use the Soderberg equations for variable 
stresses. Surface finish factor C=0,8. The maxi- 
mum load Is to be found from the variable stresses 
occuring at section A-A. 

Ans. The maximum stress at section A-A due to 



2" Dla. 
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bending and considering the curved beam (see the chapter on curved beams) is 5.08F. The variable stress 
is 2.54F Euid the mean stress is Since the maximum stress has been found from a curved beam 



21. Same as Problem 20, except that the maximum load is to be found from the variable stresses occurring at 
section B-B, 

Ans. The maximum stress at section B-B (for a straight beam) is 7.85f, Using the Soderbers equation 
with4=l, 5=0.85, and C =0.8. the maximum load F is 2650 Lb. 

ZZ. A flat steel bar 2"xl'^ is bent into the shape shown in Pig. 6-15. The load F varies from 10001b to 40001b. 
The material has an ultimate tensile strength of 80,000 psi. a yield point of 50,000 psi, and an endurance 
limit (in reversed bending) of 40.000 psi. Determine: 




fa) 
ib) 
(c) 
(d) 
(e) 



(A) 
(i) 



if) 



the mean bending stress at point P 

the variable bending stress at P 
the mean axi^ stress at P 

the variable axial stress at P 

the equivalent bending stress at P using a surface fin- 
ish factor C=0.9 

the equivalent tensile stress at P due to axial loading, 
using A = 0.7 for axial loading and C =0.9 

the total equivalent stress at P 

the factor of safety at P based on variable stresses 



the maximum tensile stress at point P using the maxi- 
mum load and determine the factor of safety as though 

the load were constant. 




A 



10 



rr 



Ans, 



(a) 22.500 psi (d) 750 psi 

(6) 13,500 psi {e) 44.600 psi 

(c) 1250 psi (/) 3000 pal 



(g) 47,600 psi (tension) 

(A) flT = 1.05 

(0 38,000 psi, N = 1.32 
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Machine Vibrations 



VIBRATORY MOTIONS in machinery arise when variable forces act on elastic parts. Usually these 

motions are ondesiiable although in some cases (vibratory conveyors, for ex- 
ample) they are deliberately designed into the machine. 



ANALYSING VIBRATIONS requires the following general ivocedure: 

1. Evaluating masses and elasticity of parts involved. 

2. Estimating amount of friction involved. 

3. Idealizing the actual mechanical device, replacing it by an approximately equivalent system of 
masses, springs, and dampers. 

4. Writing dinerential equations of motion for the idealized system. 

5. Solving the equations and interpreting the results. 

HIE SIMPLEST IDEAL SYSTEM consists of a single mass, single 

spring, and a dashpot. as shown 
io Pig. 7-1. The differential equation of motion for this system is 

mx •¥ cx -¥ kx = F{t) 

where 

m = the mass. 

k = the spring constant (force per unit deflection). 

c = the damping (frictional) constant (force per unit of ve- 
locity). (Viscous damping, in which the resisting force 
is proportional to velocity, is assumed.) 

F(t) = any external force, a function of time* 

X = the displacement of the mass from the static equilibri- 
um position. 

X, X = derivatives, Hrst and second respectively, of x with 
respect to t. 




Fig. 7-1 



ANY StNGLE-DEGRlBE-OF-FKEEDOH SYSTEM can be described by the same form of differential equa- 
tion as written above, if the restoring force (spring 
force) is proportional to the displacement and if the frictional force is proportional to the velocity. For 
the general slngle*degree-of-fteedom system we shall write 

n^x -¥ e^x ■¥ k^x = F(t) 

where ff^, ^ are respectively the eaulvaleDt mass, damping constant, and spring constant. The 
displacement x may be either linear or angular. 
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The forcing function, F(t), may in practice be of any form. For this analysis it is assumed to be 
Binusoidal: 

where is the amplitude of the externally applied Force and o) is the frequency. 



FREE VIBRATIONS may occur when, after an initial disturbance, no external forcing function is pres- 
ent, i.e, F(t) = 0. The differential equation is simply 



m^x + CgX + kgX = 0 



The solution of thlB equation can be written 

. A 



X 



where <i » - + !(^)^ - ^ and & = ^ - (^f - ^ 



and and Aq are constants determined by the initial conditions. 

In the special case where (Cg/2mgf = A^/m^, si=S2 = s and the solution is x = (A-¥Bt)e 



-St 



CRITICAL DAMPING refers to the special case just mentioned for which (^^-^f = . and Cg = {Cq\ = 

2\lk^m^ is called the critical value of the damping coefficient. 

If the damping is greater than critical, then the solution of the differential equation for free vibra- 
tion contains no periodic terms. The mass, after an initial disturbance, returns toward the equilibrium 
position but does not oscillate. 



DAMPING LESS THAN CRITICAL. This is the oscillatory situation. The solution of the differential 

equation for free vibration can be written in the form 



. = i^X Sin (ai..r) Where « = , ofe - J ^ - i^f ■ 

(U^ is the damped frequency of the system. If damping were zero the frequency would be cj^=J-± 
which is called the natural frequency ^ 

The constants X and y are determined by the initial conditions. 



FOR FORCED VIRRATIONS, the solution of the differential equation is that given above for free vi- 
brations plus a particular integral. The solution can be written in the form 

X - ^ X sin (a>^ i + y) + Y sin (cot - ff>) 

The first part of the above expression represents the tamsient vibration; this dies out with time. The 
second part is called the steady state vibration and is the part which is usually of moat interest to the 
engineer. 



THE STEADY STATE AMPUTUDE y is Y = , This can be written 



y = 



(Fo/k) 



where r = fi>/G)„ is the frequency ratio, and f = Ce^(c^)c ^ damping ratio. 
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MAGNIFICATION FACTOR M is 



M = 



M is the ratio of steady state displacement amplitude to the displacement which would be caused 
by a static force equal to F^, . 



TOE PHASE ANGLE ^ can be determined from the followii^. 



tan <f> = 



CgO> 



sin ^ = 



e 



THE FORCE TRAN^TTED TO THE BASE is the sum of the spring force and the damping force: 

Using the previously displayed steady state solution for x it can be shown that the transmitted force 
las the amplitude 



TAANSMISSIBILITY RATIO is the ratio of the amplitude of the transmitted force to the amplitude It 

would have if the mass were bolted to the base (no spring or damper). 



T.R. 



e 



1BE FOKCING FUNCTION, in the previous discus- 
sion, was in the form of 
a periodic force applied to the moving mass. Another 
important situation is illustrated in Pig. 7-2. Here a 
periodic motion of the base induces motion of the mass. 
The usual design problem In this situation is to choose 
spring and damper such that the amplitude of motion 
of the mass will be small compared to the amplitude 
of motion of the base. 

If z(t) Is taken to be sinusoidal, i.e. 

z(t) =^ 2 sin 
then the differential equation for motion of the mass is 





Y _ 



VUt.7-Z 



n^X ■¥ CgX + ^X = zVi^ + (CgOif Bin(Qlt-tfl) 



where is a phase angle. 



cos = 



sin fft = 



The above differential equation, except for the phase angle t/r, is identical in foim with the equation 
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previously discussed. Solution will show that the amplitude of the steady state vibration of the mass is 



r = 



TRANSHISSIBILITY RATIO is the ratio of ^plitude of the motion of the mass to that of the base 

T,R. = — = 



This is identical with the force transmisslbility ratio previously discussed. 



SYSTEMS WITH MORE THAN ONE DEGREE OFFREEDOM caonot be described by a single second 

order differential equation. A complete 
analysis of such a system would, in general, require the simultaneous solution of a set of n second 
order equations, where n is the number of degrees of 
freedom of the system. However, relatively simple prac- 
tical means are available for determining the lowest 

(OT fundamental) frequency of vibration. This one piece 

of information is of great value to the design engineer. 

The two-deeree-of-Aeedom system of Fig. 7-3 has 
two modes of vibration. In the first mode the two masses 
will move in phase, reaching maximum displacement 
in the same direction at the same time. In the second 

mode the two masses will be out of phase, reaching Fig. 7-3 

maximum displacements In opposite directions at the 

same time. 




THE ENERGY METHOD for determining the first mode frequency is based on the Idea that, neglecting 

friction, the maximum kinetic energy of the system must equal the maximum 

potential energy. 

Let amplitude of displacement of mass mx> and A^2= amplitude of displacement of mass m^. 
Assume sinusoidal motion of frequency 

The maximum kinetic energy of the system will be 

Max. K.E, = kmi^0^ + k^^<^ 
The maximum potential energy stored In the springs will be 

Max. P.E. = kk^fx + iM-Xfi-^if 
Neglecting friction. Max. K.E. = Max- P.E. 



from which J" = ^a^i ^^'^^k^^-^i^ „ ^2 ^ " ^ ' " ' " " ' 

m^X^ + ffi2^2 "'i ^2 ( Xq/ X^ ) 



This equation would give us directly the first, or lowest, natural frequency of vibration if we knew 
the ratio of amplitudes ^"2/^1. The practical procedure is to iry a series of values for this ratio. The 
value which gives the lowest result f or o Is the most nearly correct. 



RESONANCE is variously defined in different textbooks. The term refers generally to operation in 

the vicinity of maximum forced vibration amplitude. For a frictlonless system this 
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means operation at the natural frequency yk^/m^ - 

With viscous damping and a forcing function of the form ^ sin a>t applied to the mass, maximum 
amplitude is obtained when the operating frequency co is 

Notice that this is different from the damped frequency a>^. 

In the absence of deliberately built-in damping devices, the factor ^ = c^Ac^)^ is usually small 
enough that fl>^. and ^j^^^y are very nearly equal. Hence {o^^ is ordinarily used for engineering 
estimates. In the problems to follow, when resonance is mentioned, it will mean operation at the nat- 
ural frequency 

For a multi-degree-of-ffeedom system, resonance will mean operation at any one of the natural 
frequencies , 



SOLVED PROBLEMS 



1, Write the differential equation for the free vibration of the sys- 
tem shown In Fig* 7-4, x being measured from the unstressed 
spring position. 

SolotliHi: 

We first make a freebody sketch of the mass and carefully label 
all forces acting in the x direction. We then apply Newton's second 
law, setting the sum of the external forces equal to the product of 
maes and acceleration. 



mx 



or 



mx + cx + = 0 



Note that the spring force Is properly written -ftx, because it 
1b opposite In sense to x. Likewise, the damping force is written 
^cx because it is opposite In sense to the velocity i. 



t Write the differential equation for the free vibration of the sys- 
tem shown in Pig- 7-5, Neglect the mass of the lever. 

Solution: 

An angular motion is Involved. We shall sum moments of external 

forces around pivot 0 and set this equal to the product of angular 
acceleration and moment of inertia with respect to the pivot. 

For a smalt displacement 6, the spring force is very nearly -kaO 
and the damping force — ca^. Also, the moment arms for these forces 
are very nearly equal to a. The moment arm for the weight force is 
b Bin 6, which will be approximated as hO, The moment of inertia of 
the mass with respect to the pivot O is ml? ; hence 

or mb^b ca^e (kt^ i- mbg)e = 0 




FlK.T-4 



f — r 



9 




ffl, conceacrsted mass 



o 



-ca$ 




-koB 



Fig. 7-5 
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3. For the system of Problem 2 determine 

(a) the natural bequency, (b) the damped frequency, (c) the critical value of damping factor c 

Solution: 

Comparing the equation written in Problem 2 with the general singleHiegree^f-freedom equation discussed 

earlier, we have 

% = ft i = ft i'= ft ma - m^, c* = ca^. ko = fco^+mgfc 



Hence 

(a) 



_fi = J ^ (6) a>^ = - (-^) = J 



4. Write the difiterential equation for the system of Pig. 7-6. 
Solution: 

Again we assume small displacements and make the same 
approximations as in Problem 2* We define 0 to be measured 
from the static equilibrium pasitton. This means that tbe 
spring force must Initially be large enough to balance the ef- 
fect of the weight. Taking the moments around pivot 0, 

* 

a 

2 



i-cad^a + (-]fcofl--|mg)o + m^b + ^frsincuc = m^B 



or 



+ CQ 9 ^ ka B = F^b sin ot 



Notice that, with 6 measured from the static equilibrium 
position, the weight force drops out. Although this system is 
the same as that of Problems 2 and 3, except for the orlenta* 
tion with respect to vertical, the behavior la different. For 
example, the natural frequency for this system is 




massIeBB rod 

concentrated 



Fig. 7-6 



Bin fia 

(forcing 
ruDCtion) 




equilibrium 
poflltion 




5. A motor is mounted m springs. A small unbalance of the rotor will 
cause vibration when the motor is operating. Analyze this situa- 
tion in order that we may be able to decide upon suitable spring 
cbaracteristics for the mounting. Consider vertical movement only. 
Refer to Pig. 7-7. 

Solution: 



We adopt the following symbols: 

M - total mass of motor. 

me = unbalance of rotor (product of unbalanced mass and radius). 

k = spring constant (effect of all springs acting together). 

c = damping constant to account for ftictlon (mostly Internal fric- 
tlonal effects between parts and within materials, a small 

value). 

(i) = motor speed, radians per unit time. 

0)1 = rotation angle of the unbalanced mass, measured from the 




horizontal. 

X = vertical displacement of the motor, measured ^m the posi- Fig, 7-7 

tion ot static ectuUibrium. 
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The motor as a whole has vertical acceleration x. In addition, the unbalanced mass m has the accelera- 
tion -eo? sin o^t in the vertical direction. The external forces are Hie spring and damping forces plus the 
weight Wg. Then 

— cx - 4* - Mg + = MS ^ ineo)^3in<uf 
or M% + c£ + ifex = +m«6^sin6>t 

(Note: Whether the term on the right band side of the equation comes out with a positive or negative sign, 
and whether It be mea)^sin cot or meoP cos <ot depends on the reference for the rotation angle 
ci)£ and the Bense of rotation as well as the assumed positive sense for displacement If. for 
example, we had chosen to measure 6>i clockwise from the positive vertical axis, the forcing 
function would have been meor^ cos tijf . This would not change final results of the analysis.) 

The above differential equation is of the same form as that discussed earlier for the general case. How- 
ever, the amplitude of the forcing function, instead of being a simple constant Fq, is a function of tu. We 
could apply the results listed earlier, but instead will work out the details- 
Assume a steady state solution of the form x = y sin (^t-^). Then 

X = Yq} cos (a>t-^) and x = -Y<^ sin (tui-^) 

Sulffltitutine into the differential equation, we have 

if [-y<i? sin (d)^- ^)] + cVojcos (<ij*-0) + Aysln(fi>*-^) = rocoj^sinw* 

or -My6)^ {sin<ui cos^ - cos6>r sin^) 

+ cy6>(coscut cos^+ sin6>i sin^) 

+ kY{Binmt COS0- cosa>tfiin0) = mec^ sin m 

Equating coefHcients of sin a>c , ^IfYa^coB^ + cyoisin^ + kY cos <f> = meo?. 
Equating coefficients of cos ilfy6>^Bin^ + cycc>cos^ - iy sin ^ = 0. 

Simultaneous solution of the last two equations written yields 

y = ■ ■ I , cos 9 = ■ -- — ' . sin p = 



Hence the steady state solution of the differential equation is 



X = 



sin (a)t^<f>) 



We now investigate the force transmitted to the base. This will be the sum of the spring and damping forces 

kx cx or kY sin ((ot -<f>) + cYoj cos ((ot -<f>) 

which can be put in the form Y^k^ + (cojf sin(&>£-0+^) 

where (~<^-\-^) is the phase angle between the exciting force /necj^ sin cut and the transmitted force. 
The important thing for our purposes is the amplitude F^f^ol the transmitted force: 



A better understanding of this is obtained if we put it into dimenslonless form as follows. 

Let r = — = -1^= and f = — = — 7= . where at, = natural frequency and c_ = critical damp 
<u„ \fkm 2VAW ^ 

ing factor. Then 
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The ratio of the amplitude of the transmitted force to the amplitude of the forcing function Is called 
transmlssiblllty ratla. 

The original question posed in this problem was that of deciding upon suitable spring characteristics. 
We wi&h the transmitted force to be small in comparison to the force which would be transmitted if the motor 
bame were bolted directly to the base. This means we wish the quantity 

T.R. = VTTT^^ 



to be small compued to uolty. Friction will be small, unless we deliberately build a damping device Into tbe 
mounting. Let as estimate f = O.OS and solve for r needed to make T.R.= 0.l: 

„^ ^ Vl ^ 4(,05r)^ from Which r. 3.40- 

Note: If we had assumed zero friction the result would have been r = 3*41, so for quick estimates In the kind 
of situation described here we might as well ignore friction. 



If r Is to be 3.40, tcj^ must be 6)/3,40; thus \k/M = oj/ZAO or k = Mo^Vll.be. 

Now let us suppose that the motor weighs 42 lb and operates at llSOrpm, Then k must be 

, tffi? (42/32.2X277x1150/60)2 

* c = = 1635 lb/ft ^ 136 Ib/ln 

11.56 11.56 

If we use 4 springs In parallel, each sprlns constant should be 136/4 = 34 Ib/ln. 



6. Part of a processing operation requires a screen- 
ing table to he reciprocated with an amplitude 

of 0.025 In. at a frequency of 6 cycles per sec. 



Screen Table 




F^slniuf 




Fig. 7-8 



Mm 



The table Is to have two spring steel supports, 

as shown in Fig. 7-8, each with a spring con- 
stant k defined as the force on the upper end 
of a steel support divided by the corresponding 
deflection at that point. Weight of table will 
be approximately 801b. A solenoid with a si- 
nusoidal force outputi sin cot, is to be used to drive the device. For what spring constant i 
should the supports be designed? If effective friction is estimated to be equivalent to c = 0.05c^, 
what peak force must the solenoid provide? 

Solution: 

This is a forced, steady state vibration situation. The amplitude of vibration is 



Y = 



where 



*e = 



Y 



jTi, the mass of the table, 

2k (since there are two springs each having spring constant k), 
c = 0.05 = (0.05X2) 

(6)(277) = 1277- rad/sec, 



m 



= 0.025in., the desired amplitude. 



Examination of the above equation for ¥ shows that ¥ is near maximum, for a given F^, at resonance, i.e. 
when 0) equals tbe natural ^quency of the system. Hence we should design so that 

*g = 2ifc = iafii= or ft = imiu^ = i<80/32.2)(127n? = 1765 lb/ft = 147 lb/in 
At rescmaoce, Y = F^cm. Hien the peak solenoid force required is 

Fq = = 0.05C(.Ct^ := {0.05)(2V^A^)a)y = (0,O5)(2V(2)(1765)(S0/32.2))(127r)(0. 025/12) 

= 0-74 lb 
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7. It is proposed to mount a spin dryer basket as shown in 
Pig. 7-9. Suitable spring and damper characteristics are 
to be selected for the following conditions. 

Total weight of basket plus contents = 50 lb 
Rotational speed = 400 rpm 

Maximum unbalance assumed = 20 Ib-in 

Cproduct of weight and eccentricity) 

Amplitude of vibration in any direction to be not 
more than i in. at resonance. 

Solutioii: 

Choose X and Y coordinates as shown in Fig. 7-10. 

Consider a smalldeflectionx of the basket center. Spring 
1 will stretch, spring 3 will compress, and spring 2 will un- 
dergo a negligible change of length. The spring forces will 
be approximately as Indicated In Fig. 7-11. 

The net spring fbrce In the X direction is 

= -ZcosSO^&xcosSO^ = -l.Sitx 

In other words, the effective spring constant in the X 
direction Is 1.5/e. A similar analysis would yield the same 
value for the effective spring constant in the y direction. 

If damping forces in the X and Y directions were inves- 
tigated in the same fashion as above for spring forces, we 
would find that the effective damping factor in both X and Y 

directions is L5c< 

Because all coefficients in the differential equations 
for X and Y motions will he alike, we need investigate only 
one equation , 

lix + 1.5cx + l.Sftx = (tne)o^ sin 

The displacement amplitude will be 




rig.7-» 



Dryer Basket 



angles bccween adjaccm 
sprixisa mod dampers 




Fig. 7-10 



Y = 



meco 



by analogy with Prob.5, for which the differential equation 
was identical In form; and the amplitude of the transmitted 
force will he 



V(1.5t -tffift^ + (1.6ca))2 



hi cos 30 




It I = faiCM 30* 



Flc. 7-11 



We saw in Prob. 5 that, to keep the transmitted force small, we make the natural frequency low compared 
to the operating frequency which is specified. For a tenta tive design we shall choose to make (iiloi^= 3. 
Since in this system the natutal ftequency Is tUns yJT^hJU, this means that we shall design so that l.SA; = 

fi:^Af = ((u/3ftf or 



h = 



9(1.5) 



(400 X 27r/60f (50/32.2) 
9(1.5) 



= 201 lb/ft = 16.8 lb/in 



We now calculate the damping fbctor e required to limit the displacement amplitude to i in. at resonance. 

At resonance, 



y = 



or 



c = 



mea}„ 0.0517(13.9) 



l.SK 



1.5(1/24) 



= 11.5 1b-sec/ft = 0.96 Ib-sec/in 



V0 + (1.5c6)^ 

where K = 1/24 ft. me = (20/32.2)(l/12) = 0.0517 slug-ft. &>„= (27rx400/60)/3 =13.9 rad/sec. 
AnswKT. Design for &j„ = <u/3 : k = 16.8 lb/in, c = 0.96 Ib-sec/ln. 



98 MACHINE VIBRATIONS 



8. In Pig. 7-12, miwe^hs 101b. weighs 201b, Ai=81b/iii, 
ft2=I01b/in, and &3=51b/in. Using the energy method, de- 
termine the natural frequency of vibration in the nrst mode, 

for vertical motion only, 

Solution: 

Let ^1 and be the amplitudes of the absolute displacements 
of masses mi and m2 respectively from the static eauiUbrlum posi- 
tion. Let $1 and ^ be the displacements of the masses under their 
own weights, measuted bom the unstressed spring positions. 

Referring to the free body sketches In Fig. 7-13, for static 
equilibrium we have 



or 



S5i -¥ lO(^-Si) + 10 

10(52 -Si) * 5Ss -H 20 



0 
0 

0 
0 




Fig. 7-12 



f 



mi 



n 




flHS 



mag 



Fig. 7-13 



bcmi which $i = 2.060in., d2= 2.708in. 

The initial spring forces are then: 

Spring No. 1. (8)(2.060> = 16.481b 
Spring No. 2, (10)(2. 708-2-060) = 8-481b 
Spring No. 3, (5){2.708) = 13.541b. 

Upon deflection to distances X± and Aom static equilibri- 
um there will be the following potential energy changes: 

Stored in Spring No. 1, (16,48)-Va + k(S)X^ 
Stored in Spring No- 2, {6,48)(^2-Xi) + 5(10X^2 -JTo^ 
Stored in Spring No. 3, (13,54)-1^2 + 2(5)^2 
Change of elevation, mi, -lO^^i 
Change of elevation, ms, —20^2 > 

The total potential energy change in moving from the static equllllHium position Is then 

P.E. = 4A:? + 5(A:2-^if + 2.5^ 

Notice that the change-of-elevatlon terms just cancel the initial-spring-force terras. We might have treated the 
systems as though they were moving in the horizontal plane, without affecting the results. 

The maximum kinetic energy of the moving masses, assuming sinusoidal motion at frequency co. will be 
K.E. = imiKi + im^V^ = klO/g){X^O}f + k2i)/g){X^0}f = (5X1 + 10X1)0}% 

2 [4Jti+ 5(A2-Xi/+ 2.5X^5 



Equating K. B. and P. E., we obtain or = 



+ 10 4 



which can be put in the form 



,2 ^ [4 + 5 (Xs/Xt- if + 2.5 (X^/X^fh 

5 + 10{X2/X{f 

The final step is to assume values for the ratio Xq/X^ and calculate 6). The lowest resulting value for m 

is the most nearly correct. (Note: g = 386 in/sec^) 

Assttmed X^/Xj^ Calclated 6) ^ a> 

1.6 0.397g 
1.4 0-394 g 

1.2 0.402 g 



12.38 rad/sec 
12.33 rad/sec 
12.45 rad/sec 



The answer is very nearly 12.33 rad/sec. Notice that the result Is not very sensitive to the assumed ratio of 

X^/X±. Usually, a good value to try first is the ratio of static deflections. In this case» 82/8^ ^ 2.708/2.060 ^ 
1.31. If we had chosen X^/Xx = 1.31. we would iiave been as close to the final value of d) = 12,33 rad/sec as 
our sllderule can take us. 
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SUPPLEMENTARY PROBLEMS 



9. Write the differential enuations of motion for the systems in Figures 7-14, 7-15, and 7^16 
displacement x Is measured ttota the static equilibrium position. 



Di each case the 



Ans. Pig- 7-14: mx + cr« + ( 



^1 + kQ 

Pig. 7-15: mx + ci + (k^^k^)x = FU) 



Fig, 7-16: mx + cx + (r^~)x 



sin M 






^8ln<i^ 



Fig. 7-16 



Fit. 7-14 



FIf.-MS 



iO> Writt^ the differential Ofiuations of motion for the sys- 
tems In Figures 7-17.7-18 and 7-19, In each case the 
angular displacement 6 is measored from the static 
eauilibrlum position. Assume 0to be small and make 
appropriate linearizing approximations. 

Fig. 7 17: mh'^b ^ ca^e ^ ka'O = bF^ sin <ot 

Fig- 7-18: mh^O + caO + ika'' + mgb)d = ifg sin «( 

Pig. 7-19: m(R^+a'^)d + ka^d = 0 




Fli. 7-17 



11. What is tbe natural frequency for each of the ayatems 
in Figures 7-14 to 7-19 ? 



Aus. Pig 



Pig 



.7-14: y 

fh7+ 



Pig. 7-16 




k,k 



IBB 



Pig 



.7-17: 



ka"^ + mgb 



Pig. 7-18: y 
Fig. 7-19: 




all) <M 



Fig. 7-lS 



Mass = m 
k ^ E&dluB of gyiMon about 

cento of gravltj > R 





Fig- 7-19 
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12. The differential equation lOV + 9i + 810:i: = 0 describes a one-degree-of-freedom system. Units are in., 
sec, lb. Determine (a) the natural frequency (6) the damped frequency <o^ (c) the damping ratio ^= c/tj. . 

Ans. (a) a>^= 9 tad/sec. (6) 9- rad/sec (not enough different from 6>„toshowonsliderale), (c) ^=0.05 

13. The differential equation lOi* + 200i + 810% = 0 describes a one-degree-of-freedom system. Units are in., 
sec. lb. Is this an oscillatory system ? Ans. No: cA^ = 200/180. Damping Is more than critical. 

14. The equation 2v + 12x + 50x = 8 slnlOf describes a one<degree-of-freedom system in forced vibration. Units 
are in in., lb, sec. Determine (a) the natural frequency 0%, (b) the damped frequency o)^. (c) the damping 

ratio ^, (d) the amplitude of the steady state vibration. 

^1)5. (a) 5 rad/sec. (6) 4 rad/sec. (c) 0.60, (d) 0.0416 in. 

15. An electric motor weighing 25 lb is to be mcunted on four springs. The rotating part of the motor weighs 10 
lb and ha« an eccentricity of 0.01 inch. Motor speed is 1200 rpm. It is estimated that the damping ratio will 
be 0,05. Determine the necessary spring constant If the force transmitted to the base is to be no more than 
20 percent of the centrifrigal force due to the unbalance of the rotor. 

An&. 41.2 lb/in or less 

16. An instrument is to be mounted on a panel subject to Titeations of 0.2 in. amplitude at a frequency of 30 cy- 
cles per second The instrument weighs 2 lb. What spring constant Is necessary for the mounting if the am- 
plitude of motion of the instrument is to be not mote than 0.02 in. ? 

Ans, 16,7 lb/in or less 

17. For the system shown in Pig. 7-20 below, k±-k2=2Q lb/in and mi = m2= 0.1 Ib-secVln. Determine the natu- 
ral frequency for the first mode of vibration. Anx, 8.77 rad/sec 

18. For a system like that of Pig. 7-20. ntx^ni^- 0.2 Ib-secVin and Ai=&2=i* The natural frequency In the first 
mode is to be 17.54 rad/sec. What value of A is required? Ans. 160 lb/in 

19. It is proposed to mount a fan within the cabinet of a piece of cooling equipment as shown schematically in 
Fig. 7-21 below. The fan (with motor) weighs 20 lb. The cabinet weU^ 50 lb. The springs used for Isolat- 
ing the fan from the cabinet have a combined effective constant of 100 lb/in. The springs isolating the cabi- 
net from the base have a combined effective constant of 200 Ib/ln. The fan operates at 400 rpm. Is there 
any danger of exciting the first mode vibration system? Use the energy method* 

Ans. No danger. Natural frequency is approximately 1,5 rad/aoc for first mode vibration. Since fan speed is 
41. S rad/sec (400 rpm), there is no danger of fan unbalance exciting first mode vibration. 

ZO. In an experiment on a simple spring-m ass-damper system the frequency of free vibrations was found to be 12 
rad/sec. The spring constant and the mass are quite accurately known, from which the natural frequency cj^ 
was calculated to be 15 rad/sec. (a) What is the value of the damping ratio ^? (b) At what frequency should 
we expect to find maximum amplitude of forced vibration with a forcing function Fq sin oii applied to the 
mass ? Ans, (a) ^ = 0.6 (i) = 7.95 rad/sec 




Cabinet 



Pig. 7-20 



Pig. r-zt 



Chapter 8 



Critical Speeds of Shafts 



ALL ROTATING SHAFTS* even in the absence of external load, deflect during rotation. The mi^ni- 

tude of the deflection depends upon the stiffness of the shaft and its sup- 
ports, the total mass of shaft and attached parts, the unbalance of the mass with respect to the axis 
of rotation, and the amount of damping in the sjrstem. The deflection, considered as a function of 
speed, shows maximum values at so-called critical speeds. For any shaft there are an infinite number 
of critical speeds, but only the lowest (first) and occasionally the second are generally of interest to 
tbe designer. The others will usually be so high as to be well oat of the range of operating speeds. 

AT THE FIRST CRITICAL SPEED the shaft will bend to the simplest shape possible. At the second 

critic^ speed it will bend to the second simplest shape possible, 

etc. For example, a shaft supported at its ends and having two relatively large (compared to shaft) 
masses attached^ will bend to the configurations shown in Fig, 8- 1(a) and Fig, 6-l(i)) at the first and 
second critical speeds, respectively. 



THE NATURAL FREQUENCY of the shaft in bending is very nearly the same as the critical speed, 

and is usually taken as being the same thing. There is a difference, 
usually quite small, due to the gyroscopic action of the masses. 





Fig. 8-1 (6) 





FOB A SHAFT WITH SINGLE ATTACHED MASS (Pig. 8-2 and 8-3). if the shaft mass 

is small compared to the ^tached 
mass, the first critical speed can be calculated approximately as 



= y/k/m rad/onit time 




If' 



Fig, 8-2<a) 



Flg.S-3 
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where m Is the mass and k is the shaft spring constant (force required for one unit deflection at the 

mass location). This relation Is independent of shaft inclination (horizontal, vertical, or intermediate). 
Symbol X in Fig- 8-2 represents the shaft deflection, during rotation, at the mass location. Also 

~ Vg/S rad/unit time 

where B is the static deflection (deflection, at the mass location, which would be caused by a force 
mg ^ W\ and g is the gravitational constant (32,2ft/sec2 or SSein/sec^). 



FOR A SHAFT OF CONSTANT CfiOSS SECTION, simply supported at the ends» with no mass involved 

other than that of the shaft Itselfp the first critical 

speed is very nearly 

"o ' Vffe^ rad/„,attae 

where 5(max) is the maximum static deflection caused by a uniformly distributed load equal to the weight 

of the shaft. 



FOR A SHAFT OF NEGUGIBLE MASS CARRYING SEVERAL CONCENTRATED MASSES. 



first critical speed Is approximately 



CtJ. 




where = weight of i^^ mass, 

5^ ^ static deflection at the it* mass, 
; = total number of masses. 




Flff.S-4 



(see Fig. 
8-4), the 



Rayleigh-Bitz Equation 




Fit. 8-9 



This same equation can be used for estimating the first critical speed of a shaft with distributed 

mass. Refer to Fig. 8-5 above. Break the distributed mass into a number of pieces, etc. 
Treat the mass of each piece as though concentrated at its center of cavity. The number of subdivi' 
sions to use is a matter to be learned by experience, but it will be foundthat good accuracy is obtained 
with rather crude approximations. 



THE DUNKERLEY EQUATION, another approximation for the first critical speed of a multimass sys- 
tem, is 

1 = 1+1+1+ Dunkerley Equation 

<ol 0^1 <ol 

where oy^ is the first critical speed of the multimass system- to-i is the critical speed which would ex- 
ist if only mass No. 1 were present, oi^ the critical speed with only mass No. 2, etc. 

It is important to keep in mind that both the Rayle^h-Rltz and the Dunkerley equations are approx- 
imations to the first natural frequency of vibration, which is assumed to be nearly equal to the critical 
speed of rotation. In general, the Bayleigh-Ritz equation overestimates and the Dunkerley equation 
underestimates the natural frequency. 
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nGHGR CRrriCAL SPEEDS for multlmass systems require mnch m&tB extensive calculation than is 

necessary for the determination of the lowest (first) critical speed. Sev- 
eral different methods have been developed. Here we shall give the equation for a two-mass system only: 



This is a bi-quadratic equation having the positive roots 1/cji and l/^ci^. where a>i and 6)2 aie the first 
and second critical speeds (or natural ftequencies of vibration). The two masses are mi and 

The constants a are influence coefficients, a-^g is the deflection at the location of mass No, 1 
that would be caused by a unit load at the location ^ mass No, 2. is the deflection at No.l caused 
by unit load at No.l, etc. Maxwell's reciprocity theorem states that » Ogi. 



FOR ANY HULTIHASS SYSTEM the frequency equation is obtained by setting the following determi- 
nant equal to zero. 



1 



(ail " ^) 



(ogi mi) 



(012 ms) 



(0321^2) 



* * 



* # * 



« 1 



> ft 



SOLVED PROBLEMS 



1, The shaft shown in Pig. 8-6 has attached to it 
a gear mi weighing 501b and a flywheel 
weighing 1001b. Static deflections 81 and 82 
have been found to be .0012in, and ,0003ln. 
respectively. Determine the first critical speed, 
ignoring the mass of the shaft itself. 

Solution: 

XW8 = (S0)(.0012)+(10QX.0003) = .0901b-in 
1,W^ = (50)(.0012)^+ (100)(,0003>^ = 81 x lO'^lb-ln^ 




[glwE / 386 .090) ^. 
= J ^ J- — - - 5- = 655rad/sec = 62S0rpm 



2. Derive the equation o)^ = Vg/S for the critical speed of a shaft carrying a single concentrated mass. 
Refer to Pig. &-7 below. 

Solution: 

We neglect the small tilting of the mass* ignore frictlonal effects, and presume some small eccentricity e 
of the mass center of gravity with respect to the st^ ceiter* Then, 



kX = m(X^e)a}^ 
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where kX is the spring force which the shaft exerts on the mass, k 
being the local spring constant for the shaft, i.e, the force required 
at the location of m to give the shaft one unit of deBection here. 
(X-^e){o^is the acceleration of the center of gravity of the mass. 
Solying for X, the shaft deflection at 



X(k —mojP) = meoP 



or 



X = mectp /(k — m(ifi) 



We see that, under the assumptions made, the deflection^ bec omes 
very large when k = mofi. Hence the critical speed is = yjk/m. 
But m = W/g; then k/m = ftg/IT = g/S. (By definition, tte static 
deflection S is the deflection which would by caused by a fwce 
equal to W\ hence W/k = S.) Thus = ^/e/8, 





Fiff.8-7 



-m 



for the first critical 



3» Deiive the eQuation oy^ 

speed of a shaft with several concentrated masses. 
Refer to Fig. 8-8. 

Solution: 

We picture the shaft in ttee lateral vibration at the fun- 
damental frequency 6) (first mode vibration) and reason that 
the maximum potential energy stored in the shaft must equal 
the maximum kinetic energy of the moving masses. 

Max. K.E. = ijiHJf+ifin2V2+ — 

The moticm ot the masses will be sinusoidal. Hence the max- 

Imum velocity for any mass will be Xj^ay, where is the am- 
plitude of displacement of that mass. Therefore, 







Fig. 8-8 



X 8in<ut 



Max. K.E. = 5mi(Xia))^+ ^ii2(A2<u)^+ — = kio^^m^X^ 



The maximum potential energy stored in the shaft is equal to the wnk necessary to deflect the shaft to 
the shape defined by the amplitudes X^, X^, etc. Hence, 

Max, P.E. = kk^Xl^ ikr^Xl + ... = f^k^X^ 

where each ft is a "siviug constant" whose definition can be explained as follows. Let F^, F^^ Fq, etc., be 
those tones which, if acting simultaneously at locations 1, 2, 3, etc., respectively, would result in the de- 
flections X^. X2, X^, etc. Now, the shape ol the shaft deflection curve depends on these forces, not on how 

they were built up. We might for example assume F^^ to have been applied first, then Fq^ then in any 

arbitrary bahlon. We choose to assume that the forces were built up simultaneously from zero In a linear re- 
lation to the deflections at the force locations- See the force-deflection diagrams in Fig. 8*8. The work done 
at each force location is represented by the shaded area under the straight line of slope A. 

Sa X^ 

Equating maximum kinetic and potential energies, we obtain = -- — - ^ . 

We now ofisume that the shape to which the shaft bends during vibration is the same as the static deflection 
curve, i.e. we assume = CSx» X^ = etc. Actually we know this to be Incorrect, but It gives a rea- 
sonable f^proximatlon. Then 



<u2 = 



since W^/g and kj^S^ = W^. 



Assuming the natural frequency of lateral vibration a> to equal the critical speed of rotation and dropping 



the n subscripts Cor simplicity, we have finally 
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4. The two masses, and m^, attached to the shaft of Pig. 8-9 
weigh 1401b and 601b respectively. Through a denection anal- 
ysis the innuence coefficients for the shaft have been found to be 

ail * 2 X 10^° in/lb, 

022 = 12x10"** in/lb, 

^12 = ^21 4x10*^ in/lb. 
(Remember that is the deflection at location No. 1 caused by Flg.8-9 
a lib force at that location, is the deflection at location 
No. 1 caused by a lib force at location No. 2, etc.) Determine 
the first critical speed, ignoring the mass of the shaft. 

Solutions: 

(a) Using the Dunkerley equation. 





<wi - Jj^ = J-^ - J = 1174ra(l/8ec 

Vfin T IPiaii V(140)(2)10^ 

0)2 = «M- = J—^ = J - = 732 rad/sec 

T S22 T »2022 T (60X12)10^ 

-V " + = — ^ * " = 621 rad/sec 

0^ <4 &>! (1174)2 (732)2 



(6) Using the Raylelgh-Rttz equation. 



g 



Sirs 



fii = ITiOii + ITaflia = (140X2)10^ + (60)(4)l(r^ = (5.20)l(r* in. 
Ss = 1^2022+ f^i02i = (60>(12)10r^+ (140)(4)l{r^ = (12.80)l(r*ln. 

W5 11 5 ' 



(J) (140X5. 20) IDT* = (7.28)l(r= (J) (7. 28) (10(5. 20) 10"* = (37.8)10"* 

(2) (60X12.80)10"* = (7.6 8) 1Q"2 (2) (7.88Xl(r^(12.80)10"* = (98.3)icr* 

X = (14.96)10"^ ib-in 2 = (136.2)10^ Ib-in^ 



- 651 tad/sec 



The two solutions differ, as is to be expected. The Dunkerley equation underestimates and the Rayleigti- 
Bitz equation overestimates. Hence the true value lies between G21 and 651 rad/sec. 

(c) Using the frequency equation. 

= (2K10"^(^)+<12Hl(r^K-^) = (2.59)10-^ 

(a^a^^^a^^a^)m^ni2 = [(2)(12)-(4)(4)] = (0.451)10'^^ 

Hence -^-(2.59)10"®-^+ (0.451)10'"^^ = 0. for which the smaller positive root is = 624rad/aec. 

or or ^ 

This is the true value the critical speed (within sliderule accuracy). Thus for this particular ex 
ample the Dunkerley equation is a better approximation than the Rayleigh-Ritz equation. 
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5. The steel shaft in Pig, 8-10 has two gears weighing 501b and 100 lb respectively attached as shown, 
Neglecting the mass of the shaft, determine the first critical speed. 



Solution: 




We choose to use the Rayleigh-Bttz eQuation, 6>^= J- ^. Most of the lab<x of computation lies in 

^ 1 SB'S* 

determining the B*s. We proceed as illustrated by the diagrams in Fig. 8-10 above. 

{1) As&ume static loading with forces equal in magnitude to and and so directed that the shaft will 
be bent to the simplest form possible (no reversal of curvature). This gives us the loading diagram 
shown. 

(2) Calculate the bearing reactions, assumir^ point supports. 

(3) Determine bending moments and sketch the bending moment dhigram. 
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(4) Find deflections and S2 by any suitable technique. Here we shall use the arearmoment method. The 
necessary arithmetic is recorded below. 

(a) Z^BI - moment of areas A^^ A^^ itfouud Q 

(fr> Z^El = 78,667(10/20) = 38,333 lb-ill^ 

(c) Z3E/ = 76,667(28/20) = 107,334 Ib-In^ 

id) Z^El = moment of area arouoil P = = 11,667 Ib-in^ 

(e) Z^EI = moment of areas ^4^, il^p ^43, Aj^ around U 

= 157,216 Ib-in^ 

(/) B^EI = Z^El^Z^EI = 38,333- 11,667 = 26,666 
(g> 8^EI = Z^EI-ZqBI = 157,216- 107,334 = 49,882 



{5) 



^ " ^ ' ^ef^ " "'"'^^ ^ " ^^^^^^ (steel) 



(S) 5i = 49,882/{3)(10^X0-785) = (2.118)10"® in. 
Ss ^ 26,666/(3)(10^X0.785) = (1.132)10'^ In, 

(7) l^iSi = (50X2.118)10-® = (10.59)l(r2 I^^S^ ^ (2,243)10^* 

»'252 = (100X1.132)10^ = (11 .32) 10"^ WqSI = (1.282)10"* 

X = (21.91)10"^ S = (3.525)10"* 



CD, = /ilH^ = /(386X2L9_l)^ ^ 490rad/sec 

V 2ff6^ V (3,525)10-^ 



6. Determine both the first and second critical speeds for the system of Fig. 8-10, 
Solution: 



1. We shall use the freguency equation 

1 



0} 



Most of the calculation lahor is involved in the 
determination of the influence coefficients, a^, 
a^^, = Two deflectlou analyses must he 

made. 

To determine and o^i we apply a lib load at 
the location of mass No. 1 and solve for deflec- 
tions at the locations of masses No. 1 and No. 2re- 
srectiveIy(seePig. 8-11), Similarly, to determine 
and we apply a lib load at the location 
of mass No. 2 and solve for deflections at the lo- 
cations of masses No. 2 and No. 1 respectively. 
The arithmetic will not he reproduced here. The 
results are 

«12 = «2i = (8.50)10"^ in/lb, 

Oil = (25.35)10"^ in/lb, 

= (7,07)10"® in/lb 




lib load 




Pic. 8-11 
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3. ciimi + 022in2 = (25.35)10"^50/386) + (7.07)ltr®(100/386) = (5.115)10"^ 

[(25,35)(7,07)^(8.50)^(50X100)(10'*®)/(386)2 => (3.59)10"^^ 

4, Hence (5-115)(l(r®)-^ + (3,59)l(r^ = 0 bavins positive roots fii^.^ = 483 and a)^.^ = 1090rad/sec 



7- The bearing supports for the shaft shown in Pig. 
8-12 have flexibility equivalent to a spring con- 
stant k of 250,000 lb/in in anj direction perpen- 
dicular to the shaft axis. Due to bending, the shaft 
itself has a deflection of .OOlSin. under the 
3001b load. What effect does the flexibility of 
the supports have on the critical speed? 

Solution: 

1. If the supports were completely rigid, the critical 
speed would he 

^ = V38e/.0018 = 463rad/sec 

2, The flexibility of the supports Increases the deflec- 
tion at the load, measured with respect to the un- 
loaded shaft centerllne. To calculate the critical 
speed we should use 



W = 300 lb 




Flff.8-lX 

*s = 3i + O'a " ri) ' (6.7)l(r*in. 

Sft+Sj « (18-0 + 8.7)l(r* = (24.7)l(r*in, 



= R^/k = 100/250,000 = (4)l(r*in. 

- ^2 / ^^f^ f> nno ^ (8)icr*in. 

Then 0)^ = V386/(24.7 x IQT^) = 395 rad/sec. The flexibllltj of the supports reduces the critical speed by 

(^^^1^^)100% - 15% 



8. Derive the frequency equation 

for a two-mass system. 
Solution: 



V Refer to Pig, 8-13. Consider the shaft rotating and deflected 
by the centrifugal forces miyiciy^ and m2y20J^ on the two masses. 




Fig. 8-13 



2, Rearrange the above equations, collecting coefficients of and y^, and dividing through by 



3. Solving for y±/y2 in both equations. 



2i 



Then 



= — ?2a^^ which can be rearranged into the form 

021 mi 
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4. We might more simply have said that, in cxdei that tbe two eqmtions as written tD<2)be satisfied, the de- 
terminant of the coeMcients of yi and must vanish. 

= 0 

(021 mi) <<>25'n2 - l/a^) 

5. To develop the frequency eqmtion with more masses, we could follow exactly the same procedure, writing 
one equation for the deflection at each mass. In cvder that the set of equations be satisfied, the determinant 
of the coefficients of the j^'s must vanish. 



9. Derive the Dunkerley equation for a two-masB system, 
Solntton: 

1. We start with the ttequency equation derived In Problem 8: 

2, In any equation of the f(vm + 6% -f c = 0, the sum of the roots Is ~ —b. Hence in our fre- 
quency equation 

where a>^^ and oi^.^ are the first and second critical speeds* respectively. 



3. larger than co^^» usually appreciably larger. Then l/a>^^wiU generally be much larger than l/oj^ 
ThBfBtotB, approximately r ' a^m^-^a^^m^' 



2 

I 

2 



4^ Now, a^mx = ^n^i/gl and a^^x = dii> ^^'^ static deflection at laass Mo. I caused by acting alone. Hence 
'hi^H '^n/S ^ where O)^ = critical speed that would exist if only mass No. 1 were present. Similar- 



ly* Ofiamfl = l/o^' 



y Thus l/oig^ = + l/ai| . approximately, the Dunkerley equation. 

64 We can now see the reason tot a previous statement to the effect that the Dunkerley equfUlonurxfere^ft/nafes 
the critical speed. The Dunkerley equation assumes l/cu|^ = a^mx^*- 02^0*2, whereas actually l/oj^ = 



10. A bare steel shaft of diameter D shows a first critical speed of 1200 Tpm. If the shaft were bored 
to make it hollow, with an inside diameter of ^/>, what would be the critical speed? 

SolnUon: 

1. oj^ is proportional to 1/5; then gj^/gj^^ = S^/S^, where is the critical speed of the hollow shaft and 

01^ that Qi the solid shaft, S^tbe static deflection of the solid shaft and S^that of the hollow sh^ (both 
measured at the same location). 

2, Boring out the shaft reduces both the weight and stiffness, thus affecting the deflection in two ways- 

The weight is reduced in the ratio = i^ili^ = _L_ 

% 16 

The moment t£ inertia / of the cross section is reduced in the ratio — - ^ = ~~- . 

Is D"^ 256 

3- Since S is proportional toff//, then Sg/S^ = {16/7)(175/256) = 1,562 and 

^ch = ^cs^ /^ft = 1200Vl.562 = 1500 rpm 

The reduction of mass tends to raise the critical speed, while the reduction of stiffness tends to lower 
it. The mass is reduced more than the stiffness; hence the net effect is to mise the critical speed. 
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SUPPLEMENTARY PROBLEMS 

11, A shaft simply supported on two bearings 20in- apart carries an 80lb flywheel 7in, to the right of the left 
bearing. The static deflection curve shows the following: 



Distance from left bearing, in. 


0 


2 


4 


6 


8 


10 


12 


.4 


16 


18 


20 


Deflection, In. 


0 


1 .001 


.003 


.005 


.007 


.008 


.009 


.008 


.006 


.002 


0 









Estimate the critical speed. Ans, 2400 rpm apEVOximately 

12. A steel shaft 40in* long is simply supported at the ends and has diameter Sin. over the mid-20 in. of length. 
The remainder of the shaft is 2.5in. in diameter. Masses weighing 3001b each are attached at the two loca- 
tions where the diameter changes. Neglecting shaft mass and using the Rayleigh-Ritz equation, estimate the 
first critical speed. Ans, $1=82= 0.00425 In*, {0^= 30 rad/sec 

13. Determine the critical speed for the steel shaft shown in Pig. ft- 14 below. Neglect shaft mass. 
Ans, 1900 rpm 

14. The shaft shown in Fig. 8-15 below Is to be made of stainless steel (E ~ 26^ 10^ psl). Determine a sate di- 
ameter to insure that the first critical speed be no less than 3600 rpm. ^4^^. d = 2^ in. 




FIf . 8-14 Flff- S-U 



15. For the steel shaft shown in Fig. 8-16 below estimate the first critical speed using the Dunkerley eauation. 

Ans^ 1800 rpm 

16. For the shaft of Fig. 8-10 of Problem 5, determine the first critical speed by the Dunkerley equation. 
Ans^ 442 rad/sec 

17. Determine the critical speed of the steel shaft shown in Fig. 8-17 below. Ans. 1480 rpm 




Fig. 8-18 Fig. »-17 
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18> The steel shaft shown in Fig, 8-18 below is to be designed tat a critical speed not less than 1800 rpm* De- 
termine the smaller diameter d needed, Ans, 2 in. 



19. A shaft (bare) has a critical speed of 800 rpm. If the shaft diameter were doubled, what would be the critical 
speed? Ans. 1600 rpm 



20. A shaft carries two equal concentrated masses in locations 1 and 2 on the shaft. With only mass 1 present, 
the static deflections at 1 and 2 are .008in. and .0071n. respectively. With only mass 2 present the static 
deflections at 1 and 2 aie .007 in. and .010 in. respectively. Estimate the first critical speed for the two-mass 
system. Ans, 1400 rpm (Dunkerley), 1480 rpm (Rayleigh-Ritz) 



iL For the shaft described in Problem 20 determine the first and second critical speeds by the ftequency equation 
{Note: m±= m2 = m, a^ = .OOS/mg. o^i =^ .007/mg = a^^w ^22 - .OlO/mg.) Ans, 1480 rpm, 4280 rpm 

22. Determine the first and second critical speeds fcr the steel shaft shown In Pig. 8-19 below. 
Ans. 340 rad/sec, 660 rad/sec 




FlK. S'lS 



l!3. Estimate the first critical speed of the steel shaft in Fig. 8-19 above hj means of the Dunkerley equation, 
Ans, 303 rad/sec 



n has been determined for the shaft shown in Fig. 

8-20 that the static deflections due to shaft bending 
are Si = .0009in., 82 = .0030in.. = .0013 in. 
The bearing supports have a flexibility in the ver- 
tical direction equivalent to a spring constant k = 
200,000 lb/in. In the hcvizontal direction the sup" 
ports are essentially rigid. Investigate the first 
mode critical speed (cv speeds). 

Ans. We shoold expect two first mode critical 

speeds, one at which vertical deflections will 
tend to be large and the other at which hni- 
zontal deflections will tend to be large. Our 

estimates for these, based on the Rayleigh- 
Eitz equation, are 362 rad/sec and 428 rad/sec 
respectively. 




Fig. fr*20 



2S, (a) Determine the first critical speed for the steel sliaft shown in Fig. 8-21 below. 

Suggestion: Consider the mass of each lOie. length of shaft as though concentrated at the center of gravity 
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of tfiat 10 in. section. 

(Use the Rayleigh-Ritz equation for your 

estimate.) 

(b) For the same shaft make a cruder approximation. 

Treat as a 3-mass system, taking the mass of 
each Sin. diameter section to be concentrated 
at the center of gravity of that section, and the 
mass of the 6 in. diameter section to be concen- 
trated at the center of that section. 

Ans, (a> 778 rad/sec (using E = 30x10^ psi and specific weight of steel = 0.283 Ib/ln^) 

(6) Same as for (a) within aliderule accuracy. 

Discussion: Actually we should expect (b) to give a slightly lower answer than (a), but the dif- 
ference was less than could be attributed to differences in sliderule reading. This 
illustrates a statement made earlier to the effect that distributed masses can be re- 
placed by a rather crudely wproximating system of concentrated masses for the pur- 
pose of estimating first mode critical speeds. For estimating higher critical speeds 
it Is necessary to use closer apsffoximations. 



26. For an example of shaft design in which critical speed is one of the criteria, see Chapter 9, Problem 12. 



27, Estimate the critical speed of the air-compressor 
shown in Fig. 8-22. Each of the four rotors weighs 
80 lb (including ^ the shaft weight). The steel shaft 
Is hollow, 6 in. O.D. and 5.5 In* LD. Neglect stiff- 
ening effect of rotOTS. 

Discussion: The shaft is relatively stiff (large /) 

but of small cross section area. The 

shaft length is only 5 times the O.D. 

These conditions may make the shear 
deflection of some importance in the 

calculation. 

Ans. (a) Ignoring the shear deflection and using the 
Rayleigh-Ritz equation, fi>^ - 1430 rad/sec. 
(6) Including the shear deflection addfirl to the 
bending deflection and using the Rayleigh- 
Ritz equation, = 1260 lad/eec. 




Flt.8-2S 
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Power Transmission Slnafting 



SHAFT DESIGN consists primarily of the determination of the correct shaft diameter to ensure satis- 
factory strength and rigidity when the shaft is transmitting power under various oper- 
ating and loading conditions. Shafts are usually circular in cross section, and may be either hollow or 
solid. 



DESIGN OF saiAFTS of ductile materials, based on strength, is controlled by the maximum shear 

theory. The following presentation is based on shafts of ductile material and 
circular cross section. Shafts of brittle material would be designed on the basis of the maximum nor- 
mal stress theory. Shafting is usually subjected to torsion, bending and axial loads. For torsloiml 
loadSp the torsional stress t^«, Is 



The ASME code eQuation for a hollow shaft combines torsion, bending, and axial loads by apply- 
ing the maximum shear equation modined by introducing shock, fatigue, and column factors as follows; 




For bending loads, the bending stress s. (tension or compression) is 



= tfftf// = Z2U^/iTd^ for solid shafts 
■ Z2U^d^/7T{(j!^- dl) for hollow shafts 



For axial loads, the tensile or comivessive stress is 



8^ « AF^/ird^ for solid shafts 

% = 4/^/7T(rf^ - di) for hollow shafts 



4 = 



7TSg( 1 - K") 



16 



/[ 



K 




For a solid shaft having little or no axial loading, the Code equation reduces to 




where, at the section under consideration, 



T^y = torsional shear stress, psi = shaft outside diameter, in. 

= torsional moment, in-lb = shaft inside diameter, in. 

Wj) = bending moment. In-lb axial load, lb 
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For stationaiy Bhalts : Kf, 

Load gradually applied 1.0 1.0 

Load suddenly applied 1,5 to 2.0 1.5 to 2-0 

For lotaUng shafts : 

Load gradually applied 1,5 1.0 

Load suddenly applied (minor shock) 1,5 to 2.0 1.0 to 1.5 

Load suddenly applied (heavy shock) 2.0 to 3.0 1.5 to 3.0 

55 = bending stress (tension or compression), psi 
= axial stress (tension or compression), psi 

ASME Code specifies that for commercial steel shafting 

^^(allowable) = 8000 psi for shaft without keyway 
S3(allowable) = 6000 psi for shaft with keyway 

ASME Code states that for steel purchased under definite specifications 

^^(allowable) = 30% of the elastic limit but not over 18% of the ultimate strength in tension 

for shafts without keyways. These values are to be reduced by 25% if key- 
ways are present. 

a = column-action factor. The coiumn-action fiLctor is unity for a tensile load. For a com- 
pressloQ load, <t may be computed by: 

ot = 1 — for LA < 115 

1 - 0.0044(L/jfe) 

n 1 for hinged ends 

n = 2.25 for fixed ends 

n = 1.6 for ends partly restrained, as in bearings 

k - radius of gyration = ^/I/A In. 

/ - rectangular moment of inertia, in^ 

A = cross section area of shaft, in^ 

Sy = yield stress in compression, psi 



DESIGN OF SHAFTS FOB TORSIONAL RIGIDITY is based on the permissible angle of twist. The 

amount of twist permissible depends on the partic- 
ular application, and varies about 0.08 deg per foot for machine tool shafts to about 1.0 deg per foot 
for line shafting. 

e == S84J^L/G(<^- for a hollow circular shaft 
e = 584 M^L/Gd^ for a solid circular shaft 

where 

6 = angle of twist, deg 
L = length of shaft, in. 
Mf - torsional moment, in-lb 
G ' torsional modulus of elasticity, psi 
df= shaft diameter, in. 
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DE^GN OF SHAFTS FOR LATERAl. RIGIDITY is based on tbe permissible lateral deflection for 

proper bearing operation, accurate machine tool 
performance, satisfactory gear tooth action, shaft alignment, and other similar reQuirements. The a- 
mount of deflection may be determined by two successive integrations of 

where 

Mjj = bending moment, In-lb 

E = modulus of elasticity, psl 

/ = rectangular moment of inertia, in^. 

If the shaft is of variable cross section^ a graphical solution of the above expression is practlcal< 
(See Chapter 5.) 



STANDARD SIZES OF SHAFTING have been tentatively standardized by the American Engineering 

Standards Committee as follows: 

Transmission shafting sizes in inches: 

15/16, 1 3/16, 1 7/16, 1 11/16, 1 15/16, 2 3/16, 2 7/16, 2 15/16, 3 7/16, 3 15/16. 4 7/16, 
4 15/16, 5 7/16, and 5 15/16. 

Machinery shafting steea In Inches : 

1/2 In. to 2 1/2 in. by 1/16 in. increments 
2 5/8 in. to 4 in. by 1/8 in. increments 
4 1/4 in. to 6 in. by 1/4 in. increments. 



Standard stock lengths are 16, 20, and 24 ft. 



BENDING AND TORSIONAL MOMENTS are the main factors influencing shaft design. One of the 

first steps in shaEt design is to draw the bending moment 
diagram for the loaded shaft or the combined bending moment diagram if the loads acting on the shaft 
are in more than one axial plane. From the bending moment diagram, the points of critical bending 

stress can be determined. 

The torsional moment acting on the shaft can be determined from 

„ hp X 33,000 X 12 63,000 x hp , 

In. = = in-lD 

t 27T rpm rpm 

For a belt drive, the torque is found from 

= {T^-T^)R in-lb 

where 

T; = tight side of belt on pulley, lb 

= loose side of belt on pulley, lb 
R ^ radius of pulley, in. 

For a gear drive, the torque is found f^om 
where 

= tangential force at the pitch radius, lb 
R = pitch radius, in. 
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SOLVED PROBLEMS 

1. A 3 ft length of commercial steel shafting is to transmit 50 hp at 3600 rpm through flexible coup- 
ling from an A,C. motor to a D-C- generator. Determine the required shaft size, 

Solution: 

In this case the shaft has only torsional stress and is unity assuming that the load is gradually applied. 
5^allowable) = 6000 psl in accordance with ASBIE Code for commercial shaft with keyway, 

^^(aUowable) = 16Mf/7r<^ 

6000 = 16< ^^^5^:^^^ )(^) or rf= 0.905 in. Use 15/16 in., nearest standard size. 

3600 ^. 



2. A section of commercial shafting 5 ft long between bearings carries a 200 lb pulley at its midpoint, 
as shown in Fig, 9-1 below. The pulley is keyed to the shaft and receives 20 hp at 150 rpm which 
is transmitted to a flexible coupling just outside the right bearing. The belt drive is horizontal and 

the sum of the belt tensions is 1500 lb. Assume £^ = Kj, = 1.5. Calculate the necessary shaft di- 
ameter and determine the angle of twist between bearings. G 12 x 10^ psi. 



Vertical Loading 



Vertical Moment 
Diagnun 

Horizontal Loading 



Horizontal Moment 
Dlagran 





rj + Ta = 1500 lb 



2 



1001b 



7501b 



Fig. 9-1 



Solution: 



It is first necessary to determine the maximum heiuUng and tcvslonal moments acting on the shaft, 
^^(max) = V3000'*+ 22.500^ = 22,700 in4b M^dnax) = a0(e3.000)/150 = 8400 In-lb 

5^(aUowable) - 6000 psi per A6MB Code for shaft vrith keyway. Then 

/ = —^(K^M^f+ C^c^ff)^ = — ^ V(1.5 X 22.700)^+ (1.5 x 8400)^ 



Treooo 

from which d = 3.12 in. Use 3 1/8 in, shaft, nearest standard size. 

0 ^ 584 MtZ. ^ 584 x 8400 x 30 ^ o 128'^ twist 
G<f* (12xl0«)(3.125>* 
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3- Pig. 9-2 shows the forces acting on a steel shaR 
carrying two gears. The gears are keyed at B and 
D. A and C are journal bearing centers- Nine hp 
is transmitted at 650 rpm of the shaft. The allow- 
able stress for an unkeyed section is 12,000 psi 
according to the ASME Code. K^ = l.5. 

(a) Sketch horizontal, vertical and resultant bend- 
ing moment diagianiB. Show values at change 
points* 

(5) Determine the necessary shaft diameter to the 
nearest 0.01 in. Indicate the critical section. 

Solution: 

At the bearing C : 

Wt(max) = 9(63.000)/650 = 873 in-lb 
«5(max> 1632 In-lb ate 



d = 



16 



77(12,000) 
1.07 in 



V(1.5xl632)^ + (1.5x873)^ 



Just to the right of gear B I 

M^(max) = 873 In-lb. Mj^(mKX) - 1132 In-lb 




3201b 

Horimntal Loadtav 



Vertical Loading 



4401b 



Horizontal Moment 
Dlagrui 



Vertical Moment 
Diacnun 



Besultant Moment 
Diagram 



Fig. 9-2 



16 



7r{0.75)(12.000) 



V(1.5xll32)^ + (1.5x873)2 and d = 1.07 In. 



Note: Even though the bending moment at gear B is less than at bearing the same size shaft is required as 
a result of the keyway at 5, 



4. A 24 inch diameter pulley driven by a horizontal belt transmits power through a solid shaft to a 10 

inoh diameter pinion which drives a mating gear. The puUey weighs 300 lb to provide some fly- 
wheel effect. The arrangement of elements, the belt tensions, and the components of the gear re- 
actions on the pinion are as indicated in Fig. 9-3 below. Determine the necessary shaft diameter 
using ASME Code stress value for commercial shafting and shock fatigue factors of Kf^=2 and 
Ki= 1.5. 

f*— y — f — 15^ — 1^10^ 

400 lb 



Vertical Loading 




Vertical Moment 
Diagram 

Borlsiuital Loading 



HortzooUl HOMent 
Diagram 

Resultant Moment 
Diagram 



2961b 




1200 lb 



1920 lb 



1 


[ig20lb 






■■ 


11.916 




2960 in-lb 






7001b 

■ 




1600 lb 




Solution: 

4fj(nu«) = (ri-r2)12 = (1200-400)12 

= 9600 in-lb 

tfbCmax) = V(ll7916)^ + (8865f = 14.850 in-lb 
^^(allowable) = 6000 psi pet ASME Code 



16 



V(2xl4,850)^+ C1.5x9600f = 28 



TTSOOO 

d = 3.04 in. Use 3 inch diameter shaft. 



Fie. 9-3 
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5. A machine shaft turning at 600 rpm is supported on bearings 30 inches apart as shown in Fig. 9-4 
below. Twenty hp is supplied to the shaft through an 18 inch pulley located 10 inches to the right 
of the right bearing. The power is transmitted from the shaft through an 8 inch spur gear located 10 
inches to the right of the left bearing. The belt drive Is at an angle of 60^ above the horizontal. 
The pulley weighs 200 lb to provide some flywheel effect. The ratio of the belt tensions is 3:1. 
The gear has a 20*^ tooth form and mates with another gear located directly above the shaft. If the 
shaft material selected has aD ultimate strength of 70,000 psi and a yield point of 46,000 psi, de- 
termine the necessary diameter in accordance with the ASME Code using ^^ = 1.5 and K^ = 1,0. 




Solution: Flf - ^ 

Mf = 20(63, 000)/600 = 2100 in-lb 

Prom (7i-72)9 = 2100 and 3Tt=TQ we bave 
Tq = 116 lb, 7i = 348 lb, (7i+ T^) = 464 lb, 

4Fj = 2100. = 525 lb. = 525 tan 20^= 191 lb. 

18%x70.000 = 12.600 psi. 30%x46.000 = 13.800 psi. ^(allowable) = 75%xl2.600 ^ 9450 psi. 
«5(max) = Vl95(f + 2730^ = 3360 in-lb 

= V(3360xl,51?+ (2100)^ or d = lAiin, Use li in. shaft, 

779450 



6. A hollow shaft, 20 in. outside diameter and 12 in. inside diameter, is supported by two bearings 20 

ft apart. The shaft is driven by a flexible coupling at one end and drives a ship's propeller at 100 

rpm. The maximum thrust on the propeller is 120.000 lb when the shaft is transmitting 8000 hp. The 
shaft weighs 15,0001b. Determine the maximum shear stress in the shaft by means of the ASME Code 
equation considering the weight of the shaft and the column effect. Assume ^^=1-5 and K^=l.o. 
Solution: 

W^j(max) = WL/S = (15,000)(240)/8 - 450,000 in4b 
W^Cmax) = (8000x63. 000)/lOO ^ 5.040.000 in-lb. 

/ = 7r(20'^-12^)/64 = 6840 in'^. A = 77(20^ - 1:^)/4 = 201 in^. 



k = ^J1/A = V6&40/201 = 5.84 in. L/k = 240/5,84 = 41.2, which is < 115. IlieD 
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1 ~ 0.0044(240/5.84) 



= 1.222 



rfo=201n.. d{=12in., and K = = 12/20 = 0.6. 



= ^ . J (1.5x450.000) + " 

7120^1 - 0,6*) V L 



222x120. D00x20< 



8 



i^-^J^ + (1x5,040.000)^ = 



3800 psl 



7, A shaft 48 in. long receives 10,000 in-lb torque 
from a pulley located at the center of the shaft, 
as shown in Pig. 9-5. A gear at the left end of 
the shaft transmits 6000 in-Ib of this torque from 
the shaft while the remainder is transmitted 
through a gear located at the right end of the 
shaft. Calculate the angular deflection of the 
left end of the shaft with respect to the right 
end of the shaft if the shaft is 2 In. In diameter 
and is made of steel. Neglect the effect of the 
keyways in the calculation. 

Solution: 

The angular deflection of one end of the shaft 
with respect to the other is the difference of the an- 
ular deflection of the ends with respect to the center. 

584(6000)(24) 584(4000)(24) 



Power in 
10,000 in -Lb Torque 




Fig. 9-5 



^1 - ^ = 



Gd 



584 (24) (6000 -4000) _ ^ ^^gO 
(12xI0«)(2*) 



8. Thirty horsepower is supplied to the 30 in. sprocket by means of a chain drive as shown in Fig. 9-6 . 

Twenty horsepower is taken off at the 24 in. pulley which weighs 1000 lb> and 10 hp is taken off at 
the 8 in. crank. The force in the chain on the tight side is represented by 7^, The tension in the 
slack side is so small that it can be neglected. The ratio of the tensions in the belt Is 4:1, The 



shaft is rotating at 300 rpm. The loads are applied with moderate shock, Ky, = 2 and 



- 1,5, De- 



termine the size of stiaft necessary if ^^allowable) - 8000 psi. It is assumed that the sprocket and 
pulley are keyed to the shaft. 



30"Dia. Sprocket 



Vertical MMeiik DisgnM 



Horizontal Loads 



BorlaoHital Moment Diagraw 
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From {ri-7"2)l2 = 4200 and T^ = i^T2 we have ri= 4661b. r2 = 1171b, and (Ti+Ta) = 5831b. 

= 2100/8 = 2631b. 

W^(sprocket) = 63.000x30/300 = 6300 in-lb. .Ifj(pulley) = aWf(crank) = 4200 in-lb. A/^t crank) ^ 2100in-lb, 



A/[j(max) = V3288^+ 3120^ = 4490 in-lb at pulley, A/t(max) = 6300 in-lb at pulley. 



= — — \/(KM^^(KtMf,f = ^ V(2x4490)^+ (1.5x6300)^ = 11,06 

77^(0.75) ^ ^ ^ * Tr(8000)(0.75) 



from which d =^ 2.23 In. Use 2-^ in, shaft. 



9. Determine the diameter below which the angle of twist of a shaft, and not the maximum stress, is 
the controlling factor in design of a solid shaft in torsion. The allowable shear stress is 8000 psi 
and the maximum allowable twist Is 1/12 degree per foot. (Consider a shaft with no key). G = 
12 X 10® psi. 

Solution: 

^^(allovvable) = iQM^/TTd^. ^(anowable) = 5Mm^L/Gd\ 

Mj, =^ dd'^G/bS^L moment that can be transmitted in allowable twist. 
Iff = s^7Td^/l6 moment that can be transmitted in allowable stress. 

Then l^-.i^ or llZi^l^Il^ = 125^ from which ^ = U.Oin. 

584L 16 584(12) 16 



iO. Shafts AB and CD are connected by spur gears as shown in Fig. 9-7. 
A couple applied at A stresses the shaft AB to 8000 psi. Determine 
the diameter of the shaft CD if the shearing stress therein must not 
exceed 8000 psi. Neglect keyways and any bending action. 

G = 12x10** psi. 

Solution: 

Mf on shaft CD is 3 times Mf on shaft AB. 



Let diameter of shaft AB = d^. of shaft CD ^ d^. Then 

and, since d^ - 2in., the required diameter d^ = 2.88bi- 




is' du. 



Fig. 9-7 



II. In order to reduce the weight of the control and power plant facilities used in a certain aircraft, it 
is planned to use all hollow shafting for power transmission. Develop an expression to determine 

the percent weight savings that may be effected through the use of hollow shafting In place of 
equal strength solid shafting for such an application. 

Solution; 

For a solid shaft subjected to torsional and bending loads, the shear stress is 



s 



s 



And for a hollow shaft subjected to the same torsional and bending loads as at>ove, the shear stress is 



s. 



where If^ - bending moment at the critical section, in-lb 
M+ = torsional moment at the critical section, in-lb 



di = 



outside diamet^ of the hollow shaft, in. 
inside diameter of the hollow shaft, In. 
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Since it is assumed tbat the hollow shafting will be of equal strength to Uiat of the solid shafting, we 
may equate the right sides of the two above epilations and obtain 

16 ^ _J1^ from which (i) l^(f)^ = A' 

From a weight consideration, the hollow shafting will be lighter than the solid shafting by a factor of 
(l-NA. 00), where is the percent weight savings to be effected through the use of hollow vs solid shafting. 

Then 

where L = length of shafting, In, 

X = specific weight of shafting material, Ib/in^ 



Substituting the value of from (i) into (2) and solving for iV, we obtain 

« = [ 1 - (do/d)^ + ^/(do/df - d^/d ] 100 



13. The shaft shown in Pig. 9-8 (a) is to be de- 
signed from the standpoint of strength, critical 
speed* and rigidity. Power is suivlied to the 
pulley P by means of a flat belt and power la 
taken from the shaft through spur gear G. The 
shaft is supported by two deep groove ball 
bearings. 

The following Information has been es- 
tablished: 

Horsepower = 10 (steady load conditions) 

Speed of shaft = 900 rpm 
Shaft is to be machined from hot rolled AISI1035 
(s^= 85,000psi and = 55,000psi) 

Diameter of pulley = 10 In, 
Pitch diameter of the gear = 10 in. 
Weight of the pulley = 30 lb 
Weight of the gear = 30 lb 
Ratio of belt tensions TJT^ = 2.5 
Gear pressure angle ^ 20^ 

The pulley and gear are assembled with press 

fits and keys. 

Dimension ^ - S = C = 6 in. 

The belt forces are perpendicular to the paper with the tight side being 7^ and the slack side 
. The tangential force on the gear Is and the separating force Is F^. is perpendicular to the 
paper. 

The following limitations have been imposed: 
(er) The shaft at the gear shall not deflect more than 0.001 in. 

(fc) The slope of the shaft through the bearings shall not exceed l"^. 

(c) The operating speed of the shaft shall not be more than 60% of the lowest critical speed. 
Solution: 

The hub of the gear and of the pulley contribute to the stiffness of the shaft, as well as the inner race 
of each bearing. If a hub is relatively long, its effect is different than if the hub is short. For purposes of 
this [ffoblem^ tttlf lengths of hubs and inner races of the bearings will be considered effective in stiffening 
the shaft. The effect of the web of the pulley and gear can be neglected in deflection analysis. Design will 
then be based upon the simplified shaft as shown in Fig. 9-9(6). We will first determine the required diam- 
eter D for strength In accordance with the ASHE shafting code. 
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The torque between the pulley and gear is = (10)(63.000)/900 = 700 in-lb- 

The sum of the belt tensions may be deteimined from 

(7i-?i)(5) = 700 and 7i = 2,5 7^2 
ftomwhlch ri= 233.31b. r2=93.31b, and (71+ T^) = 326.61b. 

The transmitted force Ff = 700/5 = 1401b. 

The separating force = 140 tan 20^^ = 51 lb. 

From the above information the moment diagrams for vertical and horizontal loadings may be combined 
to obtain the resultant moment diagram as shown In Fig. 9-9 below. 




931b 



Vertical Loads 




85.5 lb 



153 In-lb 




1401b 



558in-lb 



580in-lb 



Vertical Moment Diagram 




180 In-lb 



Horizontal Loads 



3271b 




1962 in-lb 




5601b 



Horizontal Moment 



Resultant Moment 



Diagram 





19701n-lb 



Fig. 9-9 
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The allowable sheai stress is deteimined by: 18%x 85.000 = 15.300 psi. 30%x 55.000 
^(allowable) = 15,300psL 

As seen from Fig. 9-9, tbe maximum resultant bending occurs at tbe right bearing: li^ 

700 in-lb. 

For steady load, Kj^ = 1.5 and K^ = 1.0. 

= ^^(ll^V(1.5xl970)^. (1 x700)^ = 1.01 
from which D - 1,00 in., and 2D = 2.00 in. required for strength. 

Next, in order to determine the required diameter for operating below 60% of the first critical speed, it 
is necessary to compute the static deQectlons at the gear and pulley locations due only to the weights of 

the gear and pulley. It is Important to note that in order to obtain the first critical speed, the weight of the 

pulley at the fight end of tbe shaft has to be considered acting upward in order to satisfy the first mode of 
vibration. The shaft with its elastic curve and moment diagram for this purpose is shown In Fig, 9-10 below. 
Note that it is expedient to draw the tangent to the elastic curve at the left end in order to employ the area 
moment method for determining the required deflections. Instead of drawing the M/El diagram for the foi< 
lowing deflections, we will simply note that the moment of iitertia fbr tiie 2D section is 16 times the moment 
of inertia of the D sections. 




= 16,500 psi. Use 
= 1970 in-lb. = 



Fig. thl% 
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We find by taking moments at the light end of the moment diagram, and letting / be the moment of in- 
ertia of the sections having diameter D. Using calculator and rounding off final resuUs. 

^ (180)(6)(4) ^ (180) (6) (9) ^ (180) (6) (14) _ 10.327.5 
* " 2 EI IQEI 2 EI ~ El 

is fonnd by taking moments at the right bearing: 

A - (180)(6>(3) + (180)(e)(8) _ 4522.5 
^ " 16£/ 2BI ~ El 

A3 is found by proportion: 

A3 - Ao - — <^522.5) _ 6783.75 



12 ' 12 EI EI 



10,327.5 - 6783.75 3543.75 



EI EI 



= (180) (6) (2) ^ 1 



080 

2 EI EI 



= A, -A^ = 



2261.25 - 1080 1181.25 
EI " EI 



Substituting the values for yi and in the critical speed equation (see Chapter 8) and equating it to 
1500 rpm, since the operating speed of 900 rpm is 60% of 1500 rpm. we have 



1500 = ,8,.T / /(30)(3543.75) . (30)(U81.25) ]/(£/) __ ,3,,,(o.0184) Vi7 

f [(30X3543,75)^ + (30)(1181.25r l/(£/r 

from which ^/e7 = 434; and for £ = 30x10^, / = 0.006276 in'^. 

Now / = 7Tlf/6A = 0,006275 iil^ gives D = 0.598 in. for a critical speed of 1500 rpm. Note that this la 
less than the reguired diameter for streneth. 

In order to design for the required rigidity U will be necessary to determine the deflection at the gear 
and the slope of the shaft at both the left and right bearings due to vertical and horizontal loadings. Fig. 9-11 
below is based upon the vertical loadings. The elastic curve is sketched and tangents are drawn at points 
A and B. The moment diagram is drawn. In order to facilitate the taking of moments, the moment diagram is 
then drawn by parts, consisting of four triangular and one rectangular sections. The moment diagram was 
drawn by parts by first going ftom the left reaction across to the right reaction and then starting at the right 
end of the shaft and returning to the right reaction, is determined by taking moments of sections I, II, 
III. and IV respectively with respect to the right reaction, noting that the moments related to the 2D section 
of the shaft are divided by 16 £/ and that the moment related to the D section is divided by £/. Also note 
that the moment of section in is negative, 

A - (153)(6)(2) (153)(6)(3) _ (486) (6) (2) (153)(6)(8) ^ 3719.25 
* " (2>(16)f;/ 16£/ {2)(16>£/ 2£/ " El 

A (153) (6X2) 918 

® 2£/ El 

Ag = |A^ ^ 1859.625/£/ by proportion 

= A3 - Ag = 942/E/ (deflection at gear in vertical plane) 
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ttM$i = 1859.62S/6£/ = 310/£/ (slope at left bearing In vertical plane) 

A4 is determined by taking moment of sections IV, I, n, and III respectively with respect to the left 
bearing. 

i _ (153)(6)(4) ^ (153>(6)(10) ^ (153) (6) (9) _ (486) (6) (10) ^ 1728 
* " 2EI (2)(16)£/ 16£/ (2)(16)£/ El 

taa6z = = 144/£/ (slope at right bearing in vertical plane) 



811b 
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Fig. below Is based upon bcnizontal loadings. The elastic carve is sketched and tangents are drawn 
at points A and B. The moment diagram is drawn and divided into sections I, n, m, and IV. Is determined 
by tiling moments of sections n, m, and IV respectivelr with respect to the right bearing. 

^ ^ (558)(6)(3) ^ (1404)(6)(2) ^ (558)(6)(8) ^ 14.546.25 
^ 16E/ (2){16)£/ 2EJ El 

tan^i = 14.546.25/12£/ = 1212/£/ (slope at left bearing in hcxizontal plane) 

^ _ (558) (6) (4) ^ (558) (6) (9) ^ (1404) (6) (10) _ 11.211.75 
° ~ 2EI 16EI (2)(16)EI " EI 

tmds = 11.211.75/12£/ = 934/£/ (slope at right beuing in horizontal plane) 




Fig.9-U 
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A4 = 



(558)(6)(3) ^ (1404)(6>(4) 



16 £/ 



(2)(16)£/ 



1680.75 
El 



11.211.75 5605.875 

= —Jf- byproportioE 

A^-Ag = 5605.875- 1680.75 ^ 3§25 (deflection at gear in horizontal plane) 

EJ EI 



The resultant denection at the gear is equal to the vector sum ta the deflections in the veitical and hori- 
zontal planes. 



The deflection at the ^ar Is limited to 0.001 in. Then 



4040 
El 



= 0,001 or / = 



4040 



(30x10^X0.001) 



= 0.l347in'^, required moment Of inertia 



= 0.1347 ot D = 1.285in. to lindt gear deflection to O.OOlin. 

Tbe resultant slope at the bearing is equal to the vector sum of the slopes at the vertical and horizontal 
planes. At the left bearing. 



slope = ^7^310^ + 1212® = whichls Umitedtotanl** 



Then tanl^ = 0.0175 = I250/E/ from which 



/ = 0.00238 in^ and /> = 0.47 in. required ai left bearing. 



At the right bearing. 



slope = -^T >/l4p~^^~934^ = which is less than at left bearings 

EI Ei 

A summary of the above calculations is as follows: 





Vertical 


Horizontal 


Resultant 


Deflection at gear 

Slope at left bearing 
Sl(9e at right bearing 


942/E/ 

310/E/ 
144/£/ 


3g25/£7 

1212/£/ 
934/£/ 


4040/£/ 

1250/E/ 
946/£/ 



Beqnlred Stee Shaft 




Por strength based 


Based on gear 


Based on slope 


Based on 




on ASHE Code 


deflection 


at bearings 


critical speed 


D = 


1 in. 


1.285 in. 


0.47 in. 


0.598 in. 


2D = 


2 in. 


2.57 in. 


0.94 in. 


1.196 in. 
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SUPPLEMENTARY PROBLEMS 

13. A 24 inch puller driven by a horizontal belt ttansmits power through a solid steel sht^ to a 10 inch pinion 

whicli drives a mating gear. The pulley weighs 300 pounds to provide some flywheel effect. The arrange- 
ment of elements, the belt tensions, and the components of the gear reaction on the pinion are as shown in 
Pig.9-13 below, 

(a) Sketch in order the following: vertical loading, vertical bending moment, horizontal loading, horizontal 
bending moment, and combined bending moment. 

(b) Deteimlne the necessaiy shaft dimeter using code stress values for commercial shafting and shock and 

fatigue factors of = 2.0 and K^= 1.5. 

Ans. W^(max) = 9600 in-lb, W[j(max) = 16,350 in-lb, d = 2.83 in. 




Fig. 9-13 

14. Power is transmitted to a shaft, supported on bearings 36 inches apart, by a belt running on an 18 inch pul- 
ley which overhangs the right bearing by 10 Inches. Power is transmitted from the shaft by a belt running 

on a 10 Inch pulley located midway between the bearings. The belt drives arc at right angles to each other 
and the belt tensions are 3 to 1 with the total pull on the tight side of either belt belnglimitedto600pounds. 

(a) Draw the moment diagrams. 

(b) Determine! the necessary size of SAE1045 transmission shafting (ultimate tensile strength 97,000 psl, 
tensile elastic limit 58,000 psi). Assume = 1.5 and K^^ 1.0. 

(c) Calculate the torsional deflection in degrees. 

Ans. ilft(max) = 2000 ln4b. Jtfj(max) = 7520 In-lb, d = 1,64 in,, = 0.377** 

15. A steel shaft 60 In. long has applied to it a 10,000 In-lb torque by apulleylocatedatthecenterof the shaft. 
A gear at the left end of the shaft applies 800Q in-lb of torque to the shaft while a gear^located 9 in. to the 
left of the light end of the shaft applies 2000 in-lb of torque. Calculate the angular deflection of the shaft 
if the shaft is 2 In. In diameter for a length of 36 in, from the left end of the shaft and 1.5 in. In diameter 
in the remainder of the shaft. Neglect the effect of the keyways in the calculations. Ana, 0.424'* 

16. A horizontal piece of commercial shafting is supported by two beulngs 5 feet apart. A keyed gear, 20^1nvo- 

lute and 7 inches in diameter, is located 16 inches to the left of the right bearing and is driven by a gear 
directly behind It. A 24 inch diameter pulley is keyed to the shaft 20 inches to the right of the left bearing 
and drives a pulley with a horizontal belt directly behind It. Hie tension ratio of the belt la 3 to 1 with the 
slack side on top. The drive transmits 60 hp at 330 rpm. K^^ = K^^ 1,5, 

(a) Draw moment diagrams showing values at the change points. 

(b) Calculate the necessary shaft diameter. 

(c) Calculate the angular deflection In degrees. 

Ans. Wj(max) = 11,450 in-lb, A/^ (max) = 38,500 in-lb. D = 3.72 in., 6 = 0.0677'' 

17. A solid shaft and a hollow shaft are to be of equal strength in torsion. The hollow shaft is to be 10% 
larger in diameter Uian the solid shaft, what will be the ratio of the weight of the hollow shaft to that of 
the solid shaft? Both shafts are to be made of the same material. 

Ans. Tbe hollow shaft will wel^ 0.6 that of the solid shaft. 
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18. The coefficient of friction between the cam and foliowei disk in Fig, 9-14 below is 0,3, The torque required 
to turn the cam under these conditions is svvpUed at the right eml of the cam shaft. If the cam shaft is made 

of SAE 1020 steel quenched and tempered to an ultimate tensile strength of 80,000psi and a yield point of 
56,000 psi, what Ib the required minimum diameter of the cam shaft under the ASME Shafting Code? The shock 
and fatigue factors selected for the loading condition present are = 2.0 and K^= 1.5, Neglect the weight 

of the shaft and assume It is continuous ftom bearing to bearing. It is also assumed that the maximum effec- 
tive torque occurs when the follower Is at the top its travel, where It Is shown in Fig. 9^14. 

Ans, d = 1,01 in- 




Fig. 9-14 Fig. 9-15 



19. Two beatings located 36In. ^ait support a section of commercial shafting. A 5001b, 301n, diameter. 20 de- 
gree Involute gear is keyed to the shaft Sin* to the right of the right bearing. A 12 in. diameter ^sprocket is 
keyed to the shaft 20 in, to the right of the left bearing. The combined weight of the sprocket and that part 
of the chain weight taken by the shaft is 210 lb downward. Assume no tension on the slack side of the chain. 
The gear receives 9 hp at 210rpm from a gear located above- Five hp is taken from the shaft at the sprocket 
and the remainder is taken ftom the shaft through a flexible coupling located Sin. to the left of the left bear- 
ing. Fig. 9-15 above shows an end view of the arrangement as observed from the right. 

(a) Draw the bending moment diagrams showing v^ues at the change points. 
{h) Calculate the diameter of commercial steel shafting based upon strength. 

(c) Calculate the angular deflection in degrees of the right end of the shaft with respect to the left end of 
the shaft when under loBd, neglecting the e^ect of the keyways and atinenlng effect of the pulley and 

sprocket hubs. 

Ans, M^(ma3t)= 2700In-lb, W^fmax) = 4700in-lb, = l,86in., 0= 0.38flP 

20. A shaft is mounted between bearings located 31ft apart and transmits 13,000hp at 90rpm. The shaft weighs 
14,8501b, has an outside diameter of 181n. and an inside diameter of 12in. Determine the stress Induced In 
shaft and the angular deflection between bearings. Do not neglect the weight of the shaft. 

Ans, = 9920psi, $=1.9^ 



Zl. Fig, 9-16 shows an arrangemei^ for a motor and ex- 
citer with a pinion on the same shaft. The pinion 
drives a gear with the gear directly below the pinion. 
The motor develops 75 hp at 200 rpm. The exciter ab- 
sorbs 5 hp, the remainder going to the pinion. The mo- 
tor and exciter are assembled to the shaft by means 
of a force fit while the pinion is keyed to the sh^. 

For this unit, wtat is the required diameter of 
shaft (a constant diameter of shaft will be used)? 



Motor Rotor 
40001b 



Exciter Rotor 
1000 lb 



8 DU< Pinion 




Fig. 9-16 



The shaft is to be made of SAE 1035, which has an ultimate strength of 75,000 psi and a yield point of 48,000 
psi. The pressure angle of the gears is 20 degrees, and the stub form of tooth is to be used. Neglect stress 
concentration due to force fits. 

Draw all moment diagrams, showing the values at change points. = 1,5 and - 1.5 . 
Ans, if^ = 23.600 in-lb. Mgfmax) - 69,200in-lb, s^callowable) = 13,500pai, rf = 3.81in- 



130 



POWER TRANSMISSION SHAFTING 



22. A line shaft, 18 feet long and ly inches in diameter, is rotating at SOOrpm and has 10 hp input at one end. 
Six hp is taken out at a point ft feet from the input end and the remaining 4 hp is taken out at the opposite 
end. Using C = 12 x 10^ psi, find the angular denection of one end relative to the other due to this loading. 

Ans, 0 = 2-4^" 

23. A 9 inch diameter solid shaft is used to drive the propeller at a marine vesseL It is necessary to reduce the 

weight of the shaft by 70%. What would be the dimensions of a hollow shaft made of the same material as 
the solid shaft? Ans. ^ ^ 15,771 in,, di 14,980 in. 

24* A shaft has a constant diameter, with the distance between bearings equal to 32in. Located between the 
bearings are two pulleys which are keyed to the shaft. One pulley, which has a diameter of 8 in. and weighs 
201b, is located Sin. to the right of the left bearing; the other pulley, which has a diameter of 16in. and 

weighs 601b. is located 221m to the right of the left bearing. 

The shaft rotates at SOOrpm. The tight and slack sides of the belt are horizontal and parallel. Twenty- 
five horsepower is supplied to the Sin. pulley. Power is transmitted from the 16in. pulley to another pulley 
located so as to give a smaller bending moment in the shaft, with the belt strands horizontal as already 
stated. 

The belt stress is limited to a maximum of 300pai. The ratio of diameter of pulley to belt thickness is 
limited to a minimum of 30. A belt thickness of 1/4 In. will be used. The coefficient of friction for the belt 
and pulley may be taken as 0.3. 

The shaft is made ftom hot rolled SAE 1035. for which the ultimate strength may be taken as SO.OOOpsi 
and the yield point may be taken as 49,00apst, The shaft Is fitted in Journal bearing with a class 2 nt. 

Conditions of loading are steady, with no shock. 

Determine the necessary diameter of shaft based on strength, deflection In the hearings and critical 

speod. Neglect the weight of the shaft and pulleys for strength and deflection calciilatH>ns. 

Ans, Shaft diameter - 1.5in. based on strength in accordance with ASME Code. For this diameter the criti- 
cal speed is 2720rpm which is safely above the operating speed. The static deflection under the 201b 

pulley is 0.0039in,, and the static deflection under the 601b pulley is 0,005 in. A shaft diameter of 
2.25 in. is required to prevent excessive deflection in the bearings based on mL/D ratio of 1,5. 



Chapter 10 



Coupling Design 



COUPLINGS are used to connect sections of shafts or to connect the shaft of a driving machine to 

the shaft of a driven machine. This affords a permanent connection, contrasted with 
clutches which provide for engs^ement or disengagement at will- Clutches are treated in a different 
section. 



CLASSIFICATION of couplings can be made on the basis of rigid or flexible designs. 

(A) Rigid couplings: 

Illustrated by a flange coupling, compression coupling, or tapered-sleeve coupling. This 
type of coupling is suitable for low speeds, accurately aligned shafts. 

(B) Flexible couplings: 

Illustrated by the Falk flexible coupling, Oldham coupling, gear type of flexible coupling, 
roller or silent chain coupling, etc. 

Flexible couplings are used: 

(a) To take care of a small amount of unintentional misalignment. 

(b) To provide for '^end float", that is, axial movement of a shaft. 

(c) To alleviate shock by providing transfer of power through springs or to absorb 
some of the vibration in the coupling. 

Coupling may be classified also as to use, specified by the relation of axes of the connected 
shafts: 

(1) Axes of the shafts are colllnear. 

(2) Axes of the shafts intersect, (A universal joint of the many types available might be used.) 

(5) Axes of the shafts are parallel but not collinear. (A coupling of the Oldham type might be used 
with its central sliding member. This type is to be avoided where possible with heavy loads 
because of A:lction due to sliding,) 

Since rigid couplings can transmit bending in a shaft, stresses may be induced which can cause 
fatigue failure. It is therefore desirable to provide for good alignment and location of the coupling 
where the bending moment is practically zero. Thus rigid couplings, as well as flexible couplings, 
are usually analyzed for torsion only. 

Although standardized couplings may be purchased ftom manufacturers, the analysis and propor- 
tioning of the various parts afford illustration of machine design procedures applied to a single ma^ 

chine element. 
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SOLVED PROBLEMS 



1. A rigid flange coupling has a bore diametei of | - ^~ -ln. 

Four machined bolts on a bolt circle of 5 In. diameter are 
fitted in reamed holes. If the bolts are made from the same 
material as the shaft, SAE 1030, with an ultimate tensile 

strength of 80,000 psi and a yield point in tension of 50,000 

psl, determine the necessary size of bolts to have the same 
capacity as the sh^ In torsion. Refer to Fig. 10-1 which 
shows half a coupling* 

Solution: 

(a) The shaft capacity, as determined from the ASME Shafting 
Code, is found from 



the shafting eauation for a solid shaft in torsion only. Then 



(2)3 = 



16 



M^K^ or ji/f/fj = 17,000 in-lb 



77(14.400X0.75) 

where Is the smaller of (0,lS>s^ = 0.18(80,000)= 14,400psi 

aiid(0.3>s^^= 0.3(50,000)= 15,000pai 
and the allowance for the keyway effect is 0.75. 



2.000 
2.002 




Fig. IS-l 



(b) The coupling can be designed for shock and fatigue K^, equal to 1, or (A^^) can be left as a product and 
carried through the analysis. The s^e final result is obtained. 

(c) The anulysis of the bolts can be made in any one of several different ways: 

(J) Assume that the bolts are just finger-tight, and the load is transferred from one half of the cou- 
pling to the other half by a uniform shear stress in the shank of the bolt. 

(2) Assume that the bolts are just finger-tight, and the load is transferred from one half of the cou- 
pling to the other half with a maximum shear stress in the shank of the bolt eaual to 4/3 times the 
average shear stress, 

(3) Assume that the bolts are tightened sufficiently so that power is b'ansmitted from one half of the 
coupling to the other by means of friction. 

(4) Assume that the bolts are tightened and that part of the power is transmitted by means of friction, 
and the rest of the power is transmitted by shear in the bolts, 

In (i) and (2), It Is usual practice to assume that all the holts share the load proportionally for Qn- 
ished bolts in drilled and reamed holes. (If the bolts are set in clearance holes, It is also usual practice 

to assume that half the bolts are effective.) 

(d) Using arbitrarily (1) above, which gives the most conservative design, 

= s^(i7Td^)(^DQ(i)(n) or 17,000 = 14,400(47r<f^xi x5K4), and d = 0.387 in. 
where ^ allowable shear stress, psi 



d 



D 



BC 
n 



diameter of bolt, inches, (shank diameter) 

diameter of bolt circle, inches 

total number of bolts for drilled and reamed holes 



(Note that % for the bolt is the same as obtained ^om the ASME Shafting Code.) Hence use a 3/8in. bolt 
or a 7/16 in. bolt. 

(c) Using (2) above, it^Kt' %s^{k'rrd^)ikl>BC^^^^ from which rf= 0.447in.; a 7/16in. bolt may be used. 



(/) The next problem will illustrate a solution by (3) above. 



COUPLING DESIGN 



133 



2. In the design of rigid flange couplings, it is quite customary in this country to assumethatthebolts 
are loosened in service and the capacity of the coupling is based, in part, upon the stresses set up 

in the bolts due to shearing of the bolts- The tightening effect of the bolts, with friction as the 
basis of power trauBmission, Ib generally neglected. However the purpose of this problem is to 
evaluate the capacity of a particular coupling based upon friction. 

Assume that a flange coupling has the following spec- ^ 
ifications: 

Number of bolts, 6 

Size of bolts, iin. diameter 

Preloading of bolts, 50001b in each bolt 

Inner diameter of contact, Tin- 
Outer diameter of contact, Bin. 
Speed of rotation of coupling, 300 rpm 
Coefficient of friction, 0.X5 
Shaft diameter, 2 In. 




Fig. 10-2 



Shaft material: SAE 1045. annealed with an ultimate tensile strength of 85,000 psi and a 

yield point in tension of 45,000 psi. 

The bolts are set in Ivge clearance holes in the coupling. Refer to Fig. 10-2. 
Determine: 

0) The maximum power edacity based upon friction such that slip occurs between faces 
of contact. 

(2) Compare the shaft horsepower capacity with the friction horsepower capacity. Assume 
steady load conditions and that the shaft is in torsion only, 

Soluticm: 



(a) The torque capacity based on friction Is (see chapter on Clutches) 

= FfRf=^ 30,000(0.15X3.75) = 16,900 in-lb 

where F = axial force caused by bolt loading = 30,0001b 
/ = coefficient of friction 



Rf = friction radius = |(-| 1) = |(^ 



^3.5' 



■) = 3,75 in- 



This assumes that the pressure is uniformly distributed. 



Friction horsepower = 



63,024 



16.900(300 ) 
63,024 



= 80.4 bp 



(6) Shaft t<vgue edacity, 

lit = %7rDVl6 = 13,500(0.75)7TZ)^/I6 = 15.900 in-lb 

where % is the smaller of 0.18(85,000)= IS.SOOpsi and 0.3(45,000) = 13,S00psL 
Note the factor 0.75 to take care of stress concentration. 



Shaft horsepower capacity = 



63,024 



15,900(300) 
63,024 



= 75.7 hp 



(c) For the data given, the coupling has greater horsepower edacity based on friction (80.4 hp) than the shaft 
capacity (75.7hp), 
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3. Problems 1 and 2 have dealt with the diameter of the bolt necessary to 
transmit power through a flange coupling. This problem is concerned 
with the necessary proportions for the various parts of a flange coupling. 
Set up the equations or relations necessary to determine (a) diameter 
D[f of hub, (b) thickness ; of web, (c) thickness k of the flange. Refer 
to Pig, 10-3. 

Solution: 

(a) The diameter of the hub is established on the basis of proportions. The di- 
ameter of the hob should be about iS to 2 times the diameter of the shaft. Thus 



to 



2Ds 



(b) The minimum thickness t is based on two considerations: (I) shear of the web, 
(2) bearing of the web and bolt assuming that the bolts are finger-tight and 
the holts are pressed against the web. 

(1) Shear of the web: The tortiue capacity of the web Is based on the 

shear of the minimum area, which occurs at the 
junction of the hub and web. 




Fl8< 10-3 



= %(7r%c) 



2 



t = 



2*ft 



7TS, 



Usually, t determined from the above equation is very small and the difficulty of casting necessitates using 
a thickness much larger than calculated. 

(2) Bearing of the bolt and web: The torque capacity based on bearing is 



or 



t = 



2Mt 



where 5„ = allowable beating pressure for the bolt or web <wtuchever Is weaker), psl of proj- 
ected area 



d 

he 



n = 



holt diameter, inches 
diameter of bolt circle, inches 

number of effective holts, taken as all the bolts if finished bolts are used In reamed 
holes and taken as half the tc^ai number of bolts if bolts are set In clearance holes. 
Note that this assumption is arbitrary, but a very conservative design results. 



(c) Thickness of flange is based i^on proportions and casting requirements: 



C 



4. A coupling of the Falk type is keyed to two lin. transmission shafts (with allowable = 8000 psi 
for unkeyed shafts, GOOOpsi for keyed shafts) as shown in Fig. 10-4. The shafts rotate at 950rpm. 
If the connecting strip is 1.50 in. from the center of the shafts, how many folds of 0.010 by 0.100 
inch steel (SAE 1045, quenched in water and drawn at 
600°F) are required? The connector is to have 95% of 
the strength of the shaft according to its ASME Code 
rating. Under what conditions could you rate this cou- 
pling at 13.5 hp? SAE 1045 steel, quenched in water and 
drawn at 600^F, may be considered to have an ultimate 
tensile strength of 150,000 psi and a yield point inten- 
sion of 114,000psi. 

Solution: 




1 " Dla. 



^^^^^^^^^^^^ 



(a) Shaft torque capacity, using 

ance for the keyway: 



s^= 6000 psi, with allow- 



= j^7rrf^/l6 = 60007r(l^)/l6 = liaOimlb 



Fig. 10-4 
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(b) Assume that the folds ate subjecteti to shear only. The torque capacity of the folds is 

= s^tkRfn or 0.95(1180) = (27.000){0.010)(0.100)(1.5)(n) 

Where = allowable shear stress, taken as 0.18 of ultimate tensile strength, as suggested in ASME 

Code, or 0.18(150,000) = 27,000 psL 

t = thickness (tf steel strip, 0.010 in. 

h = height of steel strip, 0-100 in. 

- radius from shaft center to fold 

n = number of folds. 

Solving, n = 27,6; use 28 folds. 

(c) For 28 folds, the torque capacity is 

= s^thRfJi = (27,000)(O.O10)(0.I00)(1.5)(28) = 1140 in-lb 

The safe horsepower edacity Is = J~^ -r - ^^Jf^inA^^ = 17.2 bp. Hence one could rate the cou- 

63,024 63,024 

pling at 13.5 bp wUh possibility of about 30% overload. 



9. A universal coupling (universe joint, or Hooke's joint) is used to connect two shafts which Intersect 
but which are not necessarily in the same straigbt line, as shown in Fig, 10-5 below. The angular 
velocity of the output shaft Is not ectual to the angular velocity of the input shaft, unless the input 
and output shafts are in line. The ratio of speeds is given by 

cos 5 



/Vg^ 1 - cos^asin^e 

where /Vg^ = angular velocity of the driven shaft 
N^^ = angular velocity of the driver shaft 

$ » angle between axes of the shafts 

a = a^ngle of the driving shaft from the position where the pins of the drive shaft yoke 
are in the plane of the two shafts. 

A torque of 360in-lb is applied to shaft of a universal Joint in which Si and the output shaft 
are in the same horizontal plane. 

(a) DetGrmine the torque on shaft for the position shown in Fig. 10-5. 

(b) Determine the size of the pins of the connectiJig cross for an allowable bearing stress of 2000psi 
(per projected area), an allowable tensile stress of 20,000p&i, and an allowable shear stress of 

10,000 psi, 

(c) Calculate the maximum shear stress on section E-E, which is 2 in. from axis Y-Y. 
Solution: 

(a) There are several ways the torque on can be determined. One method is to examine the cross, by appli- 
cation of the equations of equilibrium, and to determine that the only forces which can be applied are as 
shown in the plane of the cross. Consider each of the forces acting on the cross as F, The components of 
acting on the shaft S^, are Fcoa 2ff and Fsln2Q^. The torque acting on the shaft Si due to the action 

of the cross is = 360 = (fcos 2tP)(2\ from which F = 191.41b. The torque on the shaft is F (2) ^ 
(I91.4)(2) = 383 in-lb. Note that, fcff the position shown, shaft S2 Is in torsion only» while shaft Si is in 
bending as well as torsion. If shaft Is rotated 90^, shaft will be in torsion only, while shaft will 

be subjected to bending and torsion. 

A second method is to use the relation of angular speeds to obtain the torque. For no friction loss the 
power in must equal the power out, i, e., 

_ Zk/S, T N - T (N cos a 

63.024 63.024 1 - cos^a sin^0 

Then for T^^ = 360 in-lb, 6 = 20°, and a = 90P for position shown, we obtain = 360/(cos20°) = 
383 in-lb, the torque output. This agrees with the force analysis. 
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Section E-E 




sin 20° 



- 191.4 ain20° 
= 65.4 lb 




It 



CoaroctlnK Cross 




G5.41b 



M= (179X3)= 358ln-lb 



F Goa 20 




Fig. 10-5 



(b) The size of the pins will depend on the maximum load, which occurs for the position shown. The maximum 
pin load is 1911b. 

(i) Diameter of pin based on bearing: = j = ~, 2000 - d = 0,384 In. 



(2) Diameter of pin based on bending: 5 = 20.000 = QilliK^ ^ ^ = 0,29 in, 

/ (T7/64)rf* 

(2) Diameter of pin based on transverse shear: = 10,000 = (^)( , - ^^^ ), d = 0.18 In. 

Therefore bearing dictates the minimum size of pin; a -^in. diameter pin should be satisfactory. 



Mc P 

(c) Maximum compressive stress at section E-E is 5 = — + — 

/ A 

Maximum shear = i(8850) = 4425 psi 



(179x2) (I) ^ 65A . 8g5op3i. 



4(1) 
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SUPPLEMENTARY PROBLEMS 

6. A rigid flange coupling is assembled with Five finished bolts in reamed holes on a 6 in. diameter bolt circle. 
The shafts aie commercial steel (with the allowable shear stress = SOOOpsi, 6000psi taking into account 
the keyway effect) and are l-||-in. in diameter. Determine a standard bolt diameter to transmit the ASliIE 
Code strength of the shaft 

{a) on the basis of the bolts having loosened and the shear stress is uniformly distributed. 

(fr) on the basis of the bolts having loosened and the maximum shear stress in the bolt Is 4/3 times the average. 

The allowable shear stress in the bolt is 10,000 psi. 

Ans. (a) d = 0,270in.; use -^im d = 0-312in,; use -^in, 

7. A flange coupling connects two 2in. diameter lengths of commercial shafting. The coupling webs are bolted 
together with four bolts of the same material as the shaft. The bolts are set in clearance holes. The diam- 
eter of the bolt circle is 9,5 In, and the web thickness is 7/8 in. 

(a) Determine the minimum bolt diameter required to transmit the same torque that the shaft can transmit, 

(b) What horsepower may be transmitted at 200rpm under steady load conditions? 
Base calculations on the assumption that the bolt nuts may loosen during operation. 

Ans, (a) Diameter of bolt = 0.398in.: use ^in. or -^in, diameter (based upon shear stress being uniform). 

The diameter of the bolt based upon bearing is 0,0708in,, with allowable bearing pressure twice 
the allowable shear. Bearing does not control the design. 

(b) 29.9 hp under steady load conditions (torgiQe capacity = 9420 In-lb)* 

8. Each half of a rigid flange coupling with fitted bolts for a shaft of diameter D is to be installed on the shaft 
with a square key 1.25D Long. Five bolts are to be used on a bolt circle of diameter 5D. Assume coupling, 
bolts, shaft, and key to be of the same material. 

(a) What should be the diameter d of the bolts in terms of D to make the coupling as strong as the shaft in 
torsion? 

(b) What should be the dimension of the key in terms of D if the key is to transmit the full capacity of the 

shaft in torsion? 

Ans. (a) Based on shear being uniform, d = 0,122D. Based on maximum shear = 4/3 average, d = 0.141D, 
<b> Width = thickness = 0,236Z7. 

9. Two halves of a flange coupling fitted on 4 in. steel shafts are bolted together with six 3/4 in. bolts fitted 
into drilled holes with clearance on a bolt circle lOln, in diameter. The ultimate tensile and r.nmpressive 
strength of the shaft and bolt material is 64,000 psi and the yield strength is 48,000 psi. Assuming that the 
allowable stress for the bolt may be determined using the ASME Shafting Code specifications^ calculate the 
horsepower that may be safely transmitted by this shaft-coupling combination at 180rDm, Assume the bending 
load on the shafting is negligible and that steady load conditions prevail. 

Ans, Hp - 217 (with torque edacity of bolts = 76,000 in-lb, using a uniform shear stress distribution, and 

a torque capacity of the shaft of 108,000 In-lb), 

10. A torque <aM^== 360 in-lb is applied to shaft &i of a universal Joint, Determine 

(a) the torque on shaft , 

(b) the force on the pins of the connecting cross, 

(c) th6 bearing reactions at ^4, 5, C, and 

Refer to Fig. 10-5 and rotate shaft &i 90^ from that shown. 

Arts, (a) 348in-lb 

(b) 1801b 

(c) Force ati< = 0, atB = 0, atC = 41. lib, at D = 41.11b. 
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Keys, Pins, and Splines 



KEYS are used to prevent relative motion between a shaft and the connected member through which 
torque is being transmitted. Even though gears, pulleys, etc., are assembled with an inter- 
ference fit, it is desirable to use a key designed to transmit the full torque. 



COMMON TYPES OF KEYS sae the square key as shown in Fig.lM (a), the flat key as shown in 

Fig.ll-l (6), the Kennedy key as shown in Fig.ll-1 (c), and the Woodruff 
key as shown In Pig.11-1 (rf). 




Fig. 11-1 



The width of tfie square and the fiat key is usually one fourth the 
diameter of the shaft. These keys may be either straight or tapered 
approximately -i- in, per ft, A Gib-Head key is shown in Fig. 11-2. 
Feather keys and splines ate used when it is necessary to have 
relative axial motion between the shaft and mating member. 
ASME and ASA standards for key and spline dimensions are 
available. 





Taper -^in. per ft 

o 



Fig. 11-2 



DESIW OF SQUARE AND FLAT KEYS may be based on the shear and 

compressive stresses induced in 

the key as a result of the torque being transmitted. The forces acting on 
the key are shown in Fig. 11-3, The forces F ' act as a resisting couple 
to prevent the key from tending to roll in the fitted keyway. The exact 
location of the force F is not known and it is convenient to assume that 
it acts tangent to the surface of the shaft. This force produces both shear 
and compression stresses in the key* 

Resistance to the shaft torque T may then be approxim^ed by T=Fr, 
where r is the radius of the shaft. The shearing stress in the key is 

F Fr T 

= ST = 

where L is the length of the key. 



bLr hit 



f 












+, 

■ r" 

L 

d-1 j¥ 






Fig. 11-3 
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The shaft torque that the key can sustain from the standpoint of shear is 

7^ = s^bLr 
The compressive stress in the key is 

. = F ^ Fr ^ T 
^ lt/2)L (t/2)Lr (t/2)Lr 

The shaft torque that the key can sustain from the standpoint of compression Is 

= s^(t/2)Lr 

A square key can sustain the same shaft torque from the standpoint of shear as It can from the 
standpoint of compression. This is proved as a solved problem by equating the two torque equations 
and making use of the approximate relation ^ 2s^ for ductile steels. On this same basis, flat keys 
which are wider than they are deep will fall In compression, and feather keys which are deeper than 
they are wide will fail in shear. 



HNS are used in knuckle joints which connect two rods or bars loaded in either tension or compression 
as shown in Fig, 11-4 (a). An excessive load F may cause the joint to fail due to any of the 
following induced stresses. 

1. Tensile stress in the rod: 

iF 



ttD 



Z. Tensile stress in the net area of the eye, 
see Fig. 11-4(6); 

*t = (djd)b 

3. Shear stress in the eye due to tear out, 
see Flg,li-4(c): 

F 



approx. 



Tensile stress In the net area of the clevis 
or fork: 



F 



5. Shear stress in the fork due to tear out: 

F 



approx 



2a(d^-d) 

6, Compressive stress in the eye due to bear- 
ing pressure of the pin: 



db 



7. Compressive stress In the fork due to bear^ 
log pressure of the pin: 

F 



2da 



8. Shear stress in the pin: 



2F 





(ft) 




ic) 
Fie- 11-4 
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9. Bending stress in the pin, based on assumption that the pin is support- 
ed and loaded as shown in Fig,ll-5. The maximum bending moment 
Mj^ occurs at the center of the pin. Mf, = Fb/B, I = 7rrf*/64, c = d/2, 
and 

Mc 4Fb 

*6 = r = 



7Td 



e 




10, Compressive stress in the pin due to the eye: = 



db 



FlB. 11-5 



11. Compressive stress in the pin due to the fork: = - — 7 



SPLINED CONNECTIONS as shown in Fig. 11-6 below are used to permit relative axial motion between 

the shaft and hub of the connected member- The splines aie keys made 
integral with the shaft and usually consist of four, six, or ten in number. The keyways are broached 
in the hub to the required fit. The splines are usually made with straight sides or cut with an invo- 
lute profile. When there is relative axial motion in a splined connection, the side pressure on the 
splines should be limited to about 1000 psi. The torque cq^aclty of a splined connection is 

T = pAr^ 

where 

p = permissible pressure on the splines, <1000psi 

A = total load area of splines, sq in, 

= ^(D - if) (L)(number of splines), sqln. 

D = shaft diameter, in. 
d = D - twice the depth of the spline, in. 
L = length of hub, in. 
= mean radius. In. 




FIf . 11-8 Fig. 11-7 



TAPERED PINS similar to that shown in Pig, 11-7 above are frequently used to key hubs to shafts. 

The diameter of the large end of the pin is usually about one-fourth the diameter of 
the shaft. The capacity of this type of pin key connection is determined by the two shear areas of 
the pirn The pin key is sometimes used as a shear pin. 
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SOLVED PROBLEMS 

L Prove that a square key is equally strong in shear and compression. 
Solution: 

Prom the standpoint of compression a key can sustain the following torque; 7*^ - s^(t/2)Lr. 
Prom the standpoint of shear a key can sustain the following torque: = 5^ bLr. 

Equating the two torque equations to establish equal strength in shear and compression, and assuming 
thats^ = 2s3, we have = T^. 2$^(t/2)Lr ^ s^bLr , and £ = 6(a square key). 

2. Determine the required length of a square key if the key and shaft are to be of the same material 
and of equal strength. 

Solution: 

The torque that a shaft of diameter d can transmit allowing for a 25% reduction due to stress concentra- 
tion is T = 0.157Td^s^/ie. Equating this torque to the torque that a square key can sustain from the stand- 
point of shear, we have 

Substitute cf/4 for 6 and solve for L ^ lASd; use L - l.2bd. 



3, A square key is to be used to key a gear to a l~ in. diameter shaft. The hub length of the j^f^ar Is 
2z In. Both shaft and key are to be made of the same material, having an alluwabli^ ±>hear ^trt^^b 

of 8000 psi. What are the minimum dimensions for the sides of the square key if 3490 in-lb of 
torque is to be transmitted? 

Solution; 

Equate the expression for the torque that the key can sustain from the standpoint of shear to 3490 In-lb 
and solve for 6. 

TLbs^= ZABO, ( 1.4375/2) (2. 5) (b) (8000) = 3490, b = 0.243 in. Use a standard 0.25 in. square key. 



4. A feather key is ^ In. wide by |- In, deep and is to transmit 6000 in-lb of torque from a 1 in. di- 
ameter shaft. The steel key has an allowable i>tress in tension and compression of 16,000 psi and 
an allowable stress in shear of 8000 psi. Determine the required length of the key. 

Solution: 

since the key is wider than it is deep, it will fail in compression before it will fail in shear. 

s^.(t/2)Lr = 6000. (16.000)(0.375/2)(A)(0.75) = 6000, L = 2.66 in. Use L = 2| in. 



5. If the key in Problem 4 had been 3/8in. wide and 5 in- deep, what would have been the required 

length for the same load and material? 
Solulioii: 

In this case the key is weaker in shear than it is in compression. 

s^bLr - 6000, (8000)(0-5)(Z-)(0.75) = 6000. = 2 in. 



6. A pin in a knuckle joint as shown in Fig-ll-4(a) is subjected to an axial load of 20,2701b, As- 
sume that the thickness of the eye is to be 1.5 times the diameter of the pin. The allowable stress 
of the material in tension and compression due to bending is 9000 psi. and the allowable stress in 
shear is 4500 psi. The allowable bearing stress is SOOOpsi. Determine the required pin diameter. 

Solution: 

Check the pin for (a) bending, (6) shear, and (c) bearing. 
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(a) Bending: = ~j 



(FL/6)(d/2) 

77^"/ 64 



9000 = 



(20, 270x1. 5d/8)(<i/2) 



d = 2.08 in. required for bending. 



and 



(b) Shean 



F 
A 

d 



(c) Bearing: sjj = 



Id 
d 



2-nd^/i 



4500 



20,270 
27J<fV4 



= 1.7 in. required for shear. 



301 



20.270 
l.Srf^ 



(1.5d)d' 

2.1 in. required for bearing. Use d 



and 



and 



2 1 in. 



7. A splined connection In an automobile transmission consists of 10 splines cut In a 2^ in, diameter 

shaft. The height of each spline is 0.214in. and the keyways in the hub are 1.75in, long. Deter- 
mine the horsepower that may be transmitted at 2500 rpm if the allowable normal pressure on the 
splines is limited to 700 psl. 

Solution; 

Total surface area of splines = (0.214) (1,75)(10) = 3.74 in^. 

Torque = <3.74>c700)(1.018) = 2660 In-lb. Power = (2660) (2500)/63, 000 = 106 hp. 



8, A Woodruff key -g-ln, by lin., is used to key a gear on a 1-^in. shaft made of SAE 1035 steel. 

The key extends into the gear hub -^in. The key is made of SAE 1035 cold drawn steel (s^ ^ 

92,000 psi and Sy = 78.000 psi). Determine the torque capacity of the shaft in accordance with the 
ASME Shafting Code. Calculate the torQue capacity of the key using a factor of safety of 1.5 based 
upon the yield strength of the material. 

Solutioii: 

The allowabh; i^hear stress foe the shaft is 0.185^ or 0.30s^, whichever Is the smaller. In this case 

the allowable stress will be = 0,18(92,000} = 16,560 psi. Then the torque capacity of the shaft, using a 
25% reduction for its keyway will be 

T = 0.757rD®s/16 = 0.757r(1.1875)® (16,560>/16 = 4100 In-lb 
The torque capacity of the key in shear, using a shear area of 0.178 sq in., will be 

, . '°-«>'y°' (0.m)(l:f^) = 3290 in-lb 

The torque capacity of the key in compression v/ill be (the key extends into the hub t/2) 

T - s,(|)Z.r = (M0)(«^)(i)(Lm5> . 2900 in-lb 

Thus the torque capacity of the keyed connection is controlled by the torque capacity of the key in 
compression. 
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SUPPLEMENTARY PROBLEMS 



9. Fig. 11-8 below shows a knuckle joint made from SAE 1020 Steel. Assuming an allowable t6DSile stress of 
15,000 psi, an allowable shear stress of 7500psi, and Bjk axial load of 50001b, determine: 

(1) An algebraic expression tot each of the following. 



(e) = F/[c(m^d)] 

if) = F/[2b(m-d)] 

(g) ^ = AFc/lfd^ 

(h) = F/2ce 

(i) = F/[(2fc)(2e)] 

(2) The dimensions of the various parts, 

Ans, D= 0,652 in., <I= 0,652 in., c= 0,66 in., 6= 0,33 in., m = 1.306 in., e = 0.505 in. 

10. A key is sometimes used as a shear pin for economical reasons in case of extreme overloads. A shaft made 
of SAE 1045 Steel with an ultimate tensile strength of 97,000 psl and a yield point in tension of 58,000 psi is 
transmitting maximuro power in tnsion. The sh^ Is 2 in. In diameter. A non-standard (for a 2 In. shaft) key 

^ in. is to be used. If feasible. How long should the key be if it is to have 60% of the maximum strength 
capacitor of the shaft? The key is to be made from SAE 1030 cold rolled stock, wUhanuUimate tensile strength 
of 80,000 psi and a yield point in tension of 55,000 psl. 

Ans, ^ X i xsi in. 

11. A sliding gear transmits 6000in-lb torque to a length of in. diameter shaft through a feather key i in. wide 
by ^ in. thick. Assuming the key to be made of the same material as the shaft and to be as strong as the 
shaft* what is the necessary hub length? Note that the hub length is not eQual to the key length in this case- 
ins. Hub length = 1.77 in. based on compression 

12, A square key, h^j in., is used to transmit power from a 2 In. shaft to a gear through a hub. A torque of 
IB.OOOin-lb is applied to the gear. What is the necessary length of the key if the loading Is steady? The 
key is made ftom cold rolled SAE 1035 steel with an ultimate tensile strength of 95,000psi and a yield point 

of eo.OOOpsi. Use the ASME Code procedure for determining allowable stresses, 

Ans. Length of key = 1,75 in. Use 2in- since the length of the key should be at least equal to the shaft di- 
ameter for a satisfactory proportion. 

13, If a key and shaft are made from the same material, determine the necessary length of the key for equalstrength 
of the shaft and key. The bey is rectangular, with a width ot D/A and a he^ht of 3^/16. The shaft la under 
torsion only. Ans. Key length = 1,57/) 



(a) Tensile stress at section A-A, 

(h) Shearing stress in the pin. 

(c) Bearing stress between the pin and rod. 
{d) Bearing stress between the pin and yoke, 
(e) Tensile stress across hole in the rod. 
(/") Tensile stress across hole In the yoke. 
ig) Bending stress in the pin. 
(A) Tearout of the rod by the pin. 

( i) Tearout of the yoke by the pin. 

Ans. (a) 5j = ^F/itD^ 




(b) % = 2F/7rrf^ 

(c) = F/dc 

(d) = F/2db 
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14. A gear keyed to a 2 in. shaft is to transmit 12,000 in-lb of torque under steady load. A square key 2x2 ln> 
having an aUowaUe stress in shear of 9000 psi is to be used. How long should the key be? Would an SAE 
1035 steel having an ultimate tensile strength of 80^000 psi and a yield point of 50,000 psi be satlsfoctory 
for the shaft? Base calculations on the A^E Shafting Code, 

Ans, Length of key = 2.67 in. The shaft would be stressed below Its allowable stress of 14,400 psi in 
accordwce with the code. 



15. Detennine the horsepower capacity ratio for the two systems: a 1 in. diameter shaft with a ^x^x2 in. key 
and a 1 In. diameter shaft with a ^ in. diameter pin key. The pin key is perpendicular to the axis of the 
shaft and passes through the center of the shaft. The stress concentration factor for the shaft is that given 
by the ASME Code. The stress concentration factor tor the 1 in. diameter shaft with a ^ in. radial hole is 
1,75. Assume that torsion only is transmitted and that the material of the shaft is the same as used for the 
rectangular key and pin. 

Ans. The shaft with the key can transmit three times as much power as the shaft with the pin k^. 



16. A 5 X li in. Woodruff key made of SAE 1035 cold drawn steel = 92.000 psi and $y= 78,000 psi) is used to 
hey a pulley on a 1 3 in, shaft made of the same material. Using a footer of safety of 1 .5 based on the yield 
strength of the material, detennine the torque capacity of the key in shear and in compression. The shear 
area is 0.296 sq in., and the key extends into the hub of the pulley 0.25/2 in. Calculate the torque capacity 
of the shaft in accordance with the ASNiK Shafting Code. 
Ans. Capacity of the key in shear = 8075 In-lb 

Capacity of the key in compression = T172 in-lb 

Capacity of the shaft = 13,100 in-lb 
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Power Screws and Threaded Fasteners 



POWER SCREWS provide a means for obtaining large mechanical advantage in such applications as 

screw jacks, clamps, presses, and aircraft control-surface actuators. Occasionally 
they are used in reverse for such applications as push drills. 



THREADED FASTENERS Include through bolts, stud bolts, cap screws, machine screws, set screws, 

and a variety of more special devices using the screw principle. 



TERMINOLOGY OF SCREW THREADS 
Is illustrated in Figure 12-L Thread 
form is ordinarily described in axial 
section. The square and the Acme forms 
are commonly used for power screws 
(Fig, 12-2 below). Pot threaded fasten- 
ers, the UniHed and American standard 
thread form has the basic shape and 
proportions shown in Pig. 12-3 below. 
This basic shape has maximum metal 
content. Variations for different class- 
es of fit are made in the direction of 
greater metal removal. For detailed 

tables of standard sizes, thread series, 
and information on classes of fit see 
any standard Machine Design text or 
Mechanical Engineers handbook. 



Normal to Profile 





Edge of Plane Tangem 
to Mean Cylinder 

C-Piich" Cylinder) 

Section n-n 
(Normal Section) 



Pcfpendicular to Axis -^vj ^ ^ 

Fis. 12-1 



Tangent to Helical 
Thread Element at 
Meaa Radiaa, r. 




0.^ + cl«Arance 

5487p + (0.17 X clearance) 
Modified Square Thread Form 




Axis of lacernai Thread 



Picch Line 




;\\^^^^296p + 0.0052" ;\\ 
Accoe Thread Fotm 



Rounded or 
Fiat Great 




ff^Pitch Line 



Rounded Root 
Contour 



Fl<. 12-2 
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Pitch is the distance from a point on one thread to the corresponcling point on the next adjacent 

thread, measured parallel to the axis. 

Lead is the distance the sctew would advance relative to the nut in one rotation. For a single- 
thread screWp lead is equal to pitch. For a double-thread screw, lead is equal to twice the pitch, etc. 

Helix ancle cc Is related to the lead and the mean radius bj the equation 

^ lead 



tana 



27rr- 



In some calculations we shall mBke use of the angle $^ measuring the slope of the thread profile 
in the normid section. This is related to the angle $ in the axial section and to the helix angle as follows: 

tan 0^ - tan d cos ct 

Note: Where cos 6^ appears in the equations to follow, it is frequently replaced by cos This yields 
an approximate equation but, for the usual small values of ct, introduces no great error. 



TDBNINO MOMENT AND AXIAL LOAD are related to each other through the following equation for 

advance agoiDst load (or raising the load): 

[tan a + //cos 0„ 1 
< l-rta..«/cosg„ ' ^ 

Where 

T = torque applied to turn screw or nut, whichever is being rotated 
W ^ load parallel to screw axis 
= mean thread radius 

1^ ^ effective radius of rubbing surface against which load bears, called coUtir radius 
f = coefficient of friction between screw and nut threads 

= coefficient of friction at collar 
a = helix angle of thread at mean radius 

6^ ^ angle between tangent to tooth profile (on the loaded side) and a radial line, mea- 
sured in plane normal to thread helix at mean radius. 

The torque required to advance the screw (or nut) in the direction of Qie load (or/oti;erinj:theload) is 

t-tan ct + //cos 6„ 1 

This torque may be either positive or negative. If positive, work must be done to advance the 
screw. If negative, the meaning is that, for equilibrium, the torque must retard rotation, i.e. the axial 
load alone will cause rotation (the push drill situation). In this case the screw is to he overhauling. 



EFFICIENCY OF A SCREW MECHANISM is the ratio of work output to work input. 

wfr^M^r.^^ 100 (V) (lead) _ 100 tana ^ 

Efficiency = % = tano^4 //cosgn 

l-/tanO(/cos6^* ^ 



STRESSES IN THE THIffiAD are estimated by considering the thread to be a short cantilever beam 

projecting from the root cylinder. (See Pig,12-4 below) The beam load 
is taken to be the axial screw load W, presumed concentrated at the mean radius, i.e. at one-half 
the thread depth h. The beam width is the length of thread (measured at mean radius) subject to load. 
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With these assumpUoos the bending stress at the root of the thread is, 
very nearly. 



3IFA 



and the mean transverse shear stress is 



5„ = 



W 



ZTTnr^b 




where n Is the number of thread turns subject to load and b is the width 

of thread section at the root. 



The stress picture at the junction of the thread and root cylinder is actually very complicated, 

and the above expressions are only rough approximations which serve as design guides. In place of 

in these expressions, many designers will use for the screw and for the nut, a somewhat better 
approximation in that it recognizes the nut threads to be less likely to strip than the screw threads. 



BEABING PBESSUBE between the surfaces of screw and nut threads may be a critical factor in de- 
sign, especially for power screws. It is given approximately by 



2 77 71 A 

This estimate will be on the low side because (!) clearances between root and crest of internal and 
external threads mean that load is not carried over full depth A and (2) load is not uniformly distri- 
buted over thread length. 



STRESSES IN THE BOOT CYLINDER of the screw may be estimated by considering loads and torques 

carried by the bare cylinder (neglecting strengthening effect 
of thread). The torsional shear stress is 




«5 = 

where is the root radius of the screw. T is the appropriate torque, i.e. the torque to which the sec- 
tion under consideration is subjected. This may be the total applied torque, only the collar ftictlon 
torque, or only the screw torque (total minus collar Aictlon torque). Each case must be examined 

carefully to see which applies. 

The direct stress, which may be either tensile or compressive, is 

. ^ L = JL 

^ root area n r? 

A modincation of the above formula is sometimes used in calculations on threaded fastenings to 

account approximately for the strengthening effect of the threads. Basically the modification consists 
of presuming the cylinder to be larger in radius than it really is. (See Chapter 13.) Then 



5 



W 



« stress area 



Stress areas, as well as root areas, are tabulated in many textbooks and handbooks. 
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SOLVED PROBLEMS 



1. The screw in Fig. 12-5 below is operated by a torque applied to the lower end. The nut is loaded 
and prevented from turning by guides. Assume friction in the ball bearing to be negligible. The 
screw has a 2 in, outside diameter and a triple Acme thread, 3 threads per inch. Thread coeffi- 
cient of friction is 0.15. Determine the load which could be raised by a torque T of 400in-lb. 

Solution: 



1^/ tana/cos^ 



where: 



thread depth 



tanOC 



0.X8 in. 

1.00-0.18/2 = 0.91 in. 
lead _ 1.00 



0.175 



Ftteh 



a = 
B = 

tan6L = 



n 



27Tr, 27r(0.91) 

9.92° 

14.5'^ for Acme thread 
(tandXcoBtt) 

(tan 14.5°)(co8 9.92°) = 0.255 

14-2° Fig. 
Note that the difference between <9^and 6 is so slight that we might as well use 6. Then 

0.175 + 0.15/0.968 




e 



n 



400 =■ ir[0.91( 



l-(0.15X0.175y0.968 



) + 0 ] or IF = 1290 lb 



2. Would the screw of Problem 1 be oveihauling? 
SoluUon: 

Hie screw will be ovwhaullng it the toroue in the following eqnatlon Is negative. 

. -tana+//cos0„ , 

Since fc- ^ ^ problem, T will be negative If (-tan 0( + //cos 0^ is negatlTe. 

From Problem 1. tana = 0,175 and f/cosO^ = 0,15/0,968 ^ 0,155. Hence the screw will overhaul, l.e, to 
prevent screw rotation when a load W is applied, a holding torque must be applied. 



3. For the screw of Problem 1 determine the average bearing pressure between the screw and nut 
thread surfaces. 



Solution: 



P ^ = 1290 

2rrnr^h 2t7(6)(0.91)(0.18) 210 psi 



where n = * 7^ = 6 thread turns sharing the load- 

pitch 1/3 



4. Derive the actuation for torque T required to advance a screw against a load W, 
Solution: 

Refer to Fig.12-6 below. The total normal force exerted the threads of the nut against the threads of 

the screw is F^. This is distributed over the length of thread in engagement and over the thread depth, but 
for the purposes of this analysis may be considered concentrated at a point at the mean screw radius, r„ . 
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ColUr 
(Not Rotmtins) 



Nm (Fixed) 



Sciew 
(Rotatins) 




Collar Friction 
Torque 




Fig. 12-6 



Tile normal force vector appears in true length in the normaL section. Component F^cos 0^ is tangent 

to the pitch cylinder and at angle a (helix angle) with the screw axis. Component F^sinS^is radiaL 

The friction force is fF^. acting along the thread helix. 

Also acting on the screw is the axial load W, the collar friction torque ^^f^f^Q* and the applied torque T. 

Summing forces parallel to the screw axis yields 

1^ - F^cos^cosa + /T^sina = 0 

Summing moments around the screw axis yields 

T - r^r^cos^sina - fF^r^ cosa - Wf^r^ = 0 

EliminaUng F„ between these two equations yields 

- tan 0£ + f/cos d„ , 



5. The following data apply to the C-cl^p of Pig. 12-7. 

American Standard Threads 

13 threads per inch (single- threaded) 

Outside diameter = i in. 

Root diameter ^ 0,4001in. 

Root area ~ 0,1257in^ 

Coefficient of thread friction - 0.12 ( = /) 

Coefficient of collar friction - 0.25 ( = 

Mean collar radius = 0.25in. 

Load r = 10001b 

Operator can comfortably exert a force of 201b at the end 

of the handle. 

(a) What length of handle, L, is needed? 

(i) What is the maximum shear stress in the body of the screw 
and where does this exist? 

(e) What is the bearing pressure P on the threads? 

Solution: 

(a) The torque required is 



T = 



, tan CL + //cos 0„ * 



■/ tana/cos 



where = 4(0.5000 + 0.4001) = 0.225 in., tantt = 



lead 

2'TTr 




1/13 



Fig. 12-7 



217(0.225) 



= 0.0544. 
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We shall take ^„ = 6 = 30°, since the helix angle is so small. Then 

= 43,8 (screw torque) -f- 62.5 (collar toraue) = 106,3 In-lb 
To develop this torque with a 20 lb force, we need L = 106.3/20 = 5.32 In, 

(6) Section A-A, Just above the nut, is Bubjected to torqne and bending. Section B-B, just below the nut, la 
subjected to torque and direct compressive load. It will be necessary to check both sections for maxi- 
mum shear stress. 

At A- A 

Tr (106.3X0.200) 

Torsional shear stress, = "j" = ' ^ 00251 — ^ 
where T = 106,3 in-lb (to>m above), r = r, * 0.200 in.. / = ziTrf^ = 0,00251 ln^ 

Wtc (120)(0-200) 

Bending stress. 5^ = -J- = Q ^^^^e " 19-100 
where Mj, = (20)(6) = 120 in-lb, c = r, = 0,200 in.. / = I^TTr^ = 0.00126 in*. 



Maximum shear stress. T(max) = V(2«.)^ + = 12,750 psi 



At B-B 



This section Is subjected to the collar filctloa toigue IT/^r^. Hence the torsional shear stress Is 

{Wf^.)ri (1000)(0.25>(0. 25X0.200) 
*s = —j— = 0:002M = 

The direct compressive stress is % = t = " ^^^^ ^^^^ 



Hence the maximum shear stress Is r(max) = V<7960/2)2 + (4970)^ 3 6370 psl 

Our conclusion, then, is that the maximum shear stress occurs at section A-A and is 12,750 psl. 

(C) P = = a 1090 Dsi 

2'TTnr^h 27r(13)(0,225)(0,050) *^ 

where n = ]f^^^ = = 13 threads, and A = r.-r. = 0.250-0,200 = 0.050 In. 

pitch 1/13 ^ ^ 



6. It Is proposed to make a screw jack In accordance with the sketch 
ofFig.12-8, Neither screw rotates. Outside screw diameter is 2 in. 

Thread is square (depth = k pitch), single thread, and coefficient 

of thread friction is estimated to be 0,15. 

(a) What would be the efficiency of the jack? 

(b) What load can be raised if the shear stress In the bodies of the 

screws is limited to 4000 psi? Assume torque applied to nut in 
such a way as to cause no bending stress in the lower screw. 

Solution: 

(a) A differential screw action is involved. In one turn of the nut the load 

is raised an amount equal to the difference in leads of the two screws. 

Hence the output work in one turn is 

Output work per turn ^ W (lead of upper screw -lead of lower screw) 

= IT (f- |) « IP/8 in4b 



i 




■R. H,,f Pitch 



Handle 



■R. H.. t Pitch 



ase 



T 



Fig. 12*8 

No coll^ tirictlon Is involved since there is no rotation of the screw to which the load is applied. 
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To turn the nut relative to the upper screw requires the following torque T ' : 
where = _ t^£«d_depth , ^ 27 _ j^^' = = = 



277 277(27/32) 



To turn the nut relative to the lower screw requites the following torque T . Note that in this case 
the nut advances in the direction of the load applied to the nut. 

4'-(rfS^)] ' ^[Ht^S^,)] = see,, 

and WG take 0^= 6" = 0^. 

Hence the total torque T to be applied to the nut is r = r' + T" = 0,281»' in-lb, 

. output work per turn IF/8 . „^ „ 

^^^^ = topnt work per tun. = 27r(Q.28iy) = ° = 



(6) The upper screw will be critical, sincf^ it is subjected to the larger torque and has the smaller root ima. 
Thert^ is a direct compressive stress and a torsional shear stress to be taken into account. 



w w 

= = ^ = ^ = 0,674IF 



<^ root area ttt^ 7r(ll/16)^ 
where r{ = - thread depth = 1- -|- = in. 



Tr _ (0,230^X11/16) ^ . 
^3 - / - 0.350 



where r = = -jp in.. / = ^iTr^ = 0,350in*,and T = T'of part (a) = 0.230IF. 

Maximum shear stress, r(max) = V(5^/2f + 

4000 = V(0.674 1^/2)2 + (0.452 ff)^ or IT = 71001b 



7, A hand-operated valve grinding device is to be operated by forcing a nut downward along the stem 
which is provided with helical grooves square in axial section. The overhauling action thereby 
causes the stem to rotate and turn the valve in its seat either by means of a screwdriver tip or by 
means of a suction cup, depending on the type of valve. Assume the following data in addition to 
that shown on the sketch, Fig. 12-9 below. 

Coefficient of friction / between nut and stem = 0.10, 
Coefficient of Motion between valve and seat = 0.35. 
Mean friction radius between valve and seat = l.Oin. 

Determine the minimum helix angle a which could be used in the device under the conditions as- 
sumed. 

Solution: 

The helix anflle must be at least large enough to guarantee overhauling action. This would be the value 
which makes T = 0 in the equation 
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[/ - tan a + 



//cos Of^ 



a/cos 6. 



Then tanoi = 



(0J7)(Q,1) + (KQ)(Q.35)(1) 
(0.17)(1)-(1.0){0.35)(O.X) 



= 2.72 and a(miii) = 69. S"". 




Nut 



Piich (mean) radius 
= 0.17 in. 



Fig. 12-9 



Turns with handwheel 



Headstock 





Handwheel 



Fi£. 12-10 



8. The collet chuck in Fig, 12-10 above is operated turning the handwheel to draw the collet Into 
the conical seat in the headstock. This tightens the four collet pieces against the workpiece, 
clamping it in place. Assume the following data: 

Coefficient of friction between collet and conical seat = 0.20, 
Coefficient of friction at collar 0.15, 
Coefficient of thread friction D.io. 
Effective radius of collar, - 0,75m. 

Thread, 60"^- V, lin. outside diameter, 0.84 in. root diameter, and 16 threads per inch. 

If each collet piece is to exert a force of 1001b against the workpiece, what torque is required on 
the handwheel? 

Solution: 

If we neglect the stiffness of the collet pieces, then a freebody 
sketch of one collet piece will be as shown in Fig. 12-11. 

IT is the total axial force on the collet. P is the normal force 
of the conical seat against the collet piece. We may write the fol- 
lowing equations for equilibrium of forces parallel and perpendicular 
to the collet axis: 

= P sin 20^ + 0.20P cos 20^ 
P cos 20° - 0.20P sin 20^ = 100 

Simultaneous solution yields W = 243 lb. This is the axial force 
which must be developed by the screw mechanism. 

The torque required on the handwheel (the nut of the screw mechanism) is 12^11 





iiflfiilllfllH^ 



100 lb 



t/ tan 4 



tan o: + //cos^^ 



tanOt/cos 



Where = ^ = 0.4e0 in. and t.„a = = = 0.0216. 



Using also Qj^ = 0 - 30^ and the given values of jf, and ^ . we obtain 7 = 43 in-lb. 
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9. Estimate the maximum wrench torque which can be ^plied In tightening a $in. bolt If the shear 
stress in the body of the bolt Is not to exceed 20,000p5L 

Outside bolt diameter = 0.7500in, 



Solution: 



where 



Root diameter = 0,6201in, 

Thread section has 60^ included angle (0 = 30°). Threads per Inch 
Effective friction radius under nut, r. = O.SOln, 
Thiead and collar friction coefQclent estimated at 0.10. 



= 10, 



Maximum shear stress In body of bolt, T<max) = V(is^^ + s 



2 

s 



Sj. = direct tensile stress = 



IP 



W 



»s = 



T't.- 



77 r.' 
t 



77(0.3100)^ 



= 3.31IF 



^ = 21.35 r'. and 



screw torque = wrench torque -collar friction torque. 



However 



^ r / tan a + 



//cos On 



tan cc/cos ^ 



Where 



, 0.7500 ^ 0.6201 , o.3425in.. tantt = iSSl = 1/10 
« 4 • 277 r, 27r(0.3425) 

f = fr = 0.10. r- = 0.50 in. 



= 0.0465 



Taking 8^=6 = 30°, we have 



« 0.056V + o.osor = o.ioeir 



Then = 21.357*'= (21.35)(0.056ir) = 1.1957. 

Solving now for IP In the T(max) equation, W = 9800 ib. 

Hence the wrench torque r = 0.106IF » (0.106)0800) = 1040 in-lb. 
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SUPPLEMENTARY PROBLEMS 

10. The following data wply to the machiniats 

clamp shown in Fig. 12-12, 

Outside diameter of screw = ^ in. 
Root diameter = 0.4350 in. 

Pitch (single thread) = 0.0500 in. 
CoUar friction radius = 0,200 in. 
Collar Motion coefficient = 0.15 
Screw friction coefficient = 0.15 

Assume that the machinist can comfortably 
exert a maximum force of 30 lb on the handle. 
Determine (a) the clamping force developed between the Jaws of the clamp 

(b) the efficiency of the clamp 

(c) the tomue in the screw body at section A-A 

Arts, (a) 19051b, (6) 10%, (c) 57 In-lb 



Effeciive J 
Radius = 5^ 



V"7 

7^ 



FUt. IZ-IZ 



11. Derive the expression for torque teauiied to advuce a screw or nut in the direction of the load. (Hint: Use 
a sketch like Fig.12-6, but reverse the senses of collar friction torque T and friction force fFf^ .) 



12. Four different situations aie shown in Fig.12-13 below, as regards location of load and torque application. 
In each case the axial load W Is 1000 lb, the externally applied torque Is 90 in-lb and the collar friction 

torque is 30 in-lb. 

(1) For each case state the value of the axial force and the torque to be used in calculating stresses in the 
body of the screw for a section Just above the nut. 

(2) Same, but for a section just below the nut. 



Ans. (1) (a) 1000 lb. 60 in-lb 

(b) 1000 lb, 30 in-lb 

(c) 0 lb. 90 in-lb 

id) 0 lb. 0 in-lb 



Ans.(2) (a) 
lb) 

(c) 
id) 



0 lb. 
0 lb. 

1000 lb, 

1000 lb. 



0 in-lb 
90 m-lb 

30 in-lb 
60 in-lb 



W 



Nonrocating 



W 





Nonrotating 



(c) 



Ffff. 12-13 



13. A I in. bolt is tightened to develop an initial axial force of 10,000 lb. Using thedatalisted below, determine 

(a) the necessary tightening torctue to be applied to the nut 

(b) the maximum shear stress in the body of the bolt 

Outside bolt diameter. 1 in,; root diameter, 0,8376 in,; 8 threads per in,; = / = 0,15; = 0,625 in. 
Ans. (a) 1938 in-lb. (b) 12.650 psi 



14. Using data of Problem 13, what coefKcient of friction is needed under the bolt head in order that it not be 
necessary to hold the head wtkiLe tightening? Assume the same effective Motion radius as for the nut. 
Ans, 0.16 
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15. In a large gate valve used in a high pressure water line, the gate weighs 1500 lb and friction force due to 
water pressure, resisting opening, is 500 lb. The valve stem is non-rotating and is raised by a rotating 
wheel with internal threads acting as a rotating nut on the valve stem. The wheel presses against a sup- 
porting Goll£u Of l|- in. inside diameter and 3 in. outside diameter. The valve stem is fitted with 3 SQuare 
threads (single threaded) per inch. Assuming the coefficient of friction fbr the GoUar 0,25 and for the 
threads 0.10. determine 

(a) the torque that must be applied to the wheel to raise the valve gate 

(b) the efficiency of the screw and collar mechanism 

(c) the maximum shear stress in the body of the screw 

Ans. (d) 81& in-ib. (b) 13%. <c> 1215 psi 

16. A turnbuckle is used to tighten a wire rope. The threads are single right and left hand and square in sec- 
tion. The outside diameter of the screw is 1^ in. and the pitch is y in. The coefficient of friction between 
the screws and nuts is 0.15. What torque on the turnbuckle is necessary if the rope is to be tightened to a 
tension of 2000 lb? Ans. 618 ia*lb 

17. A steel screw driving a bronze nut is to develop an axial load of 80,000 lb In an extrusion press. The 
screw has an outside diameter of 4 in. and a single square thread (depth = k pitch) with a lead of In. 
The length of nut is to be chosen so that the bearing pressure between screw and nut threads will not ex- 
ceed 2300 psi and the sheE^ng stress on the nut threads will not exceed 4000 psi. Determine a suitable 
nut length. Ans. 6 in. (bearing pressure controls) 

18. Fig.12-14 shows a type of window latch. Assuming the coefficients of friction to be 0.3 and 0.2 on the ramp 
and collar respectively, what force F on the handle is required to develop a force of 70 lb clamping the 
window? Ans, 10 lb 




Flc. 12-K 



Chapter 13 



Bolt Loading 



BOLTED JOINTS LOADED IN TENSION are frequently encountered In the design of fasteners. The 

bolt is subjected to an initial load in tension, W^, often 
followed by the application of an external load, as shown in Fig. 13-1. The resultant load W on 
the bolt is determined by 



or 



where 



b + 17*1 + 1712 + ffis + - - • + jn^ 



IT = IFj + W^i 



m 



m 



+ b 



) 



ITi = initial Load on bolt due to tightening, lb 

= external load, lb 
IF = resultant load on bolt due to a-nd 1^2, lb 

in^f I7i2 and mQ are defined as the deflection In 

in, per lb of load for the bolted members, 

and m^. These symbols refer to 

all parts in the bolted assembly, includ- 
ing the gasket. 

m = the sum of nij. m^. etc, 

b is defined as the deflection Id in. per lb of 
load for the bolt. 




Gasket 



Fig. 13-1 



SEPARATION OF THE BOLTED JOINT 

will occur if Wq=W. The eQuation given 

above Is that of a straight line having slope 
m/(m^ b) and ordinate intercept The 
plot of this line, as shown in Pig. 13-2, 
provides a Quick method for determining 

when separation of the members will occur. 
Line AC the extreme situation of zero 
slope which occurs when the members have 
practically no deflection per lb of load as 
compared to the bolt, i.e. m/b = Q. Line 
AB represents the extreme situation when 
the bolt has practically no deflection per 
lb oC load as compared to the members, 
i.e. b/m = 0. The actual situation occurs 
between these two extremes, as indicated 
by lines AD and DE. 




Wq (External Load) 



Fig. 13-2 
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THE INITIAL TENSION IN THE BOLT due to tightening may result from the use of a torque wrench 

or may depend upon the judgment of an experienced mechanic. 
Experimental results Indicate that the initial bolt load IT^ In a bolt tightened by an experienced me- 
chanic may be estimated by 

IPi = Kd 

where d = nominal bolt diameter and K ranges from about 10,000 to 16,000. 

If a torque wrench is used to tighten the bolt, the value of the initial bolt load may be approx- 
imated by 

r 

where T = applied tightening torque and d = nominal bolt diameter. The above equation is obtained 

by using the screw thread torque equation (Chapter 12), neglecting the helix angle, assuming a coeffi- 
cient of friction 0.15 for both threads and nut, and assuming the friction collar radius of the nut is ap- 
proximately 2/3 of the pitch diameter of the bolt. For well lubricated threads, the initial bolt load 
might be as much as double that Indicated by the above expression. The use of the screw thread 
torque equation is preferred to the above approximation. 

The initial bolt load may also be calculated tiom the theoretical expression 

T = thread torque -t* collar torque 

where r„ = mean radius of thread, in. 

f = coemcient of thread friction 
= coefficient of collar friction 

STRESSES INDUCED IN TENSION BOLTS are the result of torsional shear combined with resultant 

axial bolt load. The maximum shear stress in a tension 

bolt may be calculated by 

nmax) = \/{W^/2A/ + mT^dp" 

where rcmax) - maximum shear stress in the body of the screw, psi 

- root area, in^ 
= thread torque, in-lb 
^ root diameter of thread, in. 
IF resultant axial bolt load, lb. 

For a less conservative design and d^ may be replaced by and d^ based on the stress area A^ , 
which is a mean of th e avera ge pitch diameter area and the average minor diameter area for Class 3A 

tolerances, and d^ = VTa^M . 

In general for static loading, the maximum shear stress Induced in the bolt should not exceed 
about 3/4 of the shear yield strength of the material; however, there are times, especially in the case 
of small bolts (i in. and less), where the yield point is exceeded. For variable loading the bolt should 
be designed for endurance. It should also be noted that bolts usually lose their initial torsional stress 
when they are subjected to dynamic loading. This is due to the fact that the bolt head and/or nut will 
slip back If there is insufficient frlctlonal collar resistance. 



tana^//cosg 

" 1 - /tana/cose^ '^'^ 

a = helix angle 

6^ = one-half of thread angle 
r. = collar friction radius, in. 



IMPACT STRESSES result when bolts are subjected to suddenly applied or impact loads. The bolt 

has to absorb the energy of impact. 

U = iFS 

where F = force caused by impact, lb; S- deformationcaused by impact, in.; t/ = energy of impact, in-lb. 
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REQUIRED HEIGHT OF THE NUT may be estimated assuming that each turn of the thread supports 

an equal part of the resultant load W, as shown in Fig. 13-3. 

The strength of the bolt in tension should equal the strength of the threads in shear. For the bolt 
intension, W^iiT^s^\ for the threads in shear, W=vd^hs^\ for ductile materials, s^-ks^. Then 

iTT*^ = kird^k or h = kd^ 




W 

Fig. 13-3 



The assumption that each thread takes its share of the load is not true. Since the nut is under 
compreBsion and the bolt is under tension, the load will shift toward the bottom threads of the nut. 
For heavily loaded bolts, special nuts are sometimes used in order to obtain better load distribution 
as shown In Fig. 13-4 above. 



THE FATIGUE STRENGTH OF A BOLT depends upon the maximum and minimum loads to which it is 

subjected. When the external load Is fluctuating, the ini- 
tial bolt load irV should he sufficient to prevent separation with a reasonable factor of safety. Separa- 
tion will be pending when the external load is equal to the resultant bolt load W, Then 

m ^ b 

or ffi must be ^ 1^2(1 ^) to prevent separation. When no separation occurs, the load may vary 

between IT, and Vi+ ITaC-rr)' 

STRESS CONCENTRATION AT THE ROOT of a standard coarse thread is high. Photoelastic tests 

indicate static stress concentration factors as high as 

5.62. This may not be too serious for bolts made of ductile material when subject to static loads. 
However, the stress concentration factor has been found to lower the endurance limit of standard 
coarse threads by factcvs ranging tsom 2 to 4. Therefore the fluctuating stress in a threaded bolt must 
be multiplied by a suitable stress concentration factor* 
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SOLVED PROBLEMS 

t Derive the equation for the resultant bolt load W in terms of the initial load W\ and the applied ex- 
ternal load , 

Solution: 

Consider two members bolted together. Fig. 13-5 below shows the members and the bolt as free bodies 
due to the initial tightening load only- Fig- 13-6 shows the members and the bolt as free bodies after an 
external load IF2 has been applied. Note that the chanee In length of the bolt is equal to the change In length 
of the bolted members if there Is no separation of the parts. Then 

and iW^W^)h = [B'i-(ir-ir2)]iiii + [W^-{W-W^)U^ 




Tig. 13-S Fig. 13-6 

Fig. 13-7 



3. A bolt is used to fasten two members together as shown in Fig. 13-7 above. The members and the 
bolt are of the same material and have the same cross section area- Determine what external load 
W2 will cause separation of the members to occur if the initial tightening load is 5000 lb. 

Solution: 

Since the connected members and bolt are of the same material and have the same cross section area, 
they have the same deflection per lb of load. Thusm = feand W = W^-\^ W^^-^-r) = W^-\^ kW^. 

Separation will occur when W^^Wqi then 1^2= 5000+^0^2, or 0'2 = lO-OOOlb befor&separation occurs. 
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3. Several members are bolted together in such a manner that the deflection per lb of load for the bolt- 
ed members is the same as for the bolt, i.e. m = b or m/(in+fe) = |- Determine the following graph- 
ically using Fig. 13-2, 

(a) If the Initial tightening load on the bolt is 10,000 lb, what axial external load has to be spiled 
to the bolt to cause separatioo of the bolted members? 

(b) What is the resultant bolt load for an external load of 12,000 lb? 

(c) What is the resultant bolt load for an external load of 24,000 lb? 

Solution: Refer to Pig. 13-2. 

(a) Separation occurs at point D for which an external load Wq - 20,000 lb will just cause separatloii, 

(b) For an external load W2 = 12.000 lb, the resultant bolt load W= 16,000 lb, 

(c) For an external load = 24,000 lb, the resultant bolt load W= 24,000 lb {separation has occured). 



4. The bolted assembly shown in Pig, 13-8 below has been preloaded by tlgbtening the nut so that the 
bolt has an initial load of 1200 lb. If the ratio of the deflection per lb of load for the members to 
the deflection per lb of load for the bolt is 1/3, what is the magnitude of the bolt load when an ex- 
ternal load W2 = 2000 lb is applied as shown? 

Solution: 

Since m/6 = 1/3, W = W^+WqI-^) = »'i + ilf^ = 1200 + ij(2000) = 1700 1b. 

m + 6 

Since l^t the members have separated and the final load on the bolt will be 2000 lb< 




Flf . 13-8 Flf . 13-9 



5. The lid of a cast iron pressure vessel shown in Pig. 13-9 above is held in place by ten ^ in. steel 
bolts having an initial tightening load of 5000 lb, when the vessel is at TO'^P and the initial pres- 
sure is atmospheric. Determine the load in each bolt (a) if the pressure is increased to 200 psi, 
(6) if the vessel is heated to 250°P with atmospheric internal pressure, (c) if the vessel is heated 
to 250^ P with an internal pressure of 200 psi. 

£ for steel = 30x10® psi, for cast iron = 12x10® psi, for zinc = 12x10** psi. 

Linear expansion coefficient for steel = 6,6xl(f®/°P, for cast iron = 5.6xl(f®/°P, for zinc = 

17.8x10"/"^, 
Solution: 

(a) Cross section area of the flange and zinc gasket per bolt is 

Cross section area of 5 in. bolt = 0.196 in^- 

Hence the net area for zinc and cast iron flange = 17.9 - 0.196 = 17,7 in^/bolt. 
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Piom s - ^ E = ~ , we have ^ = ^ incties deflection per lb of load. 



= imj(^) = 4020 lb per bolt, and W - 5000 + ^ = 5110 1b. 



(fr) (AZ,),i„,duetotemp.change = <Q-25)(|8Q)(17.8) ^ (180H4.45) ^„ 

(Ai,)c, due to temp. Change - (2)(180)(5^ ^ (180){ir2> ^„ 
(AL), due to temp, change = <^ =^^»^«°><«-«^ = (180)019) 

(^)bolt = ('^'^Uembers ' (^'--Iholt ^ill increase due to both an increase in temperature and an In- 
crease in load. Let W[ be the new load on the bolt, remembering that M\ = 5000 lb, 

_ (IPi- 5000)(2.25) (180)(14.9) 
'boh " (0,196)(30)(108) lO*" 

(^^^tnembeis decrease due to an Increase In load, but will tend to increase due to the 

tempetature rise; thus 

_ 5000) (2 .251 (180)(15-65) 

Vembers " fl7.7) (1 2) (10^) lO^ 

Equating ('^^)boh = (^>inembecs' we obtain Ifi = 5360 lb. This is the new initial bolt load. 
(c) After the external pressure has been applied the resultant bolt load will be 5360+ 4020/37 = 5469 lb. 



6. A i in- 12UNC by 10iii.long steel bolt is subjected to an impact load. The kinetic energy to be ab- 
sorbed is 35 in-lb. (a) Determine the stress in the shank of the bolt if there is no threaded portion 
between the nut and the bolt head, (b) Find the stress in the shank if the area of the shank is re- 
duced to that of the root area of the threads. 

Solution: 

(o) The energy of impact wiU be absorbed by elongation of the i in. shank which has an area of 0.196 ir^. 

U - Is - ^{^\ - or P - I^M. / (2)(0,196)(30)aoP)(35) ^. ^ 

^ - 2 ^ ^ 2^AE^ - 2AE ' " V 10 ^ ^^^^^^ Ompactload) 

The root area = 0.1257 in^. The stress based on the root area is 5 = 6400/0.1257 - 50,900 psL 
This value has neglected stress concentration. 
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(b) If the diameter of the shank of the bolt is reduced to the root diameter. 



F = 



/ (21<0-1257>(30>(10^)(35) _ 51401b 
Y 10 



and 



5 = 



5140 
0.1257 



= 40,900 psl 



Thi5 illustrates hov ttie Btress due to Impact may be leduced by making the shank diameter equal to 
the root diameter of the thread. The impact stress may also be reduced by increasing the length of the 
bolt- 



7. A 1"— 8NC — 2 tie bolt is 15 in, long between the bolted members. It is tightened to an initial load 
of lOpOOO lb. Assume a coefficient of friction for both the threads and collar of 0.15, and a collar 
radius of 0.625 in, (a) Determine the necessary tightening torque applied to the nut, using the the* 
oretical screw thread torque equation. (6) Determine the maximum shear stress in the bolt. 

Solutton: 

d^ = \" = 0,9233" 

- 0.8466" 



(a) For the specified thread: 



tana = 



lead 



0.125 



r„ . 0.4617 



nd^ 77(0,9233) 



= 0.04312 



r = 10 



.000 1^0. 



4617 ( 



0-15/0.866 -f 0.04312 
1 - (0.15)(0.04312)/0.866 



) + (0.625)(0 



.15)j = 



lOCO 4- 938 = 2018in-lb 



Note that the portion of the applied torque absorbed by the threads is 1080 in-lb and the portion of ttie 
total torque absorbed by the collar is 938 in-lb. 



(fr) ^'^^^^^^^= 17,750pBi, T_= ii5!2><151 = go50psi, and T(max) = VisT^TgoS? = 12J00pfiL 
^ 77(0.8466)^ 77(0.8466)^ 



8. Derive an expression for the maximum stress in- 
duced in the shank of a horizontal bolt when the 
head is subjected to an impact of a concentric 
weight W with a velocity V. Neglect bending due 
to W and stress concentration. See the adjoining 
figure. 

Solution: 

The kinetic energy of the movine weight must be 
absorbed by the bolt upon impact. Using lb, in. and 

sec units. 




Fig. 13-10 



iMV^ = iPS, lW/g)V^ = isA){sL/E). and s = V^/WE/^AL psi (tension) 



9. The external load applied to a bolted joint fluctuates between zero and 1600 lb. The ratio of the 
inches deflection per lb of load for the bolt to that for the members is 3. The endurance limit of 
the bolt material in reversed axial loading is 30,000 psi and the yield point is 50,000 psi. The root 
area of the thread is 0.1257 sq. In. Assume a stress concentration factor Kf- 2.5 and a factor of 
safety = 2 based on the yield strength of the material. In this case includes surface and sise 
effects. Determine: 

(o) The minimum initial tightening load that must be applied to prevent separation. 

ib) The average, , and the variable stress range, , based on the initial load as determined in 

part (a). 

(c) Plot the Soderberg working stress diagram for the material and determine if the bolt is safely 
loaded based on an initial load as determined in part (a). 
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Solution: 



(a) ^ IT'2(1 ^) to prevent separation, where 



m + b 



I7i(min) = 161 



m + b 
(1-4) 



= — . Then 
4 

= 1200 1b 



(b) If (max) 
ITdnln) 



V 



= 1200 + 1600/4 = 1600 lb 

= 1200 + 0 = 1200 lb 

= 1400 lb (mean load) 

= 200 lb (variable load) 

= 1400/0.1257 = n.lSOpsi 

= 2.5(200/0,1257) = 3980 psl 



(c) The sum of the average and variable stress 
is shown at point A of Fig, 13-11. Since 
point A falls below the working-stress 
line, the boU is safely loaded. Note that 
the stress concentration factor was ap- 
plied only to the variable stress, and not 
to the avera§;e stress which may be con- 
sidered as static. 




j« = ii,isopsi 



s 



z 

N 



= 25. 



II 111 
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SUPPLEMENTARY PROBLEMS 

10. The cover of a pressure vessel is held in place by ten ^''UNC bolts. The pressure Is 200 psi and the effec- 
tive area of the cover exposed to the pressure is 314 in^. The ratio of the stiffness of the bolts to the con- 
nected parts is 1/4, where stiffness is defined as inches of deflection per pound of load. Each bolt Is tight- 
ened initially, before the pressure is applied, to 6000 lb. (a) Will the Joint separate as a result of the load 
due to internal pressure ? (b) It the Joint does not separate, determine the tensile stress in each bolt due to 
the axial load. 

Ans. (a) The members will not separate- (6) 5=33,000 psl 

11. An oil cylinder has two ends held in place with four through bolts, each with an area of 0.2 irP and each 
tightened to an initial load of 3000 lb. The cross section area of the cylinder is 2 inP . The effective length 
of the bolts and cylinder may be taken as the same and equal to 18 in. Considering the end plates as very 
rigid, determine the load in each bolt if an internal pressure is applied to cause a force of 6000 lb on the 
head and piston, in the position where the piston rod is tolly extended. Iflaterial of the bolt and cylinder Is 
SAB 1030 steel with an ultimate strength of 80,000 psl and a yield point of 50,000 psl. Ans, 3430 lb 

12. One through steel bolt. g-10nNC-2A. Is used to tighten up two end plates against a cylinder with an o,d. 

of 4in. and an i.d. of 31n. The initial tightening force in the bolt is 12.0001b. The root area of the bolt is 
0,30201n^. Tests made on a compression machine to measure the flexibility of the cylinder and end plates, 
without the bolt, show that a deflection of 0.001 In. results with a load of 32,0001b. If an internal oil pres- 
sure of 30(H) psi la applied Inside the cylinder, what will be the bolt load? Ans. 20,344 lb 

13. A cast iron cylinder bead is fastened to a 20 in. (Inside diameter) carder by means of 8 bolts. Consider the 
bolt to be extremely flexible as compared to the bolted parts. For an internal pressure of 200 psi, what is 
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the axial force on each bolt If the bolts were tightened Just enough to prevent the 
joint opening under a pressure of 300 psi? Ans. 11.775 lb per bolt 

14. A through bolt is used to fasten two plates with a gasket between the two plates. 
It is known that the ratio of deflection of the twit per unit load to the deflection 
of the bolted parts per unit load is 1/4. What percentaEe of the applied load to 
the plates will be added to the initial tightening load of the bolt? Assume that 
the plates will not separate under load. 

Ans, 80% of the applied load goes into the bolt. 

15, Derive an expression for the tensile stress induced in a vertical bolt when a con- 
centric weight W falls through a he^t of h inches as shown in Fig. 13-12. 



Ans, 



s 



1 + 



2AEk 
WL 



+ 1 



^ psi (tension) 



16. The external load applied to a bolted joint fluctuates between zero and 1400 lb. 
The bolt is tightened with an initial load of 1300 lb. The root area of the bolt is 
0.1620 in^ . The ratio of the inches deflection per lb of load for the bolt to that 
for the members is 3. 

(o) Determine the maximum and minimum bolt loads. 

(b) Determine the average stress and the variable stress, assuming a stress- 
concentration factor of 2.8 which includes surface and size effects. 

(c) Plot the Soderberg working-stress diagram and determine if the bolt is safely 
loaded for a factor of safety of 1.8. The material has a yield point of 40,000 
psi. and an endurance limit In reversed axial loading of 20,000 psi, 

Ans. (a)W(md.%)7 16501b, W(min) - 1300 1b 
(b) = 9260 psi» s^ = 3030 psi 
(r) The bolt is safely loaded. 




Fig. 13-12 



17. Determine the initial tightening load and the maximum shear stress In a ^Inch bolt when two members ate 
bolted together and the nut is tightened with a torque of 600 In-lb. Assume a coefficient of friction of 0.15 

for both thrpad.s and collar. The collar radius may be taken as 0,35 in. Neglect stress concentration. 

Ans, Initial bolt load = 5260 lb, Maximum shear stress = 33,000 psi (based on a root diameter - 0.3978 In.) 



Chapter 14 



Clutches 



A CLUTCH is a friction device which permits the connection and disconnection of shafts. The de- 
signs of clutches and brakes are comparable in many respects. This is well illustrated 
by a multiple disk clutch which Is used also as a brake. One problem of design much more evident In 
brake design compared to clutch design is that of heat generation and dissipation, Friction clutches 
generate heat as a result of relative motion of the partSi but the amount of sliding is not ordinarily as 
great as in a brake. It Is quite customary In the analysis of a clutch to picture that the parts are In 
impending motion with respect to each other, although one must not lose sight of the fact that trans- 
mission of power through friction usually involves some slip. For this reason, when it is necessary 
to have positive power transmission one must resort to a positive device, as a jaw type of clutch. 



PLATE O 



DISK CLUTCHES 



A MULTIPLE DISK clutch is shown in Fig. 

14-1, The plates shown 
as A are usually steel and are set on splines 
on shaft C to permit axial motion (exceptfor 
the last disk). The plates shown as B are 
usually bronze and are set in splines of 
mamber Z). 

The number of pairs of surfaces trans- 
mitting power is one less than the sum of 
the steel and bronze disks, and is also an 
even number if the design is such that no 
thrust bearings are needed. 

" = '*«eel + "bronze " 1 

For the system shown, n = 5 + 4— 1 = 8 pairs of surfaces in contact. 




FlC.14-1 



The torque capacity is given by 



r = FfRfn 



where 



T = 
F = 

f = 



torque edacity, In-lb 
axial force, lb 
coefficient of faction 

fHction radius = 4( -■■ ~ ) if the contact pressure is assumed uniform 

^ f^l- R^ 

o 1 



if wear Is assumed uniform 



= outside radius of contact of surfaces, inches 
Rl = inside radius of contact of surfaces, inches 



n = number of pair of surfaces in contact. 
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The axial force F is given by 

where p is the average pressure. 
The horsepower capacity is 

Hp = riV/63,000 
where T = shaft torque, in-lb ; and N = speed of rotation, rpm 

For uniform wear, the pressure variation is given by 

p - ^ - ' 



where C is a constant and r is radius to differential element shown in Fig. 14-3, on page 168. 



CONE CLUTCHES 



A CONE CLUTCH achieves Its effectiveness by the wedging action of the cone part In the cup part, 

(a) The toTQue capacity of a cone clutch with the 
parts engaged based on uniform pressure is 

T = IL 



The torque edacity can also be written in an al- 
ternate form as 



= Ff{ 



SR^b sin 



in^a/ 



where T ^ torque, in-lb 
F = axial force, lb 
/ = coefficient of friction 
= outside radius of contact, in. 
= Inside radius of contact, in, 
R^ ^ mean radius - ^(Rq-^Ri), in. 
b - face width, in. 
CC = pitch cone angle. 

i3 




or 



where 




Clutch engaged 



Fig. 14-2 



(b) The torque Cfvacltr of a cone clutch, based on uniform wear is given bj 



T = 



since 



The pressure variation, where uniform wear is assumed, is 



P = 



The maximum pressure occurs at the smallest radius: p 



The minimum pressure occurs at the largest radius: p , 

' mui 



The average pressure = 



See Pig. 14-8 
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ENGAGING CONE CLUTCHES. A problem encountered with cone clutches not encountered with multi- 
disk clutcbes is the posslblUtr of a larger force to engage a clutch 
than that required during operation when the cup and cone are rotating at the same speed. The analy- 
sis is complicated by the fact that the direction of the frictional forces depends upon the manner of 
engagement, that is, the ratio of the relative rotary motion to the relative axial motion of the cup and 
cone. A conservative procedure is to assume that no relative rotary moilon occiirs during engagement, 
for which the maximum axial force necessary to engage the cup and cone is 

= ^Csin a + / cos a) 

This force is the maximum required to obtain the desired normal force F^ which in turn develops the 
frictional force to give the desired frictional torque. 



AXIAL FOBCE TO HOLD CUP AND CONE IN ENGAGEMENT. The force to hold the cup and cone in 

engagement, with friction taken into 

account, will vary between 

F = F^Bina and F = ^(sintf - /cos a) 

Because of vibration. Motion may not be very dependable and it is conservative to assume that the 
axial force to hold the parts together is the larger value of F: F = sin a. 



AXIAL FORCE BEQDIBED TO DISENGAGE CUP AND CONE, Ordinarily, with the cone angles com- 
monly used, no force is necessary to 
disengage the parts, although it is possible that if /cos a > sin ot, an axial force F^^ may be neces- 
sary to disengage the parts: 

F^ = F^(f cos a " sin ot) 



HORSEPOWER CAPAaTT FOB A CONE CLUTCH Is as follows, depending upon whether uniform 

wear or uniform pressure is assumed: 



Unifom. Uear: Hp = ^ = (FnfD.^)!^ ^ W,/_iL_\ 
63,000 63,000 sin a \63,000/ 



Unifonn Pressure; Hp 



63,000 '^^^S^/g.j^; 63,000 sin a ^3 J 637006 



where F = axial force, lb 

/ = coefficient of friction 
Rq = outside radius, in, 
Ri = inside radius, in. 

N = speed, rpm 

a ^ cone pitch angle 

= p(27TR^)(b\ where p is the average pressure, R^ is the mean cone radius, and b is the 

face width. 
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SOLVED PROBLEMS 

1. Derive the torque capacity for one pair of surfaces pressed together with an axiai force F, Assume 

uniform pressure. Refer to Pig* 14-3 below. 

Solution: 

Consider a differential area dA = 27Trdr. The differential normal force = dN = pdA = p(277rrfr). The dif- 
ferential frlctional force = = fdN = f(p27Trdr). The differentUl frictional torque = dr = rdQ = r(fp27Trdr)i 
integrating with p and / as constants, the total torque Is 

% 3 

2 2 F 

The axial fbrce F = pC^XRn^'^t)' which ttie average pressure p = 5 — ^ . 

nK - Ri) 

Substituting this value of p into T= 27rfr ( iifi— -i ) , we obtain r= Ffl^i^ 1) = ^'/J?^. 

3 fio-fij J 




2. Derive the torque capacity (or one pair of surfaces pressed together with an axial force F. Assume 
unifbrm wear. Refer to Fig, 14-3 above. 

Solution: 

When a clutch is new, it is perhaps true that the pressure may be rather uniform. If the surfaces are rel- 
atively rigid, the outer portion, where the velocity is high, will wear more than the inner portion. After Initial 
wearlng-in, it la reasonable to assume that the curve of the profile will maintain its shape; or, the wear there- 
after may be considered to be unirorTn. 

Uniform wear can be expressed in a different way by si^ng that In any time interval the work done per 
unit area is constant: 

(frlctional lOrce) (velocity) _ (/p27rrifr)(rflj) ^ constant C' 

area 2'nr dr 

01 p::^C'/fra). Then since / and £i> MC constants. p = C/r. where C is a constant. 

An alternate method of showing that pressure varies inversely as the radius is to consider that west Sis 

proportional to pressure p and velocity K. Thus S - KpV = Kp(roii, or p = C> since 8 and K are constants and 

o) is fixed for a given clutch. 

As In Problem 1. the differential ftictional torque dT = r(fp27Trdr); the total torque is 



or C = 



To find C: F = I p(2nrdr) = I {C/r){7JTr dr) = 27TClRQ-Ri), _ 
SubstitnUng this valoe of C in the equation for r. r= = FfR^. 
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3. Compare the friction radius based upon uriLfarm pressure and unifoim wear for two cases: 

(1) = 4in., Ki= 3.5in.; (2) R^ = 4in., R^^ lin. 

Solution: 

(/) Unifom pressure, = — 1^ = M \~^'^^ = 3.78 in. Uniform wear, R, = -V"^ = ■^^'^^ = 3.75 In. 

(2) Uniform pressure, ^ 1 V^^) " 3 (^2^) = ^-8 in, Unifonn wear. = 2^"H^ " ^"^ 

Thus for low values of Rq/Ri the difference between unifonn wear and unifonn pressure is very smali 
As Rq/Ri increases, the difference becomes larger. 



4. Plot the ratio of friction radius to outside radius {R^/R^) versus the ratio of inside radius to out- 
side radius for uniform pressure and uniform wear assumptions. Refer to Pig. 14-4 for solution. 




R 



Inside Radius 



X _ ^ 

R Outside Radios 



FJc.14-4 
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5, Determine the maximum, minimum, and average pres- 
sure in a plate clutch where the axial force is 1000 
lb, the inside radius of contact is 2in., the out- 
side radius is = 4in, Uniform wear is assumed. 



Refer to Fig. 14-5, 
Solution: 

The pressure variation is given hy 

n -C_ F 

The maximum pressure occurs where r = 

Pf""> = 27r(4-°2)(2) = ^^-^ 

The minimum pressure occurs Bt r ^ 

, . . 1000 



F« 1 




nil* 



lb 



Fig. 14-5 



Average pressure p 



force 



1000 



area of contact 7r(/^-R|) 77(4^-2^) 



= 26.5 psL 



6. A multiple disk clutch has 4 steel disks and 3 bronze disks and each surface has a contact area 
of 4in^ and a mean radius of 2 in. The coefKcient of friction is 0.25. What is the horsepower ca- 
pacity for an axial force of 901b if the clutch rotates at 400 rpm? Assume unifotm wear In the 

clutch plates. 

Solution: 

T = FfR.n = 90(0.25){2)(6) = 270in-lb. Hp = rtf/63,000 = 270(400)/63,000 = 1.71. 



7. A multiple disk clutch, steel on bronze, is to transmit 5hp at 750rpm. The inner radius of contact 
is 1.50 in. and the outer radius of contact is 2.75in, The clutch operates in oil with an expected 
coefflcient of friction 0.10. (Oil is used to give smoother engagement, better dissipation of heat, 
even though the capacity is reduced.) The average allowable pressure is SOpsl, maximum. (Low 
design pressures are used to provide for sufficient size to give good heat dissipation capacity,) 

(1) How many total disks of steel and bronze are required? 

(2) What is the average pressure? 

(3) What axial force is required? 

(4) What is the actual maximum pressure? 

Solution: 

(a) First determine the torque edacity of one pair of surfaces in contact, assuming unifonn wear. 

T = Ff{^) = 834(0.10) (2:I5±MO) = in-lb 
where F = pTHR^-R^ =5077(2.75^- 1.50^) = 834 lb. 

(b) The total toiaue appUed is r = (hp)(63,000)//V = 5<63,000V7S0 = 420 In-lb. 

(O Number of pairs of surfaces = t^epe^Sr = m = 2-37- 

Since the number must be even, use 4 pairs of surfaces with 3 steel and 2 bronze disks. 
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(d) Using 4 pairs of surfaces, we can use a reduced pressure. 

The actual torque per pair of surfaces = p^f^^f surfaces =^ = 105 

(e) To find the actual force required: r'=F/(~-^), 105 = F(O.l) (^^^^^|^^) . F = 495 lb. 

The average pressure is ^= »- = 29.6 psl. 

7r(2.75 -1.50^) 

(/) Maximum pressure occurs where r = R^: p(max) = = 27r(2.75-y50)(i.5Q) ^ "^'^ 

Answers: (7) Four pairs of surfaces giving 2 steel and 2 bronze disks, or a total of 5 disks* (2) Average 
pressure = 29,6 psl. (3) Axial force - 495 lb. (4) Actual maximum pressure = 42 psl. 



8. A multiple disk clutch is composed of 5 steel and 4 bronze disks. The clutch is required to trans- 
mit 1601n-Ib of torque. If the inner diameter is restricted to 2iD., determine (2) the necessary out- 
er diameter of the disks and (2) the necessary axial force. The coeffl.clent of friction may be taken 
as 0.1 and the average pressure is not to exceed 50psl. Assume uniform wear. 

Solution: 

Torque per pair of surfaces = 160/8 = 20 in-lb. Then 

bom which, by trial and error. = 2^ in. 

For £L =2<|-in.. F= ..^ fn = 1*> average pressure - . _ ^^^^ — 5; = 49 psl)- 



9. Under what conditions would uniform pressure be a more appropriate assumption than uniform wear 
in a clutch analysis? 

Solution: 

Uniform pressure Ekssumption would be more appropriate where the plates are flexible to permit deflection 
when wear occurs. 



10. A motor rotating at constant speed <u drives a load through a reversing gear arrangement and clutch 
as shown in Fig. 14-6 below. A brake is available to bring the load to rest. A comparison of two 

methods of operation is to be made: 

(J) In the first method, the clutch is engaged and the load Is brought up to motor speed a; in time i 



Motor 
Angular Velocity 



= CJ 



Reversing 
Gearing 



Load 

Moment of Inertia = / 
Cluich Anguiar Velocity =7 



Brake 




Fig. 14-6 
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seconds. The clutch is disengaged and the brake brings the load to rest. The reversing gear 
is shifted to reverse the direction of rotation and the load is accelerated to -<o speed. 

(2) In the second method, the clutch is engaged and the load is brought up to speed in t sec- 
onds. The reversing of direction of rotation of the load Is accomplished by disengaging the 
clutch, shifting the reverse gear, and re-engaging the clutch. The motor rotates until the 

load rotates at -o). 

Compare the friction work dissipated in heat in the two different methods of operation. 
SolutiDn: 

A. Consider melhod (I'i lliat 

Let T = the friction torque developed by the clutch (which is also the motor torque) onddO- 
the differential angle of rotation of the motor. Then the work done by the motor in bringing the load 
up to speed oi Is 



= J Tde = Ta}dt 



since d$/dt ^ o} (tlie constant motor speed). But the torque by the clutch on the load causes an an- 
gular acceleration dot the load. Then T = /OC. where / Is the polaj mass moment of inertia of the 

load, and 



= J rao} dt = icj J flc d( 



'O ■'o 

since dyfdt = CC, where yis the angular speed of the load, varying from 0 to the motor speed cj, the 
work done by the motor is 



dy = /a)[a)^0] = lo? 



The friction work dissipated as heat. R^, is the energy put In by the motor less the kinetic en- 



ergy of rotation: 



If the brake is applied to the load with the clutch disengaged, the energy lost in friction is the 
kinetic energy of the rotating parts . or ^la? . If the reverse gear Is shifted and the load is brought 
up to motor speed -<o, the work done in friction is obtained in a similar way to the above, and Is 

The total energy lost is made up of three parts: (a) Energy lost in friction in the clutch when 
the load goes from zero speed to a>, jlo^ . (b) Energy lost in braking, ^/a>^. (c) Energy lost in the 
clutch when the load goes ftom zero speed to -6), i/a>^. Thus the total energy lost in method (I) is 
(3/2)/a>^. 

The time for the complete reversal Is t seconds to go ftom zero to o}, plus t seconds to go from 
CO to zero, plus t seconds to go from zero to -m. (This assumes that the braking time Is equal to the 
accelerating time and no allowance is made for engagement and disengagement of the clutch or for 
shifting the reverse gear.) The total time is 3t seconds in method (i). 

B. Consider, now> method (2>. 

The friction work In bringing the load up to motor speed a> Is as before, i/co^. 

If the clutch is disengaged, the reverse gear is shifted, and the clutch re-engaged, themotor 
running at constant speed O), the work done by the motor is 




dt = C^^-iaa>di = ^loy\ dy = 2lc? 



Note that the motor torque is £V)plied to the input of the reverse gear; hence the direction of the 
motor torque is opposite to the torque applied to the load, i.e. T = -let. 
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Siiice tbe kinetic energy when the load is rotating at a> is the same as when the load 1$ rotating 
at --a>r all the work done by the motor appears as heat in sloping of the clutch. Hence the total 
energy used in friction work in method (2) is (^/o)^ + 2lay^ = (5/2)7ar^. 

The total time for a complete cycle by method (2) Is t seconds to get the load from 0 to speed, 
plus 2t seconds to go from oy to -oy. or a total of 3t seconds. 

Thus the time for a complete cycle is the same for both methods, but method (I) is more efficient than 
method (2). Method (J) loses (3/2)/6>^ in friction work, whUe method (2) loses (5/2)/<kJ^ in ftiction work. 

Reversing by method (2) would actually be faster than (i) because of less time needed for the manipu- 
lation of brake, clutchp and reverse geu. 



11. Derive the torque capacity of a cone clutch based 

upon the assumption that the pressure between 
the cup and cone part is uniform. Refer to Pig. 
14-7. 

Solution: 

(a) Consider a differential element bounded by circles 
of radii r and (r + rfr). The area of the differential 



fustrum of a cone is dA = 277/-( 



dr 



)- 



sin a 

(fr) The integral of the differential torques is 



or 



slncx \ 3 / 



HorlSonUl component ^ 

of thB dirreraotlal 
forco " pRJtd^ sin ot 



(c) Define the force as that due to the pressure ev- 
pUed to the area as if it were sketched out into a 
plane: 




Fig. 14-7 



(d) To relate ^ to the axial force P, consider a differential element with central angle d^. The differen- 
tial area is 

dA = 27TR^b(d<f>/27T) = Rnbdi^ 

The differential normal ttxce Is dJV = pR^bd^, The horizontal component of the differential force is dF; 
then 

JdF = y* pJi^fid^i sinOS cr F = 2'TTpR^b sin a = J^sina 



(e) Substitutian of the pressure p from the equation of (c) into the equation of (b) gives 

■3 rt3. |~ n3 n3 -I n^.. r r*3 n3 



since R^= i(R^+ R^), (bsina) = R^- ^i' '^(sina). 



12. Derive the torque edacity of a cone clutch based upon a uniform wear assumption. Refer to Fig. 

14-8 below. 

Solution: 



(a) For wear to be uniform, the work done per unit area must be constant. Consider a differential element 
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bounded by circles of radii r and (r ■¥ dr). 



Work done in ^ rev ^ p/[27rr (rfr/sinOt)] (27rrff ) ^ constant 
area 27rr (rfr/ain Ot) 

or p = C/r, where C is a constant. 

This result may also be obtained by considering that the wear at any point is constant and is propoi- 
tional to the product of pressure and velocity. Thus, wear = KpV - Kp (6>r) = constaut, or p = C/r since 
0) is constant. 



where C = pr. 



(d) To eliminate C, substitute the value of C from the equation of (c) into the equation of (&) and obtain 

(e) The relation of and F can be obtained by first setting up the differential normal fc^ce on the differen- 
tial area considered as a rectangle with differential dimensions rfr/(siaa) and r{di^): 



dF^ = p(rfr/sina)rA;' 

{/) The sum of the horizontal components of the diffeientlai forces is F: 



Prom <c), 2'i^C(R^^ R^) = J^sinCt; hence F= ^ sino:, the same as for uniform pressure. 
Substituting F„ ' F/(sin(C) into the equation erf (d), the torque is given by 
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13. A soft surface cone clutch must handle 18651n-lb of 

torque at 1250 rpm. The large diameter of the clutch is 
13,75xn,, ttie cone pitch angle is 6?'^, the face width b 
is 2,50 in., and the coeffl.clent of Motion is 0.20. Refer- 
ring to Fig. 14-9. determine; 

(a) The axial force F required to transmit the torque, 

(b) The axial force required to engage the clutch, ^ , 
engagement taking place when the clutch is not ro- 
tating. 

(c) The average normal pressure p on the contact sur- 
faces when the maximum torque is being transmitted. 

id) The maximum normal pressure assuming uniform wear. 

Solution: 

(a) R^ = R^-kb sina = ^(13.75)- i(2-50 sin 6^:'') = 6.74 in. 




T = 



1865 = 



sineV 



{0.20)(6.74). F = 151 lb 



Fli.14-9 



(b)F^ = F„(sina+/cosa)=^(sina+/-cosa)=-^f^iS^ 6*" + 0.20 cose***) = 428 lb 



(c) p = ^—^ = -J^- - = 13.0 psl, where Ri = iL- b sinO! = 6.60 in, 



(rf) p(max) = 



151 



27T(R^-R^)R^ 27r(6,875-6.80)(6,60) 



13.3 psL 



H. Consider the same clutch and conditions as in Problem 13, but assume uniform pressure. Determine: 

(a) The axial force F required to transmit the torque, 

(b) The axial force required to engage the clutch, ^ , engagement taking place when the clutch 

is not rotating, 

(c) The average normal pressure p on the contact surfaces when the maximum torque is being 
transmitted. 

Solution; 

(b) = J^„(sina+/cosOt) = 13eO(sin 64*^ + 0.20 cos 6i°) = 421 lb. where F/slna = 1360 lb. 

(c) F„= p(27Tft,6). 1360=p(27r)(6.74)(2.50), p = 12.9 psl 



L3(6,74)(2.50)(0.109^)J 



15. Compare the horsepower capacity of two clutches: one a multiple disk clutch and the other a 

cone type of clutch. Both clutches operate at the same speed, both have the same mean diameter, 
and the same axial load is exerted in both clutches. ThecoeMcientof frictionisthesameforboth 

clutches. The multiple disk clutch has 4 steel disks and 3 bronze disks. The total cone angle 

of the cone clutch is 20^ (pitch angle = \tf). Assume uniform wear in both clutches. 

SoluHon: 

T (di sk clutch) ^^fK « . « * i , 

r (cone clutch) = (F/sina)/fi^ = = ^ ^'^^ 

Hence, for dimensions given, hp capacity of disk clutch = 1.044 x hp capacity of cone clutch. 
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16. A cone clutch, asbestos lined, is to transmit 900in-lb after engEtgetnent. If the maximum availa- 
ble axial force is 2001b, what Is the required width of face? The total included cone angle is 
24°, and the maximum average pressure is limited to 16psi. Coefficient of friction is 0.20. As- 
sume uniform wear. 

Solution: 

Force to engage clutch. Fg = F„(siiia+/coBCe), 200 = J^(sinl!i^-l-0.20 cosl2°). F„= 496 lb 
T = Fj^fR^. 900 = 496(0.20)R„. R^=9.07lii. Use fi^ =9t^- 
f„ =p(27T«„fc), 496 = 16(27r)(9J-)fr. b = 0.541n. Use 6 = -t|- in. 



SUPPLEMENTARY PROBLEMS 

17, In a multiple disk clutch, the radial width of the friction material is to be of the maximum radius* The 
coefficient of friction is 0.25. (a) How many disks are required to transmit 70 hp at 3000 rpm? The maxi- 
mum diameter of the clutch cannot exceed 10 in. The axial force is limited to 150 lb. (b) What is the mean 
unit pressuie on each contact surface? Ans, 11 disks, 4,64 psi 

18. A multipli^ disk clutch has 9 plates having contact surfaces of 2 in. inside diameter and 4 in, outside diam- 
eter. If the coefficient of friction is 0.2 end the maximum average permissible normal pressure is 40 psl, 
what is the required operating force and how much horsepower can the clutch deliver at 500 rpm? 

Ans. 3771b. 7.2 hp 

19. A disk clutch consists of two steel disks in contact with one asbestos fabric-faced disk having an outside 

diiimeter of 10 in. and an Inside diameter of 8 in. Determine the horsepower that can be transmitted at 
1000 rpm if the coefficient of Motion is 0.35 and the disks are pressed together by an axial force of 2000 lb, 
Ans. 100 hp 

20, A multiple disk clutch has six pairs of contact surfaces of alternate steel and asbestos'lined steeL The 
outside and inside diameters of the contact surfaces are 10 and 7 inches respectively. How much horse- 
power can be transmitted at 600 rpm if the coefficient of Motion is 0.2 and the axial force is 100 pounds? 

Ans. 4.86 hp 

Zl. A leather-faced cone clutch transmits power at 1200 rpm. The total cone angle is 20^(cone pitch angle Is 
10^). The face width of the contact surfaces is in. The coefficient of friction is 0.25. Determine the 
necessary mew diameter of the clutch to transmit 22 hp. The maximum average pressure is 10 psl. 
Ans. Mean diameter = 9.13 in., use 9^- in. 

23, A leather-faced cone clutch must transmit 20 hp at a speed of 1000 rpm. The cone pitch angle is 10*^<a=10°) 
and the mean diameter of the bearing surfaces is 8 in. Coefficient of friction is 0.3. Determine (a) the 
required width b to limit the bearing pressure to a maximum average value of 10 psi. (6) the necessary axial 
load to engage the clutch, with both parts stationaiy, to obtain the required torque capacity. Assume uni- 
form wear. Ans. (a) 4.17 in., use 4i in. (b) 493 lb 

23. A cone clutch with cast iron surfaces and coefficient of friction of 0.2 Is to transmit 40 hp at 500 rpm. The 

maximum diameter is limited to 12 in. The cone pitch angle, a, is 15°. The average pressure is limited to 
about 50 psi. Determine (a) the face width b and (6) the force required to hold the clutch in engagement. 
Assume uniform wear. Ans. (a) b = 2.32 in. (trial and error solution), use b = 2^in. which gives an ave^ 
age pressure of 52 psi. (6) 1150 lb 
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24. A soft cane clutch has a cone pitch angle of 10^, a mean diameter of 12 In-, and a face width of 4 in. Using 
a coefficient of friction 0.2. the assumption that nniform wear exists, and an average pressure of 10 psi for 
a speed of 500 rpm, deteimine (a) the force required to engage the clutch and (b) the horsepower that can 
be transmitted. Ans. 560 Ib^ 14.3 hp 

25. A soft surface cone clutch must handle 1900 in-lb of torque at 1200 rpm. The large diameter of the clutch 
U 14 In. and the included cmgle Is 20°. The width of face is 3 in. Using a coefficient of ftictlon 0.2, de- 
termine (a) the axial force required to engage the clutch, (b) the normal unit pressure required when the 
clutch is operating at capacity. Assume uniform pressure. 

Ans, 523 lb, 11.1 psi 

26. A soft surface cone clutch must handle 1865 in-lb of torque at 1250 rpm. The large diameter of the clutch 
is 13.75 in. and the included angle is 12,5^. The face width of the bearing surfaces is 2,5 in. Using a co- 
efficient of friction 0.20, determine (a) the force to engage the clutcht (6) the required normal unit pres- 
sure on the contact surfaces when operation is at capacity, 

Ans, 428 1b. 13.15 psi 

27. A cone clutch is mounted on a shaft which transmits power at 225 rpm. The small diameter of the cone is 
9 in. , the cone face is 2 in., and the cone face makes an angle of 15 degrees with the horizontal. Determine 

the axial force necessary to engage the clutch to transmit 6 hp if tlie coefficient of friction of the contact 
surfaces is 0,25- What is the maximum pressure on the contact surfaces assuming uniform wear? 
Ans. 706 1b, 24.9 psi 

28. A soft surface cone clutch has an included angle of 20 degrees, a mean diameter of 12 inches, and a face 
width of 4 inches. Using a coefficient of friction 0.2 and an allowable average pressure of 10 psi, determine 
the force required to engage clutch and the horsepower that can be transmitted at 500 rpm. 

Alts. 5601b, 14.4 hp 

29. An engine developing 40 hp at 1250 rpm is fitted with a cone clutch built into the flywheel- The cone has 

a face angle of 12.5 degrees and a mean diameter of 14 in. The coefficient of friction is 0.20 and the normal 
pressure on the clutch face is not to exceed 12 psi. Determine the required face width and the force neces- 
sary to engage the clutch, assuming uniform wear. 
Ans. 2.96 in., 592 lb 

30. A leather-faced cone clutch has a contact surface with a mean diameter of 15 in. and transmits 20 hp when 
turning at 800 rpm. For a cone angle of 20 degrees and a coefficient of friction 0.30, determine the axial 
force required to keep the surface in contact. 

.4ns. 121.5 lb 



Chapter 15 



Brake Design 



BRAKES are machine elements that absorb either kinetic or potential energy in the process of slow- 
ing down or stopping a moving part. The absorbed energy is dissipated as heat. Brake ca- 
pacity depends upon the unit pressure between the braking surfaces, the coefficient of friction, and 
the ability of the brake to dissipate heat equivalent to the energy being absorbed. The performance of 
brakes is similar to that of clutches except that clutches connect one moving part to another movins 
part, whereas brakes connect a moving part to a ftame. 



EXTERNAL SHOE OR BLOCK BRAKES consist of shoes or blocks pressed against the surface of a 

rotating cylinder called the brake drum. The shoe may be 
rigidly mounted to a pivoted lever as shown In Fig. 15-1, or the shoe may be pivoted to the lever as 
shown in Fig. 15-2. 




Fig, 15-1 FIc. 15-2 



SINGLE BLOCK BRAKE design may be based on the force and 

torque analysis of the lever and shoe as 
a free body, as shown in Fig. 15-3. The normal force N and the 

frictional force ff^ may be shown acting at the midpoint of contact 
of the shoe without appreciable error for angles of Q not greater 
than 60^. Summing moments about the fixed pivot 0. 



(hl^W)a - fNc - Fb = 0 



or 



F = 



(N-^W)a-fNc 
b 



Note that for a clockwise rotation of the drum, the friction 
force fN aids the force F in applying the brake and the brake is 
partially self-*actuating. For a given coelfflcient of Mction the 
brake may be designed to be wholly self-actuating (or self-locking). 
For this condition to exist, F=0 or negative in the above equa- 




Fig. 15-3 
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tion. We may also assume that the weight W is negligible; then 

h 

i,e, when ^ /" the brake is self-locking. 

The braking torque T for a non-self-iocking situation is 

T = fNR in-lh 

where f = coefficient of friction; N = total normal force, lb; 

When the angle of contact is large, say 60^ or more, an ap- 
preciable error might result from assuming that the frictional 
and normal forces act at the midpoint of contact of the shoe. 
A more precise analysis shows that the n^lctionol force fN is 
shifted away from the surface of the drum to a point D at a dis- 
tance h from the center of the drum as shown in Fig. 15-4 for a 
pivoted shoe. The pivoted shoe Is the more usual construction 
when using long external shoes. The braking torque 7* is now 



R - radius of brake drum, in. 



T = fNh ' fN( 



AR sin kd 
6 ^ Bind 



) (See Problem 5.) 



where h - 



4/i sin ke 



This is based on assuming that wear 



0 + sine 

In the direction of the resultant normal force N is umform, which 
means that the normal pressure varies as the cosine of the 
angle tf>, or 

= C cos <f> 
2N 




where C is a constant = 



wRO + Bind) 



Fig. 15-4 

, w being the width of the brake shoe In inches. 



The magnitude of A then determines the location of the pivot for the pivoted shoe, Two condi- 
tions hAYB been satisfied: (1) the shoe is a two force member, and the resultant of the normal force 
and ftictional force must pass through the pivot; (2) the pressure distribution is as assumed. If the 

pivot of the shoe is located at a distance other than h, as calculated, the moment of the resultant nor- 
mal force and frictional force would still be zero about the pivot, but now the assumed pressure dis- 
tribution cannot exist. Consequently the pressure must change and greater wear will occur at either 
the trailing or leading edge. However, if the pivot is located at a small distance from the theoretical 
value of A, based upon the pressure distribution p„= C cos 0, tlie above equations may still be used 
without appreciable error. Also the pivot may be located anywhere along the resultant of the frictional 
and normal forces without ai^ecting the assumed pressure distribution. 

The average pressure, p^, = 2C sin^d 



DOUBLE SHOE BRAKES are commonly used in order to reduce 

Shaft and bearing loads, to obtain greater 
capacity, and to reduce the amount of heat generated per sq in. See 
Fig, 15-5. The normal force /V^ on the left shoe is not necessarily 
equal to the normal force on the right shoe. For double block 
brakes whose shoes have small contact angles, of say less than 
60^, the braking torque may be approximated by 

If the shoe contact angle is greater than about 60^, then a more 
precise evaluation of the braking torque for pivoted shoes is 



T = 



If long rigid shoes are to be used, an analysis similar to that 
for internal shoes as presented on the following page would apply. 




Fig. 15-5 
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INTERNAL SHOE BRAKE design of the symmetrical type shown in Pig- 15-6 may be approximated by 

the equations given below. 



The braking torque T may be determined by 



T = 



. o COS 01 - COS 02 V, 

sing, ^ ^Pn^P^) 



where f 




coefficient of friction 


w 




face width of shoe, in. 


r 




internal radius of drum, In. 






center angle from shoe pivot to heel of 






lining, degrees 






center angle from shoe pivot to toe of 






lining p degrees 






maximum pressure, psi (right shoe) 


p; 




maximum pressure, psi (left shoe) = 



The above is based on the assumed pressure distribution 

sing 



Rotation 




Drum 



Lining 



Fig, 15-6 



where 6^ =^ center angle from shoe pivot to point of maximum pressure, psi 
e„= 9tf* If d2>9{3P, 0,= 62 If 02<9O**- 

The moment Mf of the frlctional forces with respect to the shoe pivot may be determined by 



M. = T ^ I sin^(r ^ acosa)rfe 

/ sin \j_ Jo 



where a = distance from the center of the drum to the shoe pivot, in. 

The moment M^of the normal forces with respect to the shoe pivot may be determined by 



p wra r^2 



The actuating force F may be determined by setting the summation of moments about the pin joint 
equal to zero. For clockwise rotation of the drum, the right shoe has self actuating properties and 

F = ^ : for the left shoe. F = ^ 



where c = the moment arm, in inches, of the actuating force F, M^ = 



The above equations are based on the following assumptions: 

1) The normal pressure at any contact point on the shoe is proportional to its vertical dis- 
tance from the pivot point. 

2) The shoe is rigid. 

3) The coefficient of friction does not vary with pressure and velocity. 



BAND BRAKES consist of a flexible band wrapped partly around the drum. They are actuated by pull- 
ing the band tightly against the drum. The brake capacity depends upon the angle of 
wrap, the coefficient of friction, and the band tensions. A simple band brake is shown in Pig-15-7 
below. For this type of brake the direction of rotation of the drum is such that the band anchored to 
the frame is the tight side Ft , as shown. 
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As for belts at zero velocity, the relationship be- 
tween the tight and loose sides of the band is 



where 



Fi = tension in tight side of band, lb 
F2 = tenBion in loose side of bond, lb 

e = natural logarithm base 

/ = coefficient of friction 

a = angle of wr^, 



The torque braking capacity T Is 

T = (Fi-F2)r in-lb 

where r = radius of brake drum, in. This type of band 
brake does not have self-actuating properties. 




FlC. lS-7 



A simple two-way band brake is shown in Fig.l&-8 below. This type of design functions equally 
well for either direction of rotation since the moment arms of the tight and loose tensions are equal. 




Fi or F2 




FlK. 15-8 



Fig. 15-9 



The differential band brake as shown in FigaS-9 above is one that has self-actuating properties 
and may be designed to be self-locking. The ditterential band brake is usually designed so that the 
direction of drum rotation permits the tight side of the band to aid In applying the brake. Referring to 
Pig. 15-9, if we take the summation of moments with respect to the pivot, we have 



Fc -i- Fia-- F^b ^ 0 or F = 



Substituting F^ = F^e^, 



F = 



F^ib-e^a) 



from which it can be seen that for a self-locking brake, i.e. when F = 0 or negative, 

h % ae^ or b/a 4 

It should be noted that the differentia band brake may be made self-locking for one direction of 
rotation only. A self-locking brake of this type is used to allow motion in one direction only and to 
prevent a reversed motion, as might occur when a conveyor or hoist is acted upon by gravity. If a 
brake is self-locking, it requires a force in the opposite direction of applying the brake inorderto have 
it released. Also, after the brake has locked and additional toraue is applied, the band tensions F^ 

and will increase, but the ratio of to F^ will no longer equal since this relationship prevails 
only when the brake is slipping or when slip is pending. 



182 



BRAKE DESIGN 



The maximum unit pressure p occurs at the tight end of the band and is determined by 

n - A 

The average normal pressuie between the band and the drum<which is used in heat generated calcula- 
tions) is 



rfa\ fa / 



HEAT GENERATED during the application of a brake must be dissipated by heat transfer or the brake 

will overheat and perhaps burn out the lining. The rate of heat generated, Hg, 
is equal to the rate of frictional work: 

Hg = P^^AJV/ns Btu/min 

where p^^ = average contact pressure, psi / = coefficient of friction 

= contact area, in^ V = peripheral velocity of drum, ft/min. 

The heat generated may also be determined by considering the amount of kinetic or potential en- 
ergy that is being absorbed: 

= (Ep^E^nn^ Btu/min 

where £^ = total potential energy absorbed, £t-lb/min 

= total kinetic energy absorbed, ft-lb/min. 

The heat dissipated, H^, may be estimated by 

= Cts^iA^ Btu/min 

where C = coefficient of heat transfer, Btu per In^ per min per ^ temperature difference 

Af = temperature difference between the exposed radiating surface and the surrounding air 

= area of radiating surface, in^. 

C may be of the order of 0.0006 for a A; of 100 and increase up to 0.0009 for a Ai of 400^1^, 

The expressions for heat dissipated are quite approximate and should serve only as an indication 
of the capacity of the brake to dissipate heat. The exact performance of the brake should be dete> 
mined by test. Another convenient indicator of brake capacity is hp/wil which Is limited to about 0.3, 
where w = width of band or shoe and d = diameter of drum in inches. 

Experience has also shown ttmt the product of the average pressure p^^(psi of projected area) and the 
rubbing velocity V (ft/min) should be limited as follows: p^^V^ 28.000 for continuous application of load, 
as in lowering operations, and poor dissipation of heat; p^^V < 55.000 for intermittent applicationof 
load, with comparatively long periods of rest, and poor dissipation of heat; p^^V i 83,000 for contin- 
uous application of load and good dissipation of heat, as In an oil bath. 

Some permissible average values for operating temperatures, coelKiclent of friction, and maximum 
contact pressure for brake materials are given below. 



Material 


Max. Temp.,°P 


/ 


P .psi 


Metal on metal 


600 


0.25 


200 


Wood on metal 


ISO 


0.25 


70 


Leather on metal 


150 


0.35 


25 


Asbestos on metal in oil 


500 


0.40 


50 


Sintered metal on cast iron in oil 


500 


0.15 


400 
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SOLVED PROBLEMS 

L A 14in. radius brake drum contacts a single shoe as shown in Fig. 15-10 below and sustains 2000 
in-lb of torque at SOOrpm. For a coefficient of friction of 0.3 determine: 

(a) The total normal force N on the shoe, 

(6) The required force F to apply the brake for clockwise rotation, 

(c) The required force F to apply the brake for counterclockwise rotation, 

(d) The dimension c required to make the brake self-locking, assuming the other dimensions remain 
as shown* 

(0 The rate of heat generated, Btu/mln. 




Fig. 15-10 



Solntton: 



(a) Torque = fNr = 0-3JV(14) = 2000, JV = 476 lb 
FricUonal force = fN = 2000/14 = 143 lb 

(b) For clockwise rotation, take summation of moments about the pivot equal to zero: 

(1.5)(143) + 36F-(14)(476) = 0, f = 179 lb 

(c) For counterclockwise rotation, take summatiOTi of moments about the pivot equal to zero 

(14)(476) + (1,5)(143) - 36F = 0, F = 191 lb 



{d) For self-locking, which can only occur for clockwise rotation of the drum. 



(e) 



a < fc or c ^ a/f = 14/0.3 = 46.7 in. 

u - - (0^3)(476)[7r28(5001/12] ^ r>^,/^,^ 

^ Tib " 778 Btu/mln 



Z. A double shoe block brake as shown in Fig. 15-11 below has a force of 3001b applied at the end of 

the operating lever. Determine the amount of torque that the brake can sustain for clockwise rota- 
tion of the drum and a coefficient of friction of 0.3. 

Solution: 

First consider the operating lever as a free bo(iy and evaluate the horizontal and vertical components of 
the forces on the pin joints A and B by taking summation of forces and moments as required. 
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Fig. 19-11 

= B^, ./-6-300 = 0. 88^= 300(30) or = 1125 1b 

Next consider link BC as a free body and make further evaluations of the horizontal and vertical forces 

at pin joints B and C. 

B =^ C\ B ^ C , 44B = SB oi B = 204.3 lb 

Finally consider the right and left side shoe levers as free bodies and determine the magnitude of the 
normal forces on the right and left shoes. Taking summation of moments about the pivot of the left lever 

W,(32)-(0.3tf,)(8)-li25(67)-504.3(6) = 0. JV - 2650 1b 

L L fr 

Taking summation of moments about the pivot of the tight lever, 

W-,(32) + (0.3/V_)(8)- 1125(67) + 204,3(6) = 0. N = 2150 1b 

The braking torque is 

T = (0,3>(2650 + 2150)(6/2) = 4320 ft-lb. 
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3. A simple band brake has the tight side of the band attached to a fixed pivot. The angle of wrap is ■ 
280^ about an 18 inch diameter drum- A torque of I500in-lb is sustained at 900 rpm and the coeffi- 
cient of friction is 0.2. Determine the required belt tensions. 

Solution: 

From Fi/F2 = c^^=c*^"^^^/*^ = e°-®^ = 2.665 and 9(Fi-F2) = 1500 we obtain 

Fi = 266.5 lb. and = 100 lb 



4. A differential band brake has a force of 501b applied at 
the end of the lever as shown in Pig. 15-12. The coeffi- 
cient of friction is 0,4. 

(a) If a clockwise torque of 4000in-lb is applied to the 
drum, determine the maximum and minimum force in 

the band. 

(b) What is the maximum torque that the brake may sus- 
tain for counterclockwise rotation of the drum? 

Solution: 

(a) For clockwise rotation, check to see if the brake is self- 



locking. The brake is self-locking If b/a 



, where 




^/a ^ eO.^^= 3 ^ere b/a = 4/2 = 2. which is less than 
3-5; hence the brake is self-locking and Fi/f^ =e^^does 
not apply. 



Fiff . 19-12 



Taking summation of moments about the fixed pivot equal to zero and using the torque relationship, 

2Fi + 8(5fl)"4F2 = 0 and MF1-F2) = 4000, 
from which Fi = 2866 1b, = 1533 1b. 

(fe) For counterclockwise rotation the brake is not self-iocking and F-i/F^ -■ e^^ does apply. Then 
4Fi-8{50)-2f2 = 0 and Fi/Fi = e^"^ = 3,5, from which Fi - 116 lb. = 33 lb 
The amount of torque that may be sustained is 7 = 3(116-33) = 249in-lb. 



5. For a symmetrical brake shoe pressed against a brake drum as shown in Fig.l5-13Ca) below, deter- 
mine: the resultant normal force, the resultant frlctlonal force, the location of these forces, and the 
moment about the center of the drum. Assume uniform wear, 

SolQtion: 

(a) For uniform wear, the removal of material from the face of the lining must be such that the radius of cur- 
vature of the brake shoe face be constant and equal to the radius of the drum, as shown In figure 15-13<b) 
below. The radial wear W is proportional to the product of the pressure and velocity V: 

W = Kp V 
fi 

where K is a constant for a given material. 

After the radial wear has taken place a point such as M moves to ilf ' to maintain contact of the shoe 
with the drum. The horizontal displacement S of point M is 

S = Kp V/coa 0 
n 

But since 5 is to be the same for every point, or constant, then 

p = C cos <f> 
n 

where C - S/KV. C is also the maximum pressure, occuring at ^ = 0. 
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Differencial force = p^A Ah w 



Resoliaiit 

Honzonial 

Force = 

CRUJ 



(sin 0+5) 



P„= Cco«0 \ 




Resultant 
Veiiical 

Force = //V 



\ 



^'(Note thai ihc ver- 
deal components 
of the diffeteniial 
lorcea baUnce.) 



Fic. 15-13 



Differeniial friction force = fPf^Rd^w 
' ' Rotation''*', 




(Note that the herl* 
2ontai components 
of the differential 
friction forces bal- 
ance.) 



(fr) Since the brake shoe is symmetrlcaL, and since the nonnal pressure is symmetrical, the resultant horizon- 
tal forcf? is the sum of horizontal components of the differential normal forces and the resultant vertical 
force is the sum of the vertical components of the differential friction forces. See Fig.l5-13(c} and 
15-13((f) above. 

Resultant horizontal force =N = 2 (C cos0)fi<^<^w cos0 = ^^^(sin0+0) 

(c) Resultant vertical force = 2l f(C cob <f>)Rd<^ cos <f> = fN 

•'o 

(d) The location of the resultant force N is seen from the symmetry of the loading: N passes through the 
center of the pin of the shoe on the horizontal axis of symmetry. See Fig.I5-13(e) above. 

(e) The location of the vertical force fN can be obtained by equating the moment of the resultant force to the 
moment of the differential friction forces, about any reference point. Take the center of the drum as a 
convenient reference point. 

'ho 



f(C cos6)Rd<^wR = 2fCR^w sinid 



o 

where k is the distance from the center of the drum to the location of fN, 

Now put C = — jr into the above equation and obtain k - ^^^^^f . 

Kii;(sin(7 + u) sine? + a 

(f) The moment of the resultant frictional force fN about the center of the dnim is the braking torque T. 

4Rsin^d 
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(g ) If the pin of the shoe is located at the distance h from the center of 
the diuiD, then the ftee body can be made with the normal fcvceA^ passing 
through the center of the pin and the friction force [N also passing 
through the center of the pin of the shoe to satisfy the [vessiire dis- 
tribution p^'C COS0. See Pis- 15-13 (e). The force analysis can 
then be made without regard for the distributed loading on the shoes. 
If the pin is located at a distance other than h as calculated above, 
the resultant force must still pass through the center of the pin, althoueb 
the assumption of = C cos<f> cannot be satisfied. It would be sat- 
isfactory to assume the force components N and fN to act at the center 
of the pin without appreciable error. Note: the pivot could be located 
anyw here along the resultant of N and fN without affecting the pressure 
distribution. 




Rotmtion 



I 

4 



Fig. 15-13 («) 



6. A pivoted symmetrical shoe subtends an angle of 90^ on a 20 inch diameter drum. How far from the 
center of the drum should the pivot be placed in order to avoid a turning moment due to the resultant 
frictional force, assuming uniform wear? Assume pivot located along the normal force. 



Solution: Distance h to pivot from center of drum is A 



4/i Blnifl _ (4) (10) (0,707) _ 

— ~- — j — - 11 in, 

6 + slntf i-TT + 1 



1, An Internal brake of the type shown in Fig. 15-6 has a diameter of 12 in. The actuating forces F are 

equal and the shoes have a face width of 1,5 in. For a coefficient of friction of 0,3 and a maximum 
permissible pressure of 150psi, with 6^ = 0. 62 = 130^ 6^ gO**, a = 5in- and c = 9in., determine 
the value of the actuating forces F and the brake torque capacity. 

Solution; The moment of the Iftlctlonal forces about the right hand pivot Is 



J sin 



r /^B^ fp wr 

^ 1 (sind)(r-acos0)d0 = [r-rcos6t- sln^^a] 



= {0.3)(150)(l-5)(6)[6+ 6(0.643)- 2.5(0,766)2] = 340O to-lb 
The moment of the normal forces about the right hand pivot Is 



p w ra 



J sin^edO = ■JJ^ti02^4sin2d2] = 93001n-lb 
F = (M^-il^/e = (9300-3400)/9 = 656 1b 

The brake torque capacity of the right shoe, T = fp wr^ ^ ~ — = 4000 1b, 

* \ Bin0^ ' 

Fcp 

For left shoe, T = 1860 In-lb based on p ' = 69.7 pel from p' = ^ 



Total torque = 4000 + 1860 = 5860 in-lb 



8. An 18 in, diameter drum has two shoes that subtend angles of 90^ each. The face width of the shoe 

is 4in,, and 4000Btu/min is being generated. Will the brake overheat if an allowable temperature 
difference between the surface of the drum and the surrounding air is 300*^F? 

Solution: 

Equate the heat being generated to the heat dissipated, and solve for the required area . 

4000 = CUa^, 4000 = (0.0008)(300)^^, = 16,700 in^(requlred) 
where C = 0.0008 (Btu per in* permin per °P temp, difference) for a A* of 300^P. 

Not counting the web, the actual area A of the drum surface exposed to the air is 

A = iT7(18)(4) = 113 in? The drum will overheat. 
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SUPPLEMENTARY PROBLEMS 

9. Detennine the torque that may be resisted by the single block brake shown in Pig.15-14 below for a coeffi- 
cient of friction of 0,3. Ans, 438in-lb 




FlK* IthM Fig. 19-15 

10. A band brake uses a V-belt- The pitch diameter of the V-grooved sheave is 20 In. The groove angle is 
45"^ and the coefficient of friction is 0,25. For the dimensions shown in Pig.l5*15 above, determine the 
maximum horsepower rating for 300 rpm. Ans. 14-5 hp 

11, A band brake is designed as shown in Fig. 15-16 below. For the coefficient of friction used, the ratio be- 
tween the band tensions is 1.75. Tlie belts are fastened normal to the operating lever. 

(a) What must be the distance a in order that the bands be fastened nonnal to the opeiattng lever? 
(6) How much horsepower can the brake absorb? 

Ans. (a) 4.85 in., (fr) 8.82 hp 




Fig. 15-16 Fig. 15-17 

XZ, A double block brake is actuated as shown in Fig.15-17 above. The drum rotates at 80 rpm when the ap- 
plied force F is 525 lb and the coefficient of friction is 0.3. Employing ftee body force analysis, determine 

the braking torque and the amount of heat being generated in Btu per minute. 

An&. J = 15,300 in-lb. H = 825 Btu/min 

13. Refer to Fig.15-6. Derive an expression for the braking tomue of a symmetrically ananged Internal brake. 
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14, For an internal brake similar to that shown in Pig. 15-6 where 6± = 15° d^^ 150**, / s= 0,35. ft| = 125 DSl, 
w = 2in., r = 6in-, c = lOin. and a = 5in., detennine the braking torque. 

Ans. T ^ 7960 in-lb 

15. A double block toake with wooden ahoes on a cast Iron druiQ(/' = 0.3) is arranged as shown in Fig, 15-18 below. 
(a) Draw a free body diagram of each part and label all forces. 

{b) Determine the operating force F required to absorb 35 borsepower with a drum speed of 300 rpm coun- 
terclockwise. 

Ans. F = 103 ib 




16. The double block brake as shown In Fig,15-19 below has wooden brake shoes applied to a cast Iron drum, 
The coefficient of l^lction fa these two materials is 0.3. The drum rt^es at 1500 rpm. Determine the 
power lost as heat. Ans, 62.3 bx> 




Chapter 16 



Springs 



SPRING DESIGN involves the relationship between force, toraue, deflection, and stress. Springs have 

many nses in connection with machine design, such as to cushion impact and shock 
loading, to store energy, to maintain contact between machine members, for force measuring devices, 
to control vibration, and other related functions. 



MULTI-LEAF SPRINGS be of either the simple cantilever type as shown in Fig. 16-1 (a), or the 

semi-elliptic leaf spring design as shown in Fig. 16-1(&), The design of these 
springs Is usually based upon the force, deflection, and stress relationships that wply to beams of 
constant strength and uniform thickness. Such beams are of triangular profile. 




Fig. 16-1 



Basically, the multi-leaf sprii^ may be 
considered as a triangular plate as shown in 
Fig. 16-2(a) cut into n strips of width 6, and 
stacked in a graduated manner as shown In 
Fig. 16-2(6). A graduated spring made from a 
triangular beam comes to a point at its end, 
which is satisfactory from the standpoint of 
bending stress. However, sufficient metal must 
be provided to support transverse shear and to 
provide for load connections which in turn are 
sometimes called upon to cany end thrust and 
twisting action. This be accomplished by 
adding one or more extra full length leaves, 
ng, of uniform width and thickness on top of 
the graduated stack, as shown in Fig, 16-3 below. 

Note that the number of extra full length 
leaves, n^, is always one less than the total 
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Fig. 16-3 FUf- IM 

number of full length leaves, n. The extra full length leaves are not beams of constant strength and 
win have a bending stress approximately 50% greater than the graduated leaves unless they are pre- 
stressed during assembly, Pre-stressing can be accomplished by having extra full length leaves formed 
with a different radius of curvature than the gradiiated leaves. This will leave a gap // between the 
extra full length leaves and the graduated leaves before assembly, as shown in Pig. 16-4 above. Then, 
upon assembly, the extra full length leaves will have an initial stress of opposite sign to that which 
occurs when the load is applied. The gap may be determined so that all of the leaves will be equally 
stressed after the full load F is ^plied. 



THE BENDING STRESS, , in the extra full length leaves if they are installed without an initial pre- 

stress will be 



18 FL 



where F = total spiled load at the end of the spring, lb 

L = length of the cantilever or half the length of the seml-elliptlc spring, In, 

b ^ width of each spring leaf, In. 

t = thickness of each spring leaf. In. 

= number of extra full length leaves 

ng = number of graduated leaves. 



THE BENDING STRESS, Sg, in the graduated leaves If they are assembled with extra full length 

leaves without an initial pre-stress will be 

^ bt^(Zn^ + 2ng) 3 



THE DEFLECTION OF A MULTI-LEAF SPRING composed of graduated and extra full length leaves 

will be 

12 FL"" 

where y = deflection at the end of the spring, in-, E = modulus of elasticity, psi. 

This equation will determine the deflection iS ^ 0, and also if the extra full length leaves are pre- 
stressed or If they are not pre-stressed. 
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THE BENDING STRESS, s, in multi-leaf springs without extra full length leaves or with extra full 

length leaves wbich have been pre-stressed so that all of the leaves have 
the same stress after the full load has been fqpplied can be determined by 

GFL 

where s = bending stress, psi, and n = total number of leaves. 



THE BENDING STRESS will be the same In all of the leaves of a multi-leaf spring composed of gra^ 

duated and extra full length leaves if the extra full length leaves are pre- 
stressed by having the leaves pre-forroed so that the gap h as shown in Fig. 16-4 above is 



nbt^E 

where k = the gap between pre-assembled graduated leaves and extra full length leaves, in. 



HELICAL SPRINGS are usually made of circular cross section 

wire or rod as shown in Pig. 16-5- These 
springs are subjected to a torsional shear stress and to a trans- 
verse shear stress. There is also an additional stress effect due 
to the curvature of the helix. In order to take into account the 
effects of transverse shear and curvature, it is customary to mul- 
tiply the torsional shear stress by a correction factor K, called 
the Wahl factor. 



THE SHEAR STRESS induced in a helical spring due to an axial 

load F is 



, _ y 8fP 



= K 




Fig. 16-5 



where 



= 

D = 



K = 



total shear stress, psi; 
mean diameter of coll. In.; 

7^-=4 + - called the Wahl factor; 

4C —4 C 



F = 
d = 

C = 



axial load, lb; 
diameter of wire, in.; 

■y , called the spring index, 
a 



THE DEFLECTION of a helical spring due to an axial load F is 



dG 

where n =- number of active coils; y = axial deflection, in.; G * modulus of rigidity, psi. 



THE SPRING RATEi or spring constant, is defined as the pounds per Inch of deflection, 

Gd 

k = - ■ - 3 for a helical spring under axial load 
80 ti 
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TBE SPIUNG KATE for springs in parcdlel having individual spring rates as shown in Fig. 16-6 (a) 

below is 



THE SPRING RATE for springs in series as shown in Fig* 16-6(6) below is 



ft = 



1/&1 + 1/fts + 1/ftg 





Pig. 16-6 



THE ENERGY STORED, (Eng)^, in springs having a linear fc^e deflection relationship and obeying 

Hooke's law, can be determined by 

(Eng), - iFy or (Eng), iffl 

For a helical spring subjected to an axial load F» the energy stored is 

(Eng)^ = in-lb per in^ 



For a helical spring subjected to a torsional load, the energy stored is 



(Eng), 



(Eng), = 



BE 



eE 



in-lb per in^ (for round wire) 
in-lb per in^ (for rectangular wire) 



For a cantilever beam of constant strength subjected to a bending force at the end, the amount of 
energy stored is 

(Eng)^ = ~ in-lb per in^ 
For a spiral spring subjected to a torsional load, the energy stored is 



(Eng) = in-lb per in 

6£ 



3 



where 



= shear stress, psi 
s = bending stress, psi 
T = torque, In-lb 



E 
G 

y 
e 



modulus of elasticity, psi 
modulus of rigidity, psi 

linear deflection, in, 
angular deflection, rad. 
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SPRING ENDS for helical springs may be either pl^n, plain ground, squaied, or squared and ground 

as shown in Fig. 16-7 below* This results in a decrease of the number of active colls 
and ^ects the free length and solid length of the spring as shown below. 



Type of Ends 


Total Coils 


Solid Length 


Free Length 


Plain 


n 


(/H-l)rf 


itp + 


Plain ground 


n 


nd 


np 


Squared 


n+ 2 




np + 3d 


Squared and ground 


rt+ 2 







p = pitch, n = number of active colls, d = wire diameter 








BUCKLINO MAY OCCUR IN COMPRESSION SPRINGS If the ttee length l6 over 4 times the mean di- 
ameter unless the spring is properly guided. 
The critical axial load that will cause buckling may be approximated by 

where F^^ = axial load to produce buckling, lb 

k = spring rate, Ib/in. of axial deflection 

= free length of the spring, in. 
Ki = a. factor depending on the ratio Lf/D. 



Hinged Ends 



1 
2 
3 
4 

5 

6 
7 
8 



0.72 
0.63 
0.38 
0.20 
0.11 
0.07 
0.05 
0.04 



Bnilt-in Ends 



1 
2 

3 
4 

5 

6 

7 
8 



A. 
0.72 
0.71 
0.68 
0.63 
0.53 
0.38 
0.26 
0.19 
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SURGING may occur in helic^ springs which have loads applied repetitively at a rate close to the 

natural ftequency of the spring. To avoid this possibility it Is advisable that the natural 
frequency of the spring be at least 20 times the frequency of the applied load. The natural frequency 
of a steel coil, , in cycles per minute can be determined by 

/ _ 761,500J 
'"^ nlf 



ALLOWABLE STRESSES FOR HEUCAL SPRINGS SUBJECTED TO STATIC LOADING may be based 

on the elastic 

limit in torsion. For static loading a factor of s^ety of 1,5 has been recommended to be applied to 
the torsional yield strength of the material. In determining the maximum stress Induced in the spring, 
one method is to apply the portion of the Wahl factcn^ that corrects for the transverse shear effect, but 
not the portion that corrects for curvature, since the latter h^ the nature of a stress concentration 
and Is not serious in ductile materials subjected to static loads. 

In the Wahl factor, K = ^ corrects for curvature and the cor- 

rects for transverse shear. The use of the full value of K for static loading would result in a conser- 
vative design. The Wahl factor may be considered as composed of two sub-factors, and K^. The 
shear stress sub-factor to be applied to the mean stress may be determined, according to Wahl, by 

^ = 1 + 0.5/C 

which is based on a uniform transverse shear stress distribution. Then the design eQuations are 

^ * or -T^ = for more conservative design 

1-5 ^jfd^ 1.5 Trrf^ 




EsperiBentsl Com 



Deaign Liae 



ALLOWABLE STRESSES FOR HEUCAL SPRINGS SUBJECTED TO FATIGUE LOADING are based 

on the en- 
durance strength of the material, Wahl suggests two methods which are essentially as follows. In the 
first method use is made of a modified Soderberg line. Spring materials are usually tested fortorslonal 
endurance strength under a repeated stress 
that varies from zero to a maximum. Since 
test data for this released loading is avail- 
able and since springs are ordinarily loaded 
in one direction only, more accurate results 
can be obtained by using the modified 
Soderberg diagram, as shown in Figure 
16-8; the endurance limit for released 
loading, sreh is shown at a point A (where 
the mean stress is equal to ks^^i and the 

variable stress Is also equal to i^relV ^ 

line drawn from point A to point the 
yield point in shear, will give the failure 
line for fatigue and will correspond to test 
data better than the line from the endur- 
ance strength in reversed shear to the 
yield point in shear. The design line CD 
is drawn parallel to the line AB , with point 
d being located at Sy^/^^ The mean stress 
is plotted as the abscissa and the var- 




Failure Line 




iable s^ess Sy Is plotted as the ordinate. 
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The variable stress Sy may be calculated using the full value of the Wahl factor, K = K^K^^ or 
the may be reduced if information is avcdlable regarding the sensitivity of the material to this 
stress concentration efifect due to curvature. Some materials are less sensitive than others, 

= Where F„ = ^ - n-nlnl 

The average stress may be calculated using only the static portion of the Wahl factor, J^^, 
which agrees with experimental evidence. 

. = kB£ Where F, = ^<-") ' "('■^"^ 

Referring to the fatigue-stress diagram, line AB is the failure line. Hence we mi^ construct line 

CD parallel to and below line AB to ^low for a reasonable factor of safety based on the yield 
shear strength. An equation may be written for Jine CD. With the origin at G, the coordinates of are 

[(5„ - s^]\ the slope of CD - slope of AB = — ; and intercept CG = AG( ) = 

* GB 



from Which N = 



This may be used as a design equation, since all points on line CD represent a combination of 
variable and mean stress conditions which are safe. The factor of safety may be taken as 1.8i more 
or less, depending upon operating conditions. Values for are not very complete, but based on 
various current sources a value oC seems to be a good ^>proximatlon for oil-tempered car- 

bon steel for wire diameters up to 0.625 in. 

In the second method suggested by Wahl, one condition is that the stress range is calculated using 

the full value of the Wahl factor K. Also, a second condition is that the peak stress calculated using 
only must not exceed the yield strength of the material divided by a suitable factor of safety* 

Tni i . . ^ M . ^ 8Z)[f(max) - f(min)] «rel 
First condition: %(max) - *s(min) * K — — ^ 

where s^i = limiting endurance stress of the material 

/V = a suitable factor of safety. 

Second condition: .(max) = K ^DF(mx) ^ ^ 



ALLOWABLE STRESSES for helical steel springs, for one specific material, as published by the West- 

inghouse Electric Corporation for 8AE6150 oU-tempered hot wound springs 
heat-treated after forming, are tabulated below. 

Wire Diameter, In. Severe Service, psl Average Sendee^ pal Light Service, psi 

up to 0.085 60,000 75,000 93,000 

0.085-0.185 55.000 69,000 85,000 

0.185 - 0.320 48,000 60,000 74,000 

0.320-0.530 42,000 52,000 65,000 

0.530-0.970 36,000 45,000 56,000 

0.970- l.S 32,000 40,000 50,000 

Severe service includes rapid continuous loading where the ratio of minimum to maximum stress 
is one-half or less. Average service is the same as severe except for Intermittent operation. Light 
service includes springs subjected to static loads or to Infreauently varied loads. 
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BELLEVILLE SPRINGS are made up from tapered washers as shown In Fig. 16-9 (a) below. The washers 

may be stacked In series, parallel, or a combination of parallel-series as 
shown in Fig. 16-9(6) below. The load-deflection and stress-deflection formulas for one washer as 
given by Almea and Laszlo (ASME transactions, Hay 1936, Volume 58, No. 4) ate: 



P = 



5 



where 



Ey 



(l-fi=)A/(^/2) 



[(A-r/2)(A-y)( + 



Ey 



[Ci(A -y/2) + Cad 



P = 

y - 

t » 

k = 

E = 

s = 

di = 



M 



Ci = 



Co = 



Mial load, lb 

deflection, in. 

thickness of washer, in. 

free height minus thickness, in. 

modulus of elasticity, psi 
stress at Inside circumference, psi 
outside diameter of washer, in. 
inside diameter of washer, in. 

Poisson's ratio (0.3 for steel) 

6 R/dj - 
7rlogg((t/rf{)L d^/di 



6 







Fig. 18-8 (a) 




Series 



Parallel 



Paiallel-Serlea 



Fig. 
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SOLVED PROBLEMS 



1. Derive the stress, force, and deflection relationships for multi-leaf springs. 
Solution: 

Consider a cantilever beam of constant strength Eind uniform thiclmess t, as shown in Fig. 16-2 (a), to be 
cut into n strips of width b and stacked in a graduated manner as shown in Fig, 16-2(i). 

The bending stress is the same at all sections of the triangular beam. We will assume that this situation 
prevails after the strips are stacked, even though this is not entirely true. 

Me _ FHitn2 6FL 

I 



s = 



The deflection of a beam of constant strength and uniform thickness is 



y = 



_ 6FI? 
Ebn^ 



These equations also apply to the semi-elliptic leaf spring, which may be considered as two cantilevers 

supported at its center as shown in Pig- 16-3. 

The addition of one or more extra full length leaves, 
n^, of constant width and thickness on top of the graduated 

stack is approximately equivalent to having beam e of con- 
stant width loaded in parallel with beam g of constant 
strength, as shown in Fig, 16-10, The deflections of beams 
e and g are 



3 EI 



and 



fniflx)e 



^8 ^ 



F.L' 



where :ind t\ repre.'^ent the uortlans of the total force F 

absorbed by beams e and g. Since the deflections are eaual, 
we may equate v = y or 

^ 5 

F^L^ 



3 



3£/ 



Let and n^, <iqual the number of graduated leaves 
and extra full length leaves respectively. Then /(inax)e ~ 
and - ngbtVu. Substituting these values 




Fig. 18-U 



in the previous equation. 



3r 



F. 
2r 



S 
F = 



2n 



g 



6F^ 



18 FL 



Now 



'8 = 



3n 



e 



12FL 



The deflecstion of the composite spring Is y = 



12 FL- 



Z. Derive the stress, force, and deflection relationship for a helical coil spring for a concentric axial load. 
Solution: 

Refetrine to Pig. lG-5, the F^ component of the axial force F produces a bending stress s, 

s = 16 FD sin Ot (neglecting curvature effects) 

This stress may be neglected for small helix angles OC. The axial force F produces tmslonal stress s^. 
Since T = k FD cos a = ^ f D for small helix angles, 

, ^ TR _ 8FD 

^ ' T ~ ^ 

where F - axial load, lb; D ^ mean diajneter of the coil, in,; d - diameter of the wire, in.; y ^ axial de- 
flection, in.; s^ - shearing stress, psL 
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In addition to the torsional shear stress, there is a transverse shear and an additional stress due to the 
curvature of the coil. In order to include both of these effects, a stress factor K, called the Wahl factor, may 

be used. 

bFD 



where K = 



4C-1 
4C-4 



0.615 



and the spring index C = D/d. 



An equation for the deflection of a helical spring 

may be obtained by equating the work requited to de- 
flect the spring to the torsional energy absorbed by the 
twisted wire. The helical spring having n active coils 
is developed into a straight rod of diameter d and length 

n77D/(cosa). as shown in Fig, 16-11. Cos a m(«r be taken 
as unity since the helix angle is usually small. Then 

Work in = energy absorbed 

iFy = hre - k(lfD)6 or y = hD0 





cos a 



Fig. 16-11 



Since 6 = 



TnTTD l6FD^n 



JG 



where G = torsional modulus of elasticity (psi), 



y = 



d^G dG 

The value of C ror spring steel is approximately 11.5 ^ 10° psi. 



3. A 35 in. long cantilever spring Is composed of 8 graduated leaves and one extra full length leaf. 
The leaves are in. wide. A Inad of 5001b at the end of the spring causes adeflectlon of Sin. 
Determine the thickness of the leaves and the maximum bending stress in the full length leaf as- 
suming first that the extra full length leaf has been pre-stiessed to give the same stress In all the 
leaves, and then determine the stress in the ftill extra length leaf assuming no pre-stress. 

Solution: 

bt^(2ng + 3Bg)£ (1.75)((3)(16 + 3)(3xi0') 

With extra fuU length leaf pre-stresaed, 5 = = 6 (500) (35) _ 34 jqq pgi, 

nbl^ 9(1.75)(0.442)* 

IBF^- (18)(500){35) ^„ , 

With no pre-sttesa» & = — = ^ — - — — - — - = 48,500 psi. 

^ 6(2(2n + Zn ) (1.75)(0.442)2(16+3) 



4. Determine the required number of coils and permissible deflection in a helical spring made of 1/16 
inch diameter steel wire, assuming a spring Index of 6 and an allowable stress of 50,000 psi In 
shear. The spring rate is to be lOlb/in. 

Solution: 

Spring index C = , 6=-^. D = 0.375 in., Wahl factor K = ~ ^ t = 1.25. 

a 1/16 4C — 4 C 

F dG _ (l/16)(ll.SxlO®) 



10 = ^ r- n = 41.6 turns 



y SC\ 8(6^)B 
Find force and deflection: = K , 50,000 = 1.25 . f = 10.2 lb, 

The deflection should be limited to lin. for a spring rate of 10 lb/in. 
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5. Design a coil spring to have a mean diameter of Sin. and a spring rate of 400 lb/in. Tlie total axial 
load is 1900 lb and the allowable shear stress is 40,000 psi. 

Solution: 

Desiffn reqalres that tbe number of turns n and diameter d cttbe wire be determined. 

using With d =-5. KC^=^- iMO0-(5l) (aUowed). 

* 77tf° C 8F 8(1900) 

Try C = 5.5 in ( ^^~ ^ + Mi5 = 207: (1.165 + 0.112)(5.5)=' = 212, close to 207. 

4C — 4 C 

Then d = 5/9.5 = 0.91: use lin. diameter wire. 

I = 400 o iilKl^illO!) , „ . 28.8turna 

7 BDf^n 8(5*)ii 



6. When a coll spring with a spring scale of lOOlb/ln. is compressed liin,, the coils are closed. 

The allowable shear stress is 50,000 psL, the spring index C ^ 8, the ends are squared and ground, 
and C = 12 X 10^ psi. Calculate the reaolred wire diameter d, the required coil diameter D, and the 
closed length of the spring. 



Solution: 



4C-1 . 0.615 .8FC ^ ^ = o.246 in. 



^ ^ — i + = 1.184- Then = 50,000 = 1,184^^^^ 

4C-4 C ^ 7Td^ 7rt* 



D = dC = (0.246)C8) « 1.968 in. 



L = . 100 = (0>246>(12xl0^) ^ ^ ^ , 22 

r 8D^n 8C^rt' 8(8^)11 

Closed length = (n + 2)<f = (7-22 +2)(0. 246) = 2.26 in. 



7. At the bottom of an elevator shaft a group of 8 identical springs are set In parallel to absorb the 
shock of the elevator in case of a failure. The elevator weighs 64001b, Assuming that the eleva< 
tor has a free fall of 4 ft from rest, determine the maximum stress in each spring if each spring is 

made from 1 in, diameter rod. For each spring the spring index is 6 and the number of active turns 
is 15. N^eglect any effects of counterweights in the system and take G- 12xio^psL 

Solution: 



Energy absorbed per spring = 
imum spring force. Then 



(^)(48+y) = iFy, from which y = 



where F is the max- 



dG 



8F(6'')15 ^ 
1(12x10*^ 



76.800 
f-160< 



which gives F = 6840 lb 



Now using K = 



4C - 1 , 0.615 
4C-4 C 



= 1.25. we obtain s = ^ = 1.25 8(6840)6 ^ ^g^^ 



TTd 



500 psi. 



8. The free end of a horizontal, constant strength steel can- 
tilever beam is diiectly over and in contact with avertical 
coil spring as shown In Pig. 16-12. The width of the beam 
at its fixed end is 24 in., its length is 30 in., and its 
thickness is 0.5 in. The coll spring has 10 active coils 
of 0.5 in. diameter wire and has an outside diameter of 
4in. Take G = 12x10** psi. 



30 



ti 



^ L _r 



PIC.l«-lt 
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(a) What force iS gradually applied to the end of the cantileTer beam, is required to cause a de< 

flection of 1,5 in.? 

(6) What is the bending stress in the beam at a section 15 in. from the fixed end? 
(c) How much energy is absorbed by the coil spring? 

Solution: 

Both springs have the same deflection. For the coil sprins. 

1.5= W.5)^a0) . f= 3281b 

Pot the cantilever spring: y - ^ ^ , 1,5 = F'{30f p' ^ 8331b, 

2£/(na«) 2<30xl0O)[(24)(0.5)3/lil 

(a)Q = 328 + 833 = 1161 1b (6) 5 = ^ - ^^2^0"^/!^^ ' 25,000 psi 

(c) Energy absorbed by the coll sprlne = ^Fy = i(328)(l,5) = 2461n-lb 



9. One belled spring is nested inside another; the dimensions aie as tabulated. Both springs have 
the same free length and carry a total maximum load of 5501b* 

Outer Sowing Inner Spring 

No. active coils 6 10 

Wire diameter 0,5 in. 0.25 in. 

Mean coll diameter 3.5 in. 2.23 in. 

Determine: 

(a) the maximum load carried by each spring, (b) the total deflection of each spring, (c) the 
maximum stress In the outer spring. Take G = 12x10^ pal. 

Solntlon: 

Since both springs have the same deflection, 

^ ~ Gdi ~ Gdi • C(0.5)* " G(0.25)* " * " ^'^^^ 

(a) The simultaneous solution ot F. ^ 7.08^ and K + = 550 lb Is - 482 lb. F = 68 lb. 

__ a(482)(3 5)-(6) __ j_32jj ^ 
(12xl0^)(0.5)* 

(c) C = If = 7. K = ^ + Mi5 = 1.213. and s, - = 1.213 ^i^5^> = 41.700psl. 

0.5 28 - 4 7 ^ 7Td° 7r(0.S)^ 



10. The load on an oil-tempeTed carbon steel helical compression spring varies from 150 to 400 lb. 
The mean diameter of the coll is to be 2 inches, and the desired design factor of safety Is 1.3 
based on the variable stresses. Determine the required wire size. Sy^ = 100,000 pst. 

Solution: 



Ffrst method. 



= 1(400 + 150) = 275 1b. = i(400- 150) = 125 1b 



R- ^^m^ r 8(275)(2> 1400 SF D 8(125)(2) ^636 
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The problem is now solved by trial and error. Let us try No. 4-0 W and M wire, d = 0.3938in.; then 

s- = 1.099 „ = 25,200 psi. s„ = 1.306 — = 13,650 psi 

" (0.3938)3 V (O.SSSSy^ 

Use No. 4-0 oil-tempered carbon steel wire. 
Second method. Try No. 4-0 wire. 

= 1.306 -ii^><^ = 27.000 = ^ 



7r(0.3938)^ JV 



from which N = 1.64 (based on endurance). 



= 1.099 imSmi = 36,800 = ^ 



from which N = 2.72 (based on yield). 



Factor of safety Is satisfactwy for No. 4-0 wire. 



SUPPLEMENTARY PROBLEMS 

11. A laminated semi-eUlptic leaf spring under a central load of 30001b is to have an effective length of 36in. 
and is to deflect not mne than 31n. The spring has 10 leaves, two of which are full length, and all leaves 
have the same width and thickness. The maximum stress in the leaves is not to exceed 50,0O0peL Calcu- 
late the width and thickness o£ the leaves. Ans, 6 = 11 in., t = 0.172 in. 

12. A helical compression spring is made from steel wire. It has an allowable shear stress of 130,000psi, with 
a modulus of elasticity in shear of 11.5>cl0^psL The mean dluneter of the spring is Sin., and a load of 
11101b Is vplied. What size wire should be used, assuming the sprii^ is stressed to the maximum? 

Ans, d - 0.5 In. 

13. Calculate the diameter of wire required for a coil spring made to the following specifications: mean diameter 
of the spring = 6in., spring rate = 5001b/in., working load = 18001b, design stress = 40,O00psL 

Ans, Use lln. wire> 

14. What thickness of leaf is required for a cantilever leaf spring designed to the following specifications? 

Load on the spring = 500 1b Design stress in tension = 50.000 psi 

Total number of leaves = 8 Lei^h of spring = 20 In. 

Width of each leaf = 2 In. Number of extra full length leaves = 2 

-4ns, t = 0.274 in. 
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25. A helical spring is set inside another, the outer spring having a hee length of I2 in* greater than the Inner 
spring. The dimensions of each spring are as follows: 



Mean diameter 

Wire diameter 
Inactive turns 

Active turns 

Material 



Onter Spring 

4 in. 

i in. 
2 
20 

SAE 1060 



Inner Spring 

22 in- 
i in. 
2 

15 

SAE 1090 



Determine the combined spring rate of the two springs after sufficient load has been VpUed to deflect the 
outer spring 2^in. Use G = 12xio® psi. AnA. 4731b/in. 

16. A 4in. o,d. steel coil spring having 10 active colls of 0.5 in- 
diameter wire is in contact with a 30 in. long steel cantilever 
spring having six graduated leaves 4inp wide and 0,25 In. thick 

as shown in Fig. 16-13. 

(a) What force F if gradually applied to the top (tf the coil spring 
will cause the cantilever spring to deflect lln.? 

(6) What will be the maximum shear stress in the coil spring? 
Ans. F = 69.51b, = eOOOpsi 




Fig. 16-13 




mm. 



Fig. 16-14 



n. A weight - 2400 lb is supported by a spring (or springs) as shown In 
Pig. 16-H. A cf^rtain natural frequencj' of vibration of the weight is 
desired, and the spring rate necessary for the prescribed frequency is 

found to be 1500 lb/in. 

A junk yard has a group of identical steel springs available with 
the following specifications: 

Mean diameter = 3 in. 
Spring index = 6 
Number of active coils = 8 

Modulus of ela^sticity in shear = 12x 10® psi 
Modulus of elasticity in tension = 30 x 10^ psi 

(a) How many springs should be used and how should the springs be 
arranged to have the spring rate as close to the desired value as 
possible? 

{h) Assuming that each spring may be modified by cutting off as many turns as necessary and retinishing the 
end of each spring, how many active coils must be removed from each spring to give the desired sprii^ 

rate of 1500 lb/in,? 

(c) What is the mEiximum stress in each spring for (a) aiui {b) above? 

Ans. (a) Use 3 or 4 springs in parallel. 

{h) Cut off one active turn of each spring, if 3 sivings are used, 
(c) = 61,000 psi for either case, 

18. Refer to Pig. 16-15, A semi-elliptic leaf spring has an effective 
length of 60 In. The spring seat, midw^ between the shackles, 
carries a helical spring upon which is imposed an intact equivalent 
to 1500ft-lb of energy. The laminated spring is composed of 10 
graduated leaves and two extra full length leaves, each iin. thick 
and 2ln. wide. The coil spring is composed of 6 effective turns 
of 5/81n. wire. The mean coil diameter is 4in. Calculate the 
maximum stress induced in each sT»ing. 

An&. = 107,000psi In coil spring 
s - 125,000psi in leaf spring 




Fig. 16-15 
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19. A spilEg-loaded flyball governor wUh dimensions as shown In Fig* below requires a spring force of 

421b to pennit the proper speed with the balls at a Sin. radius. Assume the limiting position to be that as 
shown in Fig. 16-16(&) below with the baUs at a 7in. radius. For proper speed regulation the spring force 

must be 1291b in that position. 

(a) Determine the required spring rate. 

(b) For maximum shear stress of SO.OOOpsi and spring index of 8, determine the required wire and mean coll 
diameters* 

(c) Using a shear modulus G = 11,6x10'' psi, determine the number of active turns required, 

(d) Allowing one ineffective turn at each end, determine the free length needed so that the spring will be 

closed in position as shown in Fig, 16-16(6), 

(e) What is the spring length in position as shown in Fig. 1G-I6(a)? 

Ans. (a) 50 lb/in. (d) free length = 6.63 in. 

ib) d = 0.26 In., Z> = 2 in. (e) length = 5.79 in. 

(c) ff = 14.2 aotive turns ^ 
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20, A carbon steel coll spring has a mean diameter of 1,5 In, and is famed of i in. bar. It has a spring Index of 
3 and is subjected to a continuously alternating load between a maximum ot 18001b and a minimum of 13001b. 
Jt the torsional yield point of the material is llO.OOOpsi and the endurance limit due to released loading is 
44,000 psl, determine the factor of safety under which the spring Is operating ttom both the standpoint ot 
endurance and yield. 

Am, N - 1.82 baaed upon endurancCp N = 1.58 based upon yield 

A compression spring will be used in a service where the maximum value of the varying load is three times 
the minimum value. The spring specified below is available in stock and a check of capacity under these 
load conditions must be made to determine whether it Is suitable. The spring specifications are: 

Material is oil-tempered carbon steel, ^ = 100,000 psL 

Mean coil diameter = 2 in. 

Wire size = No. 4-0 = 0.394 In. diameter. 

Active coils = 11; Inactive colls = 2 (one on each end). 

Free length of spring = 7 in. 

For a design &ctor of 1.3 based on the varteble stresses, viiat Is the value of the peak load to be permitted? 

(Apply the full value of the Wahl factor to the variable stress; but only the portion of the Wahl tsctac that 
corrects for transverse shear is to be applied to the mean stress.) 
.4ns. F(max) ^ 406 lb 



Chapter 17 



Gear Forces 



THE COMPOBIENTS OF GEAR FORCES are usually determined rather than the resultant gear force, 

although the latter can be found by the vector sum of the com- 
ponents. The components are used in calculating bearing reactionSp shaft size, etc. 

FRICnON LOS^S in spur, helical, and bevel gears are usually so small that these gears are con- 
sidered as operating at 100% efficiency. There are situations where the friction 
in spur gearing, even though low, must be taken into account, as in the case of circulating power in 
planetary gearing « 

Worm and worm gears, however, are usually not as efficient as spur, bevel, and helical gears; 
hence friction is usually taken into account in determining the force components on worm and worm 
gears. 

SPUR GEAR force components are (see Fig. 17-1 below) 

(1) Tangential force ^ where ilf^ - gear torque and r = pitch radius of the gear, 

(2) Separating or radial force = ^ ^^^i ^ where ^ is the pressure angle. 

Note that the radial force is always directed towards the center of the gear. 




Fig. 17-1 Fig. 17-8 



HELICAL GEAR force components are expressed in two different ways depending upon how the pres- 
sure angle is defined. There are two standards: (1) the pressure angle ^ is meas- 
ured in the plane perpendicular to the axis of the gear and (2) the pressure angle ^^is measured in a 
plane normal to a tooth. See Fig. 17-2 above and Fig. 17-3 below. 
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(1) If the pressure angle Is meaBured in a plane perpendicular to the axis of the gear, the compo- 
nents are (see Fig, 17-2 above): 

a. Tangential force ^ - U^/r 

b. Separating force ^=F^tan^ 

c. Thrust force ^ = tan o! 
where r = gear pitch radius, 

4> = pressure angle measured In a plane perpendicular to the axis of the gear, 

a = helix angle measured ftom the axis of the gear. 



(2) If the pressure angle is measured in a 
plane perpendicular to a tooth, the com- 
ponents are (see Pig. 17-3): 

a. Tangential force M^/r 

fj tan 0^ 



b. Separating force = 



cos oc 



c. Thrust force '-^^ ^ 



where 



a = 



pressure angle measured 
in a plane perpendicular 

to a tooth, 

helix angle measured from 
the axis of the gear. 




E. tan <f>„ 

F = 



Helical Gear 

in A pUne pcrpcodicttlu 

(0 ■ [OOlh 

Fig, 17-3 




The direction of the thrust force depends on the direction of rotation and the hand of the gear 
teeth. Pour possibilities of combinations of right and left hand helical gears with different combina- 
tions of rotation are shown in Fig, 17-4 below, with the direction of thrust. Reversing the direction of 
rotation of the driver will reverse the direction of thrust from that shown. 



Driver Driven Driver Driven 




Driven Driver Driven Driver 

Fig. 17-4 
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STRAIGHT TOOTH BEVEL GEAR force components, shown in Fig. 17-5 (a) below, are : 

(1) Tangential force = M^r. 

This force is considered acting at the mean pitch radius r. 

(2) Separating force F^= tan ^ 

where cf) is the pressure angle. The separating force can be resolved into two components; 
the force component along the shafc axis of the pinion is called the pinion thrust force Fp, 
and the force component along the shaft axis of the gear is called the gear thrust force . 




The three mutually perpendicular components, shown in Fig. 17-5(6) below, are: 

a. The tangential force F^ = M^/r acting at the mean pinion pitch radius r, 
where is the pinion torque. 

b. The pinion thrust force Fp= F^ tan«^ sin (3, 
where fi is the pitch cone angle of the pinion. 

c. The gear thrust force Fa = tan <f> cos jS- 




Fig. 17-5 (6) 
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SPIRAL BEVEL GEAR force components are more involved than those for a straight tooth bevel gear. 

The tangential force at the mean pitch radius r is = W^/r, where is the torque. 

The pinion thrust force Fp and the gear thrust force Fg can be expressed in different ways, de- 
pending on how the pressure angle Is measured. Pinion and gear thrust fbrces, with the pressure an^e 
measured in the plane normal to the tooth are shown in Pig. 17-6{a to d) for different hand of spi- 
rals (that iSi left hand and rigbt hand) and for dlKerent directions of rotation. The symbols are; 

= pinion thiust force 
Fg = gear thrust force 

Ft = tangential force causing the torque at the mean radius r 

^ tooth pressure angle measured in the plane normal to a tooth 
j8 = pinion pitch cone angle 
7 = pinion spiral angle. 



Case I 

Pinion (Right Hand Spiral) 



Gear (Left Hand Spiral) 



Driver 



Pinion 



Rotation 
(CV looking to righO 



1 



Driven 




^/tan^^slnfl 

^/tan«^_cosJS \ 



Fig. 17-8 (a) 



Case n Qear (Left Hand Spiral) 

Pinion (Right Hand Spiral) 




17-6(6) 
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Case in 

Pinion (Left Hand Spiral) 



Driver 



Pinion 



Rotation 
(CW looking to n^t) 



Gear (Right Hand Spiral) 



Driven 




(tan^^sinjS 

/ tan^y^cosj3 



Fig- n-6(c) 



Case IV 

Pini<n (Left Hand Spiral) 



Pinion 



Rotation 
(CCW looking to ri 



Gear (Right Hand Spiral) 



Drivra 





Rotation 




(tan<^„sinfi \ 

(tanti-coafl -\ 
coay ^ ^tenysinff) 



The spiral angle is measured as shown in 
Pig. 17-7. 

If the forces are found to be positive, they 
are directed as shown in the figure; if negative, 
they are opposite In direction to that shown. 

If the pressure angle ^ is measured in a 

plane normal to a pitch cone element, the e- 
auations given with the figure are changed by 
substituting 

tan (A„ 
tan A = ^ 

^ cos 7 




Fig. 17-7 
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WOnu GEAMNG. The three mutually peipendlcolfir components of the resultant force acting between a 

worm and worm gear are: 

(^) %w)nn) = Wr^ where F^^^,^) = tangential force on the worm 

Uf. = torque on the worm 
= pitch radius of the worm. 



(2) Pi 



= K 



where Ft^^i, = 

/ - 
a = 



( 



) 



1 — / tan a/cos 
tan a + //cos ^ 

tangential force on the worm gear 

coefficient of friction 

lead angle of the worm (which is the same as the helix angle of the worm 
gear). The lead angle of the worm Is found ftom tanoc = lead/(7rZ)^), where 

the lead Is the number of threads times the linear pitch of the worm and 
is the pitch diameter of the worm. Note that the linear pitch of the worm is 
equal to the circular pitch of the worm gear. 

normal pressure angle measured In a plane perpendicular to a tooth (usually 
for a single or double thread and 20^ for a triple or quadruple thread). 



(3) K = hi^.^) ( 



sin^ 



((worm) 



( 



COS 0^ COS a — / sina ' ^ cos^^ sinot + { cos 

where is the separating force. 

Fig. 17-8 below, shows the forces for different directions of rotation and hand of worm threads. 

The pressure angle <f> measured in the plane containing the axis of the worm is related to the 
pressure angle ^ measured in a plane normal to a worm thread by tan ^f/cos a. 



Case I 

Driver: Worm (Right Hand) 



Case tl 

Driver: Worm (Right Hand) 





Worm a«tt 



Fig. 17-8 (o) 

Case m 

Driver: Worm (Left HbwI) 



Fig. 17*8 (ft) 

Case IV 

Driver: Worm fl-ert Hand) 





VormOear 



FU- 17-8 (t) 



Fie. 17-8 (rf) 
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THE FORCES IN PLANETARY GEAR TRAINS ue obtained b7 the application of the basic equations 

of mechanics. These are illustrated In solved problems. 

A problem encountered in planetary gearing with branch control circuits is the circulating power, 
which might be less or greater than the power input. The design of such a system can be simplified 
by the application of appropriate equations* Fig. 17-9 below, shows an arbitrary planetary gear sys- 
tem with a branch control circuit. 

The circulating power ratio is given by 



7 = 



l-r 



where r = (o^/oh^ R = oh/a)^; and 

oh> life t**3 respectively the angular velocities of elements 1, 

2 and 3 as defined below. 



Element 1 



ElanontS 



Element 3 



Pi = 5 hp 




Fig. 17-9 



Isolate the three basic elements of the planetary gear part, as shown in Fig. 17-10. 

Element 3 Is defined as that rotating element projecting from the differential directly to outside 
the system (gear C in the illustrative example) which has no connection with the control circuit. In 
some cases element 3 will be the arm; in other cases it may be one of the two gears which project 

from the differential. 

Element 1 will always be that element, projecting from the differential to outside the system, that 
is connected to rotating elwient 2 by means of the branch control circuit. 

Element 2 will always be that member which trans- 
mits power to oi from the differential fiom or to the 
branch control circuit, but does not transmit power 
directly to or from the outside of the system. Thus, 
gear C is element 3, gear B is element 2, and the arm 
is element 1 for the example chosen. 

The circulating power. , Is 



ElMent 2 



where y is defined above, and Pq is the power through 

element 3- 

The circulating power is the power in the branch 
control circuit, element 2. 




Owe 



Fig. 17-10 
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SOLVED PROBLEMS 



}, A spur pinion 4 in. in diameter has atoraue 

of 2000in-lb applied to it. The spur gear 
in mesh with it is 10 in, in diameter. The 
pressure angle is 20^. Determine the tan- 
gential force Ft and the separating force 
F^, and show in position. 

Solution; 

Ft = Mt^ = 2000/2= 10001b 

= tan0= 1000 tan20'' = 364 lb 

The forces are shown in Fig. 17-11. Note 
that the tangential force on the pinion causes 

a toTQue to balance the applied torque, and 
the pinion separating force Is directed towards 
the center of the pinion. 



= 2000 In-lb 




Flff- 17-11 



2. Referring to Fig.17-12* spur gear A receives 

4 hp at 600 rpm through its shaft and rotates 
clockwise. Gear B Is an idler and gear C is 
the driven gear. The teeth are 20"^ full depth. 
(The pitch circles are shown in the sketch^ 
Determine (1) the torque each shaft must 
transmit, (2) the tooth load Iqt which each 
gear must be designed, (3) the force applied 
to the idler shaft as a result of the gear 
tooth loads. 

Solution: 

(a) Gear diameters: = 35/4 = 8| in. 

i3g=65/4= letin. 
Dg= 4S/4= lliln. 

(b) Torque on shaft of gear A 

= {hp)(63.024)/W = 4(63,024>/600 

= 420 in-lb. 

Torque on shaft of gear B = 0. 

Torque on shaft of gear C 

= 4(63. 024)7600(35/45) = 540 In-lb. 
where gear C rotates at 600(35/45) rpm. 



(c) Tangential force on gear A 

= 4^=^ = 96 lb. 

Separating force on gear A 

= Ft tan ^ = 96 tan 20^ = 35 lb. 

(d) The same tangential fbrce and separating 

force occur between gears A and B and be- 
tween gears B and C, In the direction shown. 

(«) like tooth load for which each gear must be 
designed is 961b. 

(/■) The force applied to the Idler shaft of gear 
B is the vector sum of the forces applied to 
gear B by gears A and C: 

Fq = V(96 + 35)^ + (96 + 35)* = 1851b. 



A Dlanatiil Pltcta 




^ -9eib 



lb 



^35lb 



F^ -9eu» 
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3. A helical gear 9.00 in. in diameter has ^plied to it through its shaft 
a torque of 1800 in-lb. There are 45 teeth on the gear. The pressure 
angle, measured in a plane perpendicular to the axis of the gear. Is 
20^. The helix angle is 30°. Determine (a) the tangential force com- 
ponent F^, (6) the separating force component Ff, (c) the axial thrust 
force component . The helical gear has left hand teeth, and meshes 
with a right handed gear whose axis is directly above the axis of the 
left hand gear. Refer to Plg.l7-13, 

Solution: 

(a) = Mj^/r = 1800/4.5 = 400 lb 

(b) F^ = F^t^<^ ^ 400 tan 20° = 146 lb 

(c) fjtana = 400 tan 30** =231 lb 
The directions are as shown In Fls.lT-13. 



1^ = 146 



^ = 146 lb 

4001b 




tft-iaooiihib 



FU. 17-13 



4. Repeat Prohlem 3* except that the pressure angle, measured in a 
plane perpendicular to the tooth, is 20^. Refer to Fig,17-14. 



^ n 231 lb 



1681b 
4001b 



Solntli 



(a) Fj = Wj/r = 1800/4,5 = 400 lb 

(b) f; 

(<!) = Fiid^a ^ 400 tan 30" = 231 lb 



Ft^^<f>n 

cos ct 



400 tan 20 

cos 30*^ 



= 168 lb 



5. In Fig, 17-15 a pair of straight tooth bevel gears has a 
velocity ratio of 4/3, The pitch diameter of the pin- 
ion is Gin. The face width is l^n. The pinion ro- 
tates at 240 rpm. The teeth are 5 diametral pitch, 14 
Involute, If 8 hp is transmitted, determine (2) the tan- 
gential force F^ at the mean radius. (2) the pinion thrust 
force Fp , (3) the gear thrust force ^ . 

Solution: 

(a) Diameter of the gear = 6(4/3) = 6 in. 

(b) Slant height of the pitch cone 

= V^T^ = V3^+4= = 5in, 

(c) Mean radius of the pinion, 

^Rp-kh sin^ = 3-|(3/2)(3/5) = 2.55 in. 

{d) Pinion torque 

= (bp>(63,024)/Ar = 8(63,024)/240 = 2100 In-lb. 

(fl) Tangential force at the mean radius, 

= Afj/r^ = 2100/2,55 = 825 lb. 

(/) Pinion thrust force Fp 

= tan^sin^* 82S(tan 14i^)(3/5) = 129 lb. 

(g) Gear thrust force F^ 

- F^ tan 0 cos /3 

= 825(tan 145°>(4/5> = 171 lb. 

The forces are shown in the free body diagrams. 




Vt-UDOIn-U 




Fig, 17-14 





= 825 lb 




= niib 



Fig. 17*15 
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6, A pair of spiral tooth bevel gears has a 4/3 velocity ratio, 
The pitch diameter of the pinion is 6 in. The face width 
is Iz in. The pinion rotates at 240 rpm. The teeth are 
5 diametral pitch with a pressure angle <f> of 14i^ meas- 
ured in a plane normal to a tooth. Eight horsepower is 
transmitted from the pinion to the gear. The pinion has 

a right hand spiral and the rotation is clockwise (looking 
towards the apex of the pitch cone). The spiral angle 

is y = 30^. This corresponds to Case I for spiral bevel 
gear forces. Determine (J) the tangential force at 

the mean radius, (2) the pinion thrust load F. , (5) the 

gear thrust load . 

Refer to Fig. 17-16. 
Solution: 

{a) The values found In Problem 5 that are applicable to this 
problem are: diameter of gear 8 in, ; slant height of pitch 
cone = 5in.; mean radius of pinion = 2.551n,; pinion torque 
= 2100in-lb; tuigential force at the mean radius =825 lb; 
sin/3=3/5, 005/3=^4/5. 

/tan d>„ sin 6 \ 
(6) Pinion thrust force Fp= F^\^ ^ - tan 7 cos /3 j 



(tanl4f'')(3/5) 

cos SO'^ 



= 825 



- (tan 30°)(4/5)J = -2341b. 




xkm driver) 



Pi 



E.a. TeMh 



^8251b 




483 lb 



fl 




5 S |^^4831b 



M^^ 3U0lQ-lb 



Fif . 17-16 



(c) Gear thrust force R = R ^ + tan y sin fl) = 825 f^^^^^^^^^^^^ + (tan 3(f )(3/5)l = 

e " \ cos 7 / L cos 30 J 



+483 lb, 



The force components are shown In the conect directions in the free body diagrams of Pig.l7-16< 



7< A worm transmitting 9 hp at 1200 rpm drives a worm gear rotating at 60rpm. The pitch diameter of 
the worm is 2.68 in. and the worm is triple threaded. The circular pitch of the worm gear is I in. 
(which Is the same as the axial pitch of the worm). The worm gear has 60 teeth which are 20"" stub. 
The coefficient of friction / is 0.10. The worm is right handed and rotates as shown in Pig. 17-17 
below, (Note that the figure corresponds to Case I under Worm Gearing, Also note that the power 
output is not equal to the power input because ol friction.) Calculate (i) the tangential force 
'^tCwonid (2) the tangential force F^.^ on the gear, (3> the separating force J^. 




SoluUon: Pig. 17-17 

(a) Torque on the worm, Mt= (hp)(63,024)//V = 9(63,024)/1200 = 472 in-lb. 
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(6) I'tlwoxm) ' ^t^'' ' *72/(2.68/2) = 352 lb 

u\ F - F 1 - /tana/cos.^ _ / I - 0.1(0.268)/CQS20° \ 

where tanO = lead/(7ri)„) = (3)(2)/(2.687r) = 0.268 (« = 15°). 

= ^«^ao(co8^cMat!./8ina) = ^'^°(co820%os\'^''^- 0.1 slnl^) " 

(e) Anothei method of calculating the tangential force on the gear is to employ the efficiency eciuation for 
worm gearing to find the output hoisepower- The efficiency e for worm gearing is 

'Vcos^^tana +/; V coB2(f tan 1^ + 0,1/ 

Gear torque = (output hp)(63.024)/^ = (9 x 0,698)(63,024)/60 = 6600 in-lb 
'^tUcar) = ^t/'' = 6600/(14.34/2) = 920 lb. as in (c). 



8. A differential planetary gear system is 
Shown In Fig. 17-18. Gear B rotates at a 
constant speed, while the speed of gear 
H is varied to permit variations In speed 
of gear L However, for this problem^ con- 
sider that all gears rotate at a constant 

speed. Neglect friction. 

Power is applied to gear B and either 
applied to or taken from gears H and L 

Determine how much power must be ap- 
plied to or taken from gear H if 3 horse- 
power is supplied to gear B at 1800 rpm 

of gear B, the direction of rotation of gear 
B being clockwise as viewed from the 

right. Gear H is rotating at 700 rpm coun- 
terclockwise as viewed from the right. 
Determine also the power supplied to oi 
taken from gear I and the angular velocity 

of gear L 



All gears have a pressure angle of 
The diameter of each gear is as 

follows; 

gear A: 4,0 " 
gear B: 5.0" 
gear C: 7,o" 
gear D: 9'\mean dia.) 
gear E: 6.0"(mean dia.) 
gear P: 6.0'Vmean dia,} 
gear G: 10-0'"(mean dia.) 
gear H: 12.0" 
gear!: 3.0" 

Solution: 




P 



1800 rpm 



Power Id 




23.31b 




351b 



no.Blb 




H 



33.3 



Pomtln 




700 rpn 



3 lb 



33.3 lb 



351^ 



1800 rpm 



1 
Powar 



(a) The forces shown in the free 1 
axis of the conesponding gear 



Fig. 17-18 

17 diagrams are the tangential forces causing toraue about the centerline 
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Torque on gear B = torque on gear P: = (hP)(63.024) ^ 3C6|C|4) ^ ^^gj^.^^ 

Force exerted on gear P by gear E = Mi/t = 105/3 = 35 lb, 

(b) The mDment about the axis of gears D and E must be zero for constant speed: 

^GD^D = ^FS^E' ^GDC^-^) ^ ^5(3). F^^ = 23.3 1b 

where Fqj) = tangential force exerted by gear G on D, Rj) = radius of gear D 
Ffg - tangential toice exerted by gear F on E, Rg = radius of gear E. 

(c) consider gears C and G: FqqRq = FscKq. 23-3(5) = /sc(3.5), F^^; - 33.3 lb. 

The direction of rotation is opposite the direction of the torque exerted on gear H; hence power must 

be supplied to the shaft of gear H as shown. 

Power supplied to gear H ^ /l/j/V/63,024 ^ (33.3 >= 6)(700)/63, 024 = 2.22 hp. 

Since power is supplied to gear B and also supplied to gear H, the power that must be taken out 
through gear I is (3'*'2.22) = 5.22 hp. 

{d') Since power is taken out through gear I, the dlrectim of rotation must correspcHid to the direction of torque 
on gear L The torque is counterclockwise, looking tvm right to left; hence the rotation is counterclock- 
wise looking from right to left. 

Speed of gearl is /Vj = (hp)(63,024)/Wt = (5.22)(63,024)/(ll0.8xl.5) = 1980 rpm. 



9. Refer to Pig, 17-9 and Pig. 17-10. Gear N rotates at 1200 rpm clockwise looking from right to left. 
Five horsepower is transmitted through the unit. Find the horsepower for which gears K, E and D 
must be designed, assuming no power loss in friction. 

Solution: 

A solution can be obtained by a conventional force analysis, but this problem will be solved using 
the circulating power factor as discussed with planetary gearing forces. 

(o) A velocity analysis is made first: Gear K rotates at 1200(8/4) = 2400 rpm counterclockwise, and gear E 
also makes 2400 rpm counterclockwise; gear D rotates at 2400(8/4) = 4800 rpm clockwise, and gearB 
also makes 4800 rpm clockwise. 



(&) In the differential unit, the angular velocities can be obtained quickly by: 

Angolar VelocUy Calculatfons (rpm) 





Element 1, arm A 


Element 2, gear B 


Elenent 3, geu C 


Angular velocity of arm 


4- 1200 


+ 1200 


+ 1200 


Ang, vel. relative to aim 


0 


+ 3600 


- 3600{8/l6)(3/6) 


Angular velocity 


+ 1200 


+ 4800 


+ 300 



Thus gear C rotates at 300 ipm in the same direction as the arm. 



(c) As defined, gear C is element3 (0)3 = -1-300 rpm); gear B is element2 = +4800 rpm); the aim Is ele- 
ment i (6*1 = + 1200 rpm). Then 

' +1200 0)3 - +300 ana 7 > - +4 

where a + sign means that power is flowing from the differential unit through botti elemrats 2 and 3. 
(rf) Power through element 2, the circulating hp, is P^;, = yPg = +4(5) = 20 hp. 

(«) Thus gears K, D and E must he designed for 20 hp. Note that even thoufiSi the power la larger than the 
input and output power, it cannot be tapped to give perpetual motion. 
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SUPPLEMENTARY PROBLEMS 

10. A spur pinion of 3 in, pitch diameter drives a 9 la. gear. The pinion shaft has 600 in-lb of tori^ue applied, 
and the pressure angle is 20^ Determine the tangential force, the separating or radial force, and the geartorque. 
Ans. Ft =400 lb, 146 lb, Af^^^^j = 1800 in-lb 

IL The helical gear train shown in Fig. 17-19 below transmits 10 hp from gear C to gear A at 900 rpm of gear C. 
The overall velocitjr ratio is 2. Calculate the total radial load on the shaft of gear and the total thrust 
load in the shaft of gear B. What are the tangential and separating forces between A and B and between B andC? 
Ans. Total radial load on shaft of gear B = 127 lb. 
Resultant thrust force = 0, 

Tangential force between A and B is the same as between B and C: 140 lb. 
Sepuating force between A and B Is the same as between B and C: 51 lb. 

12. An 18 pitch helical pinion with 20^ stub teeth, helix angle of 23^, pitch diameter of 3 in., and face width of 

Ij in, transmits 20 hp at 10.000 rpm. If the pressure angle is measured in the plane of rotatLon* determine 
the tangential force, the separating fcvce component, and the axial or thnist force. 
Ans. 84 lb, 30.6 lb, 35.6 lb 

13. Refer to Fig,lT-20 below. Qear A receives 6 hp at 500 rpm through its shaft and rotcdes ccimterclockwise. 
Gear B Is an idler and gear C is the driven gear. The teeth are 20^ full depth form- (o) What is the torque 

on the shaft uf each goar? (b] What is the tangential force for which each geu must be designed? (c) What 

force is applied to the Idler shaft as a result of the gear tooth loads? 

Ans. (a) /If^^ = 756 in4b, M^^ = 0, itf^fi = 864 in-lb (6) 173 lb (same for each gear) (c) 1561b 




Fig. 17-19 Fli,17-2fl 



14. A 20 full depth straight tooth bevel gear has a pitch of 3. a face width of 3^ in,, a pitch diameter of 
12.0 in., and a cone pitch angle of 37^^. If the torque on the gear Is 6500 in-lb, what is the axial compo- 
nent, or thnist component, of the tooth force? What is the mean diameter of the gear? What la the tangential 

force at the mean radius? 

Ans. 297 1b, 4.86 in., 1340 1b 

15. A 30 tooth bevel gear meshes with a 60 tooth bevel gear with straight teeth. The angle between shafts is 
90^. The torque csi the pinion is 400 in-lb and the mem radius of the pinion is 2 in. The pressure angle is 
20^ Determine the pillion thrust fbrce. Ans> 32.61b 

16. A pair of straight tooth bevel gears connects a pair of shafts at 90'^. The velocity ratio Is 3 to 1. What is 
the cone pitch angle of each gear? 

Ans. 18.4° for pinion, 71.6° for gear. 
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17- A spiral bevel pinion with a left hand spiral rotates clockwise (looking toward the apex of the pitch cone) 
and transmits 4 hp at 1200 rpm to a mating gear (Case ni of spiral bevel gear forces). The mean diameter of 
the pinion is 3.00 in. The pressure angle ^„ measured in the plane perpendicular to a tooth is 20°, the 
spiral angle is 20^^. and the velocity ratio is 2 to 1 , Determine (a) the pitch angle of the pinion, (6) the tan* 
gential force at the mean radius, (c) the pinion thrust force Fp , (d) the gear thrust force Fg. 
Ans, (a) j3 - 26.55^ (e) Fp = +70 lb (directed as shown In nsure of Case III) 
(b) = 140 lb (d) Fg = +25.8 lb (directed as shown in figure of Case m) 

18. A worm rotating at 1150 rpm drives a worm gear. The velocity ratio is 15 to 1. The worm is double threaded 

and has a pitch diameter of 3.000 in- The circular pitch of the worm gear is 1-^ in. (The axial pitch of the 
worm is also ij in. with the lead being 2i in,, since ttie worm is double threaded.) The worm has left hand 
threads, as shown in Case in of worm gear forces, and rotates clockwise as indicated. The normal pressure 
angle is 14i°. and the coefficient of friction is 0.2. If 10 hp is supplied to the worm, determine (a) the tan- 
gential force on the worm. (6) the tangential force on the gear, (c) the separating force, {d) the efficiency, 
(The directions are as shown in Case mo Ans. (a) 365 lb, (6) 778 lb, (c) 218 lb, (d) 50.8% 



19. Referring to Pig. 17-21. find the torque 
on each of the two output shafts for an 
Input torque of 1600 in-lb applied to 
gear G. The gears rotate at a constant 



speed. Diameter of gear B = of 
gearC = 6"> Mean diameter of gear D= 
12". of gear E=6" of gear P-3" of 

gear G = 6". 

Ans. Torque on gear B = 2130 In-lb. 
Torque on gear arm A = 3200 In-lb, 



20. The induction motor of Fig. 17-22 below, 
supplies 20 hp at 1800 rpm and drives 

shaft E throuj;h a iJlaneUiry [^car sys- 
tem, with the Internal gear F held sta- 
tionary. There are two planet gears D. 
Determine the tangential force on gear 
C and the velocity of engagement of 
the geu teeth between gears C and D. 
The velocity of engagement is the ve* 
locity of the pitch line of the gears 
relative to the arm; this is the velocity 
with which the teeth mesh. Assume the 
planet gears D share the load equally. 
Ans. 701b, 2900ft/min 



Output 




:6on iit-ih 

Input 




Fig. 17-21 



Flniblc Coupling 




rig. 17-22 
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21. The gear train of Pig.17-23 transmits 50 hp. 

Gear E is held stationary. The input shaft A 
rotates at 1000 rpm. The pitch of each gear 

is 6. The arm carrying gears B, D. and P 
has diameter 2 in. The gears are spaced 3 in. 
apart and are 20*^ full depth. Consider the 
loads concentrated at the centers of the 
gears and neglect stress concentration. Cal- 
culate the torque applied to gear E and 
the maximum shear stress in the arm whose 
axis is the axis of gears D, and F. 

Ans. ISJ&Oin-lb; 30,500 p5i(maximani bend- 
ing moment = 48,000 in-lb) 

Z2. The input shaft of the gear train shown in 
Fig.17-24 below drives gear 2 at 10 rinn 
with an input torque of 900 in-lb. Gears 4 
and & are Integral. All gears have 20^ In- 
volute form teeth. Determine the reactions 
at bearings G and H. Power is taken from 
the output shaft through a flexible coupling. 
Ans. «g=701b, «j = 30lb 




Fig. n-23 



Geu 


No. of Teeth 


1 


120 


2 


60 


3 




4 


30 


5 


50 


6 


40 



lapot 



Fig. n*24 




Output 



^ ^ 10 for 4U gevB 

All beftrbifB ar« 
UenUntd br lettets^ 



23. Refer to Fig.17-25. A radial engine uses an epicrclic gear 

train of the form shown in Fig. 17-1 to convert the recipro- 
cating motion of the pistons to the rotation of the crankshaft 
which is collinearwith the stationary axis X-X. Gears E and 
E have 144 and 72 teeth respectively, and the diametral pitch 
of all gears Is 6, (a) JI the angular velocity of each of the 
gears B and E is zero, how many teeth are on gears C and D ? 
(h) Assuming the engine delivers 2125 hp when the cianb- 
shaft is rotating at 400 rpm, determine, by drawing a free 
body diagram for each element of the train, the tangential 
force acting at each mesh and the required tangential con- 
necting rod force at G. (c) Determine the required crank 
pin force at G f part (b) by some method other than a 
force analysis as made in part (6) above, 
Ans. (a) Teeth on C = 48, on D = 24. 




Fig. 17-25 



(b) Force between gears E and D = 63,000lb; force between C and B = 31,5001b; force on G = 42,000lb< 
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24< In Fig.17-26 below, power is applied to shaft T and either taken off or applied to shafts II and HI, If 600 



in-lb of torque is applied to shaft I, what toraue must be applied to shaft n and shaft m if each gear rotates 

at a constant velocity and if friction is neglected. 

Ans, Torque on shaft II = 263 in-lb; on shaft in - 820 in-lb. 




Pig, 11-26 Fig. 17-27 



25. Refer to Fig, 17-27 above. The drum of a concrete mixer has 5 hp supplied to it and the drum rotates at 200 
rpm. The drum has fastened Integiall; to it two pins on which are located gears F. Qears C and E are in- 
tegral. Gear B has 18 teeth, gear C has 75 teeth, gear E has 35 teeth, and the Intanal gear of A has 65 
teeth. The diametral pitch of each gear is 5. Determine the tangential force between gears B and C and 
between gears E and F. Neglect friction and assume each planet gear takes its proportional part of the load. 
Ans, Fnce between B and C = 73.7 Ib» between E and P = 70 lb. 



26. Referring to Fig.17-28, determine the horsepower 
transmitted through gear C and through gear B. 
Assume no power loss in friction. 

Ans, Power through gear C - 50 hp, through gear B 
= 40 hp. (Power flows from gear C to gear D 
and ftom gear B to gear A.) 

27. In Fig. 17-29. power is transmitted from shaft A to 
shaft B through the differential shown. Assuming 
no power loss due to Mction* determine (a) tfietan- 
gential force between gears 2 and 3, (b) the tan- 
gential force between gears 2 and 4, (c) the torque 
in the shaft between gears 3 and 5* (d) the torque 
in C between gears 4 and 7. (e) the power in the 
shaft between geais 3 and 5, (/) the power in C 
between gears 4 and 7. 

Power in shaft A: 6 hp 
Speed of simSt A: 600 rpm 
Dia. of gear 2: 2" 
Dia. of gear 3: 6^^ 
Dia. of gear 4: lo" 
Dia, of gear 5: 75 
Dia. of gear 6: 2" 

Dia. of gear 7: lli" 
Ans. (a) 7875 lb 
(fc) 7245 lb 

(c) 23,625 iihlb 

(d) 36,225 iit-lb 

(fi> 75 hi? 

(/)69hp 

(Note the presence of circulating power.) 




(G«AT 4 and 7 are Internal gears) 
F jg. 17-29 



GEAR FORCES 



221 



26. Repeat Problem 27» except that the gear diameters are as follows: 

Dia. of gear 2: 2^^ Dia- of gear 5: 6" Ans, (a) 7250 lb (d) 45,300 in-lb 

Dia. ctf gear 3: ik " Dia. of gear 6: 2" (6) 7880 lb («) 69 hp 

Dia. of gear 4: lis" Dia, of gear 7: lo" (c) 27.1901n-lb (f) 75 hp 

Z9. The data and figure for this problem are the same as for Problem 27- In designing a gear for strength, one 

must know the tangential force acting on the gear and the proper velocity at the pitch point. When a gear 
rotates about its axis (as gear 2 or 3), the velocity is obtained by V = ro, where r is the pitch radius and 
0) Is the angular velocity; when a gear Is part of the planetary system (as gears 5, 6» and 7), the velocity to 
be used in the Lewis strength equation and Buckingham dynamic load equation is the velocity of the gear at 
the pitch point relative to the arm- This velocity relative to the arm can be obtained hy V = ra)^a' where r 
is the pitch radius and a}ga is the angular velocity of the gear with respect to the arm. Determine the fbrce 
and velocity to be used in designing the following gears for strength; gear 3p gear 4, gear 5, gear 6, gear 7. 
Ans. Gear 3: 78751b, SUfpm. Gear 4: 72451b, 314 flpm. 
Each of gears 5, 6 and 7: 63001b, 304ft>m. 

30, Refer to FigJ7-30 below. The pitch diameter of helical gear A is 8,00in. The pressure angle measured In 
a plane normal to the tooth Is 20^, and the helix angle is 30°. The teeth on geu A are left hand. The torque 
on the output shaft is 1600in-lh. (a) Calculate the tangential, thrust, and separating forces on gear A. 

ib) What is the bending moment at section B-B? 

Ans, (a) 4001b, 2311b, 1681b (6) SOSOii^lb 




Fig. 17-30 



Chapter 18 



Spur Gears 



SPUR CSABS provide a positive means of transmitting power between parallel shafts at a constant 

angular velocity ratio. The value of the velocity ratio 13 the same as would be ob- 
tained by two imaginary cylinders pressed together and rotating without slippage at their line of 
contact. 

GEAR TOOTH TERMINOLOGY 

The principal parts of gear teeth axe denoted as shown In Fig, 18-1 below. 




Fts.lS-1 
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DEFINITIONS 

Circular pitch is the distance from a point on one tooth to the corresponding point on an adja- 
cent tooth measured on the pitch circle. 

^ = ttD/N 

where D ^ pitch diameter in inches and N = number of teeth on the gear. 

Diametral pitch Is the number of teeth on a gear per inch of its diameter. 

Pd = N/D Note that Pc x = tt. 

Line of action is a line normal to a pair of mating tooth profiles at their point of contact. 

Pressure angle <f> is the angle between the line of action and the common tangent to the pitch 
circles. 

Pitch point is the point of tangency of the pitch circles. 

Angular velocity ratio (or trcmsmission ratio) is the ratio of the angular velocity of the pinion to 
the angular velocity of its mating gear. It Is inversely proportional to the number of teeth on the two 
gears, and for spur gears it is also inversely proportional to the pitch diameters. 

Angular velocity ratio « f^/N^ = Dg/Dp 



FUNDAMENTAL LAW OF GEARING. The common normal to the tooth profile at the point of contact 

must always pass through a fixed point called the pitch point 
In order to maintain a constant angular velocity ratio of the two gears. The involute curve satisfies 

the law of gearing and la most commonly used for gear teeth profiles. Frequently a combination of 

the involute and cycloid curves is used for a gear tooth profile in order to avoid interference. In this 

composite form, approximately the middle third of the profile has an involute shape while the remain- 
der is cycloidal. 



INTEBFEBENCE. Under certain conditions Involute profiles overlap or cut into the mating teeth. 

This interference can be avoided if the maximum addendum radius for each gear 
is equal to or less than 

V(radius of base circle)^ + (center dlstance^sin^f 



propobhons of standard gear teeth 





14i° 
Composite 


14^ 

Full Depth Involute 


20'' 

Pull Depth Involute 


20'' 

Stub Involute 


Addendum 


1 

Pa 


1 

Pa 


1 

Pa 


0.8 

Pa 


Minimum dedendvm 


1.157 

Pa 


1.157 

Pa 


1.157 

Pa 


1 

Pa 


Whole depth 


2.157 

Pa 


2.157 

P^ 


2.157 

Pa 


1.8 

Pa 


Clearance 


0.157 

Pa 


0.157 

Pa 


0.157 

Pa 


0.2 

Pa 
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STANDARD PITCHES. Standard diametral pitches in common use are: 1 to 2 varying by 1/4 pitch, 

2 to 4 by 1/2 pitch. 4 to 10 by 1 pitch. 10 to 20 by 2 pitch, and 20 to 40 by 

4 pitch. 



DESIGN OBJECTIVES. Gear tooth design involves primarily the determination of the proper pitch and 

face width for adequate strength, durability, and economy of manufacture. 



STRENGTB OF GEAB TEE1B- Lewis EqnaUon, 

At the beginning of action between a pair of 
gear teeth, the flank of the driver tooth makes con- 
tact with the tip of the driven tooth. Neglecting 
friction, the total load 1^ is normal to the tooth 
profile and the load is assumed to be carried by 
this one tooth. the load component of perpen- 
dicular to the centerline of the tooth, produces a 
bending stress at the base of the tooth. The radial 

component 1^^.13 neglected. The parabola shown in 
Fig. 18-2 outlines a beam of uniform strength. Hence 
the weakest section of the gear tooth is at section 
A-A where the parabola is tangent to the tooth 
outline. The load is assumed to be uniformly dis- 
tributed across the face of the gear. 

The induced bending stress s is 

Mc 

T ' 




Fif. 18-2 



5 = 



6Wk 



and 



where c = / - btVl2, and M = WL 

The ratio t^/ShP^ is a dimensionle&s quantity called the form factor 7, values for which are tab- 
ulated in Table I on page 227. This form factor y is a function of the tooth shape, which depends 
primarily on the tooth system and the number of teeth on the gear. 

For convenience, W is approximated by the transmitted force F, which is defined as the torque 
divided by the pitch radius. Therefore, substituting F for IF and y for tVehPc. we have the usual 
form of the Lewis equation 

F - sbP^y 

For ordinary design conditions, the face width b is limited to a maximum of 4 times the circular 
pitch. Letting b = kP^ , where A S 4, 



F = sP^ky ' 

In the design of a gear for strength, the pitch diameter is either known or unknown. If the pitch 
diameter is known, the following form of the Lewis equation may be used: 

P^/y = skuVF 

where s = allowable stress; A; = 4. upper limit; F - transmitted force, 2M^/D. Then the above expres- 
sion gives an allowable numerical value for the ratio P^/y which controls the design, since it Is based 
on an allowable stress. 

If the pitch diameter is unknown, the following form of the Lewis equation may be used; 
where s = stress ^ allowable stress; Aff = torque on weaker gear; A = 4, upper limit; N = number of 
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teeth on weaker geai. This expression gives a value for the induced stress io terms of the diametral 
pitch. The minimum number of teeth, yV, is usually limited to 15. 

In both of the above cases, the largest possible diametral pitch will provide the most economical 

design. In general, where the diameters are known, design for the largest number of teeth possible; 
where the diameters are unknown, design for the smallest pitch diameters possible. 



AUiOWABLE TOOTH STRESSES. The allowable stress for gear tooth design depends upon the se- 
lected material and pitch line velocity. For spur gears, 

Allowable s = ( goo'+ f ) ^ 

= Sn ( — — - F=- ) ioi V greater than 4000 fpm 

where is the endurance strength for released loading corrected for average stress concentration 
values of the gear material, psi, and V is the pitch line velocity, fpm. 



VALUES OF s^. The values of 5^ for various gear materials are listed in publications of the American 

Gear Manufacturers Association, various engineering handbooks, and most design 
textbooks. The Sq values for cast Iron and bronze are 8000 psi and 12,000 psi respectively. Carbon 
steels range from lO.OOOpsi to 50,000psi depending upon their carbon content and degree of heat 
treatment. In general, may be taken as approximately one-tlxird of the ultimate strength of the material. 



BASE DESICM ON WEAKER GEAR. The amount of force that can be transmitted to a gear tooth is a 

function of the s^y product as shown by the Lewis equation. For 
two mating gears, the weaker will have the smaller s^y VEilue. 

When two mating gears are to be made of the same material, the smaller gear (pinion) will be the 
weaker and control design. 



DYNAMIC TOOTH LOADS - Backlngham Egnaticm. Inaccuracies of the tooth profiles, spacing, mis- 
alignments in mounting, and tooth deflection under 

load result in velocity changes which produce dynamic forces on the teeth greater than the transmitted 
force. The dynamic load as generally used for average mass conditions approximates a more de- 
tailed dynamic analysis, as proposed by Buckingham. 

^ 0.05 y + VbCVF 

where = dynamic load, lb 

V - pitch line velocity, fpm 
b - face width, in, 

« ^ gear torque /n 
^ pitch radius of gear ^ 

C = a constant which depends on the tooth form, material, and the degree of accuracy 
with which the tooth is cut. Some values for C have been tabulated in Table II on 
page 228. Curves showing the relation of errors In tooth profiles vs pitch line 
velocity and diametral pitch aie shown in Pig.18-3 and Pig,18-4 below. 
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must be less than the allowable endurance load Fq . where ^ = s^by^ . in this eQuation, 
is based on average stress concentration values. 




Pitch Line Veloetty, feet per mln. <Spw dears) 

Fli.18-3 




mametnl Pitch of 8pm Gean (Pg) 



FlS.18-4 
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WEAR TOOTB LOADS - Backingliani EqnaUm. To insure the durability of a gear pair, the tooth pro- 
files must not have excessive contact stress as de- 
termined by the wear load F^, 

where Dp = pitch diameter of smaller gear (pinion) Q - 2Ng/(Np'^Ng) 

b = face width of geai, in, fl^ = number of teeth on gear 

K = stress factor for fatigue ^ number of teeth on pinion 

^(slni^)(l/£.+ l/£) 
and X = ^ £- 

where s^^ = surface endurance limit of a gear pair, psi 

Ep = modulus of elasticity of the pinion material, psi 

Eg *- modulus of elasticity of the gear material, psi 

^ = pressure angle. 

The surface endurance limit may be estimated from 

Ses = (400) (BHN) - 10,000 psi 

where BHN may be approximated by the average brinell hardness number of the gear and pinion up to 
a BHN of about 350 for steels. 

The wear load is an allowable load and must be greater than the dynamic load 

Several values of K for various materials and tooth forms have been tabulated in Table ni on 
page 228 as tentative values recommended by Buckingham. 

The above procedures will establish preliminary or tentative gear design, but as is the case in 
most machine design work, final design is contingent upon laboratory tests and/oi test runs under 
actual operating conditions. 



TABLE I - Form Factors y - for use in Lewis strength equation. 



Number of 
Teeth 


14i° FitU-Deptli 
iDTOlute or Composite 


20° FuU-Deptti 

Involute 


20° Stub 

Involute 


12 

13 


0.067 
0.071 


0.078 

0.083 


0.099 
0.103 


14 

15 


0.075 
0.07B 


0.088 
0.092 


0.108 
0.111 


16 
17 


0.081 
0.084 


0.094 
0.096 


0.115 
0.117 


18 
19 


0.086 

0.088 


0.098 

0.100 


0.120 

0.123 


20 
21 


0.090 
0.092 


0.102 
0.104 


0.125 
0.127 


23 
25 


0.094 
0.097 


0.106 
0.108 


0,130 
0.133 


27 
30 


0.099 
0.101 


0.111 
0.114 


0.136 
0.139 


34 
38 


0.104 
0.106 


0.118 
0.122 


0.142 
0.145 


43 
50 


0.108 
0.110 


0.126 
0.130 


0.147 
0.151 


60 
75 


0.113 
0.115 


0.134 
0.138 


0.154 
0.158 


100 
150 


0.117 
0.119 


0.142 

0.146 


0.161 

0.165 


300 
Rack 


0.122 

0,124 1 


0.150 

0.154 


0.170 
0.175 
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TABLE n - Values of Deformatini Factor C - for dynamic load check 



Materials 


Involute 
tooth 
form 


Tooth Error - inches 


Pinion 


Gear 


0.0005 


0.001 


0.002 


0.003 


cast iron 


cast iron 


2 


400 


800 


1600 


2400 


steel 


cast iron 




550 


1100 


2200 


3300 


steel 


steel 




n A A 

800 


1600 


n n n A 

3200 


4800 


cast iton 


cast iron 


20° full 
depth 


415 


830 


1660 


2490 


steel 


cast iron 


20° full 
depth 


570 


1140 


2280 


3420 


steel 


steel 


20° full 
depth 


830 


1660 


3320 


4980 


cast iron 


cast iron 


20" stub 


430 


860 


1720 


2580 


steel 


cast iron 


20° stub 


590 


1180 


2360 


3540 


steel 


steel 


20° stub 


860 


1720 


3440 


5160 



TABLE ni 

Values for %s as used in the wear load equatian depend upon a combination of the gear and pin- 
ion materials. Some values for various materials for both s^^ and K are tabulated. 



Average Brinell Hardness Number 
of steel pinion and steel gear 


Snrfoce 
Endurance 
Limit 


Stress Fatlcne Factor 

K 








150 


50,000 


30 


41 




200 


70,000 


58 


79 




250 


90.000 


96 


131 




300 


110.000 


144 


196 




400 


150,000 


268 


366 




less Number, BHN 








Brinell Hardi 
















Steel pinion 


Gear 








150 


C.I. 


50,000 


44 


60 


200 


C.I. 


70,000 


87 


119 


250 


C.I. 


90,000 


144 


196 


150 


Phosphor Bronze 


50.000 


46 


62 


200 


Phosphor Bronze 


65,000 


73 


100 


C.I. Pinion 


C.I. Gear 


80,000 


152 


208 


C.I. Pinion 


C.l. Gear 


90.000 


193 


284 
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SOLVED PROBLEMS 

1, A pair of mating spur gears have 14i*^ full depth involute teeth of 22 diametral pitch. The pitch 
diameter of the smaller gear is 6.4 inches. If the transmission ratio is 3 to 2, calculate; (a) num- 
ber of teeth for each gear, (b) addendum, (c) whole depth, (d) clearance, (e) outside diameters, 
(/) root diameters, (g) dedendum. (h) base circle diameters and (0 check for interference. 

Solution: 

(a) Dp^ 6.4 in., = 6.4(3/2) = 9.6 in., Np = 6.4(2.5) = 16 teeth, and A'^ = 9.6(2,5) = 24 teeth. 

(b) Addendum = 1/^ = 1/2.5 = 0-4 in. 

(c) Whole depth = 2.157/P^ = 2.157/2-5 = 0,862 In- 

(d) Clearance = 0-157/^ = 0-157/2.5 = 0.0628 in. 

(e) Outside diameter = pitch diameter -i- 2xaddendum 

outside diameter of pinion - e-4-t-2(0-4) = 7-2 in., of gear = 9.4+2(0-4) = 10.2 In. 

(/> Root diameter = outside diameter - 2 x whole depth 

Root diameter of pinion ^ 7.2^2(0.862) = 5.476 in-. Of gear = 10-2-2(0.862) = 8,476 In. 

(g> Dedendum = 1.157/^ = 1.157/2-5 = 0-462 in. 

(A) Radius of base circle ^ pitch radlusxcosl4i°- 

For pinion: = (6-4/2) (0.963) = 3.1 in., and diameter of base circle = 6.2 in. 

For gear: Rj^ = (9-6/2)(0-968) = 4.65 in-, and diameter of base circle = 9.3 in- 
(i) Interference la avoided if the addendum radius of the gear is 

i V(ba8e circle radiusf -t- (center distancey^sin^f ^ V(4.65f + [4(6,4 + 9-6)]^(sinl4iV = ''•^S- 
Slnce the addendum radius of the gear = 9.8/2 = 4.9, no interference will exist. 



2- A bronze spur pinion (,s>, - 12,000 psi) rotating at 600 rpm drives a cast steel spur gear(sQ= 15.000psi) 

at a transmission ratio of 4 to 1. The pinion has 16 standard 20^ full depth involute teeth of 3 di- 
ametral pitch. The face width of both gears is 3^ incbes. How much power can be transmitted 
from the standpoint of strength? 

Solution: 



It is first necessary to determine which is weaker, the gear or pinion. 





Number of teetb 




Foim factor y 




Pinion 


16 


12.000 psi 


0.094 


1130 


Gear 


64 


16,000 pSl 


0.135 


2020 



Since the load carrying capacity of the tooth la a function of the Sqy product, the pinion is the 
weaker- 

The pitch line velocity V Is next deteimined in order to select the correct velocity factor required 

for calculating the allowable stress: V = 7t(5.33){600>/12 = 840 rpm. Since V is less than 2000 fpm, 

allowable stress s - 12.000^ 6bQ+*^840 ) ~ ^^^^ Hence the amount of force that can be transmitted 
in accordance with the Iiewis equation is 

F = sbyP^ = 5000(3.5)(.094)(75'8> = 17221b- 
The horsepower that can be transmitted = FV/33fi(M = 1722(840)/33,000 = 44 hp- 



3- A spur pinion of cast steel (5^ =20,000psi) is to drive a spur gear of cast iron («^'= 8000 psi). 

The transmission ratio is to be 2^ to 1. The t3ianieter of the pinion is to be 4 inches and 30 hp 
will be transmitted at 900 rpm of the pinion. The teeth are to be 20*^ full depth involute form- 
Design for the greatest number of teeth. Determine the necessary diametral pitch and face width 
of the gears for strength only- 
Solution: 

First determine the probable weaker of the two gears by assuming a set of ubitrary tooth numbei^. 
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such as 15 and 35. which satisfy 2-5- to 1 ratio. Then, for pinion s^y = 20,0000092) = 1840, and for gear 
s^y = 8000 (,119) = 952; the gear is probably weaker Bince 952 is less than 1840, 

Dp = ^ = 9-j in. Since the diameters are known, use the following form of the Lewis equation: 

Torque transmitted tor pinion = 30(63,000)/900 = 2100 In-lb, Transmitted force F = 2100/2 = 1050 lb. 

Pitch line velocity V = 477(900)/12 = 942 fpm. AUowabie stress s = 8000^ ^^^^^^^ ) = 3110 psi. 

P^/y = 311O(4)77'VlO50 = 117 allowaWe 

Assuming y = 0.1. ^ = vTm =3. Try ^ = 3: then N = 3(9^) = 28 teeth, y = 0.112<from table), and 
P^/y = 9/0.112 « 80.4; the gear is strong. 

A ^ of 4 or 5 cumot be used due to the reauired velocity ratio. A ^ of 6 would give a gear too weak. 
Hence reduce ft to ft = 4(80.4/117) = 2.79* Then 6 = 2.75(7r/3) = 2.88 In. 

Use b = in., iJi = 3. Np ' 12, Ng » 28. 

A final check to determine the weaker of the two gears based on the tooth numbers selected: pinion 
s^y = 20,000(.078) = 1560; gear s^^ = 8000tll2) = 896(weaker)- 



4. A bronze spur gear (so = 12,000 psi) is to drive a mild steel pinioa(5o =15,000psi). The angular 
velocity ratio is to be 3i to 1. The pressure angle Is to be 14i^. Determine the Bmallest diam- 
eter gears that can be used and the necessary face width to transmit 6 hp at 1800 ipm of the pinion. 
Design for strength only. No less than 15 teeth are to be used on either gear. 

Solution: 

Minimum Np = 16 teeth for an angular velocity ratio - si. Then Ng= I6(zk)= M teeth. 

For gear, s^y = 12.000(.112) = 1340; for pinion, s^y = 15,000(.081) = 1220. The pinion is weaker. 

The torque = 6(63.000)/1800 = 210in-lb. Since the diameters are unknown, the induced stress is 

* = ZM^P^/kn^yN = 2(2l0)5%7r*C081)(16) = 8.23^ 

Assume allowable stress s « ^ 15,000/2 = 7500 psi; this assnmption permits the determination 0! 
an approximate^. Then 7500/8.23 and 10. 

Try = 10; then Dp= 16/10 = 1.6 in , F = 1.67T(1800)/12 = 754 fpm, allowable s = 15,000^ ^^^^!^^^ ) 
= 6640 psi. and induced s = 8.23{l(f^) = 8230 psL The pinion is weak since 8230 > 6640. 

Try a stronger tooth. ^ - 9: then = 16/9 = 1.78 in., V = 1.7877{1800)/12 = 838 fpm. allowable 

s = 15,000 (gQ^y^ggg ) = 6260 psi, and induced s = 8.23(9^) = 6000 psi. Now the pillion is Slightly strong. 
Hence reduce A to ft 4(6000/6260) = 3.83; then the face width b = 3.83(77/9) = 1.34 in. 

Use ^ =9, & = l|in., D^ = l,78in.. = 1,78(3.5) = 6.23 in. 



5. A cast steel pinion (^=15,000) rotating at 900 rpm is to drive a cast iron gear (^ = 8000) at 144 rpm. 
The teeth are to have standard 20^ stub involute profiles and the maximum power to be transmitted 

is 35 hp. Determine the proper diametral pitch, number of teeth, and the face width for these gears 
from the standpoint of strength, dynamic load, and wear. Pinion is surface hardened to BHN 250. 

Solution: 

The diameters of the ge«a are mknoum. The number of teeth will be asanmed* selecUng not less than 

15 for the pinion. Note that the minimum number of teeth the pinion can have Is 16 in order to satisfr the re- 
quired transmission ratio; the gear would then have 16(900/144) = 100 teeth. 

For pinion, s^y = 15,000(0.115) - 1725; for gear, s^y = 8000(0.161) = 1288. The gear Is the 
weaker since 1288 < 1725. As the diameters are unknown, the form of the Lewis equation in terms of moment 
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will be used and design will be based on the gear. 

= 35(63.000)/144 = 15.300 In-lb, For the initial trial design, always let & = 4. Then the Induced 

stress is 

s = 2M^^/k7J^yN^ = 2(15,300)^%7r^(0.161)(100) = 48^® 

Assume allowable stress s = js^ = 8000/2 = 4000 psi. Then 4000/48 and ^ = 4 or 5. Prom the 
standpoint of economy, it Is desirable to use the largest diametral pitch possible; hence we wUl try ^ = 5. 

For ^ = 5: 100/5 = 20 In., V = 2077<144V12 = 754 fpm, allowable stress s = 800o( ^^^°°g^ ) 



= 3540 psi, induced stress s ^ 48^^= 48(5^) ^ 6000 psi. The gear Is too weak since 6000>3540. We will 

now try the next l&rger standard tooth having ^ ^ - ^■ 

For ^ = 4: D^= 100/4 = 25 in.. V = 257r(l44)/12 = 943 fpm. allowable stress s = 800o(^^f|J|^) 

= 3110 psi. induced s = 48(4^) = 3080 psi. Thus for a = 4 the gear would be slightly stronger than nec- 
essary. Reducing k to k = 4(3080/3110) = 3.96, the required fitoe width b=k^ = 3.96(7r/4) = 3.11 In. 
Then from the standpoint of strength* use ^ = 4 and - 3-^in. 

Next check the tentative design from the standpoint of dynainlc load and wear effects. The endurtmce 
load Fq and the wear load are allowable values. 

- SobyP^ - 8000(3,125)(0.161)(7r/4) = 31601b 
= DpbKQ = 4(3.125)C196)C172.5) = 4225 1b 
Where £^= 25(144/900) = 4 In.. 196 from table m. 0 = 2rt^/(/V^+/^ = 2 (100)/(100 1^16) = 172,5 

and must each be greater than 

^ o.o5y(&CH-f) ^ 

0.05K + V6C + F 

where K = 943 fpm, 6 = 3.125 in., and F - JH^A^D) = 15,300/12.5 = 12241b. From Fig.18-3 we find that 

for V = 943 fpm, an error of 0.0028 In. could be tolerated from a noise standpoint. Referring to Fig.lB-4. 
try a first class commercial gear having an error of 0.0025 in, tor = 4. Then from Table C = 2950. 
Substituting values in the above equation, ^ - 4520 lb. Hence = 4225 < 4520 and = 3160 < 4520. 
i.e. the design will be unsatlsftctoiy both ftom ttie standpoint of durability or wear and from the standpoint 
of strength. 

We must then select a carefully cut gear, say one having an error of action of 0.0012 in., as shown in Pig. 
18-4; this gives a C value of 1416, Recalculating ^ f or C = 1416, we find F^= 3394. Now F^= 4225>3394, 
^ = 3160 B3394 (within 7%), and the design will probably be satisfactory without going to a precision cut gear. 



6. A 31n. diameter steel pinion (^0= 20,000 psi) drives a gray iron 9in. diameter gear(5^^ 12,000psi), 
The pinion operates at 1200 rpm and transmits 6 hp. The teeth are 20"" stub- Determine the great- 
est number of teeth (to provide the smoothest operation and cheapest machining) and the necessary 
face width. Base design on the Lewis strength equation. An alternate procedure for the solution 
will be followed. 

Solution: 

Not knowing which is the weaker, we will design for the gear and make a final check to see If it is 
weaker after a solution has been established. We will compare the allowable endurance load based on the 
Lewis equation to the approximate actual dynamic load using the Barth velocity factor. 

SobTTy 1 2,000 (47r/fi)7ry 473,000y ,^ 
Compare aUowable load F^ = = — ^ — ^— ^ = — ^ lb Wtth 

actual load (approx.) F^ = velool^ factor = 600/(6Qo\942) ^ "0 lb. 
If y Is approximated as around 0-1, g « V 473,000 (0.1)/540 or = 10. 
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Try ^ = 10: JV^ = 90. y = 0.160, and = 473. 000(0. 160)/10^ 758 lb (too strong). 

Hy a weaker gear, ^ = 12: ^V^=10S, y = 0.161. and ^ = 530 lb (close enough to ^ = 5401b). 

Now check %y for pinion - 20,000(0.143) = 2860 

%y for gear = 12,000(0.161) = 1930 (weaker, as initially assumed). 

The face width 6 = 47T/12 = 1.05 in.; use 1 in. 



7. An alternate application of the design equations will be used to solve the previous Problem 4» A 
bronze spur gear (5q = 12,000 psi) is to drive a mild steel pinion (Sq = 15,000 psi). The angular ve- 
locity ratio 18 to be 3i to 1* The pressure angle is to be 14^^. Determine the smallest diiuueter 
gears that can be used and the necessary face width to transmit 6hp at ISOOrpm of the pinloit 
Design for strength only. No less than 15 teeth are to be used on either gear. 

Solution: 

Minimum number of teeth on pinion = 16 for a velocity ratio of 3i . The gear would then have 16 (32) = 56 
teeth. 

Check which gear is weaker: for the gear, 3^ = 12,000(0.112) = 1340 

for pinion, ^ - 15,000(0.081) = 1220 (weaker). 

Torque on the pinion = 6(63,000)/1800 = 210 In-lb. 

The Lewis equation may be expressed in terms of the torque, FA = sb'TTyR/^ = . 

15,000(47r/^)77(0,081)(16) 383,000 



Allowable torque, using endurance strength. Is = -^^-^ ^ p 



PR fff 210 

Actual dynamic torque = ^looity factor = velocity factor = velocity factor " 

If the velocity factor is approximated as i , then 383,000/^^« 210/^ or ^ » 10. 
Try ^ = 10: i)^^ 16/10 = 1.6 in., F = l.e7r(1800)/12 = 754 fpm; then 

„ 383,000 „„„ - „ J 210 , 

Wo = — = 383 in-lb and if - = — — = 475 In-lb 

^10^ d 600/(600 + 754) 

which Indicates that R 10 is slightly weak. 

a 

Try ^=9: Z>^= 16/9 - 1.78 in,. F = 1.7877(1800)/12 = 838 fpm; then 

383.000 „^ , J „ 210 , „ 

«'o = — ^ = 526 lii-lb and = 600/(600 + 838) = ^'^^ 

which indicates that ^ ^ 9 la strong. 

Reduce the face width ftom b = ATT/P^ to & 47r(504/526)/9 = 1.34 in.; use 1^ in. 
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SUPPLEMENTARY PROBLEMS 

8. A spur steel piiiioti(^ = 30,000psi) is to drive a spur steel gear(^320,000psl)- The diameter of the pinion 
is to be 4in, and the center distance 8in. The pinion Is to ttanamlt 6hp at 900rpm. The teeth are to be 
20^ full depth. Determine the necessary diametral pitch and width of face to give the greatest number of 
teeth. Design for strength only, using the Lewis equation. 

Ans, b = ^ta.,P^ = 14 

9. Two 8pur gears are to be used for a rock crusher drive and are to be of minimum size. The gears are to be 

designed for the following requirements: power to be transmitted 25hp, speed of pinion 1200rpm, angular 

velocity ratio 3.5 to 1, tooth profile 20^ stub, value for pinion 15,000psi, value for gear 10,000psi. 
Determine the necessary face width and diametral idtch for strength requirements only, using the Lewis 

equation. 

Ans, b = 2.251n., = 5 

10. A pair of spur gears transmitting power from a motor to a pump impeller shaft Is to be designed with as small 
a center distance as possible. The forged steel pinion(s^= 23,000 psi) is to transmit 5hp at 600rpm to a 
cast steel gear(^ = 15,000psi) with a transmission ratio of 4^ to 1, and 20^ full depth involute teeth are to 
be used. Determine the necessaiy face width and diametral pitch for strength only, using the Lewis equation. 

Ans, ^ = 9> b = li in. 

11. A pair of spur gears for a crane hoist drive is to be made to the following specifications: 20^ full depth 
teeth; pinlon= 12,000psi, gear = 8000 psi; /^=20 teeth, iV^=80 teeth. 

(a) What standard diametral pitch and width of ta.ce ¥dll satlstr these conditions with a minimum center 
distance? Use the Lewis equation. 

ib) If the dynamic load for this pair is computed to be 7601b, determine whether or not the design is safe 
^m the standpoint of strength* 

(c) Check the design for wear or surface fatigue if the fatigue constant JC>198. 

Ans. (a) ^ = 5. b = 2.32in.Cuse 2jin.) 

(b) ig= 16501b, Fj = 7601b (satisfactory) 

(c) F^s 30101b, Jg => 7601b (satisfactory) 

12. A cast steel 24 tooth spur pinion operating at 1150 rpm transmits 3^ hp to a cast steel 56 tooth spur gear. 
The gears have the following specifications: diametral pitch of 8* s^ value of 15,000x>si, face width of 1^ in., 
C factor of 1600 for dynamic load, K footer of 40 for wear load. Determine (a) induced stress In weaker gear, 

(b) dynamic load, (c) wear load, (d) allowable static load. 

Ans. s = 5670psi, ^^3= 13301b, F^= 2521b, ^= 8481b. 

Unsatisfactory from the standpoint of wear and dynamics effects. 

13. In the layout of the drive for a packaging machine, a pair of 20^ full depth spur gears is to transmit 5 hp at a 

transmission ratio of 2.5 to 1. The pinion operates at 1200rpm, For Initial design, a forged steel pinion 
(So=15,000psi) and a semi-steel gear{5o=9000psi) have been selected. Hie gears are to be carefully cut 
and from data tables the C factor for dynamic load is 1 1 40 and the K ^tor for wear is 156. 

(a) Determine diameters, face width and tooth numbers for minimum size gears of adequate strength, using 
the Lewis equatlcm. 

(b) Solve for dynamic and wear loads, stating whether the gears are satlsfitctory or not. 

(c) If the gears are not satisfactory from the standpoint of wear and strength, state what changes should be 

made, 

Ans. (a) b = \ ^ - 8 

(b) 9971b. F„= 5581b, 5481b- 

(c) The gears are not satlsfoctory ttam the standpoint of strength and wear because ^ is greater than 

the allowable values and F^, One or more of the following changes would be required: decrease 
the tooth error, decrease the diametral pitch, increase the face width, or case harden. 
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Helical Gears 



HELICAL GEARS differ from spur gears in that they have teeth that are cut in the form of a heiix on 

their pitch cylinders instead of parallel to the axis of rotation. Helical gears may 
be used to connect either parallel or non-parallel shafts. The discnssion in this chapter will be lim- 
ited to helical gears connectUig parallel shafts. In this case a right hand helix wiU always mesh with 
a left hand helix. A helical gear with a left hand helix is shown in Fig, 19*1 below. 

^ = helix angle, degrees 

F = transmitted force (torque producing force), lb 
= end thrust = ^ tan lb 
= citcumferential circular pitch, in. 
" normal circular pitch, in. 
= face width, in. 

= diametral pitch in plane of rotation 
^3 = normal diametral pitch in plane normal to tooth 
Note that: P^^ = cos P^^ = P^/cos V. P^^xP^-ir^ P^P^ 

In order that contact on the face of the tooth shall always contain at least one point on the pitch 
line» the minimum face width of the tooth is 



b 



tan^ 



THE PRESSURE ANGLE ^„ In the normal plane is distinguished from the pressure angle 0 in the 

transverse plane as shown in Fig, 19-2 below, the relationship being 



tan^f^ = tan ^ cos ^ 



End Timut 



J^= Nornml Load 



s Tnorautted Focc« 





Section A-A 




Section B^B 



Fig, 19-1 



Fig. 19-2 



234 



HEUCAL GEARS 



235 



1BE VIBTUAL OB FORHATIVE number of teeth, Nf, on a helical gear is defined as the numbex of 

teeth that could be generated on the surface of a cylinder having a 

radius equal to the radius of curvature at a point at the tip of the minor axis of an ellipse obtained by 
taking a section of the gear in the normal plane, 

't cos« t/f 

where -= actual number of teeth and tft = helix angle. 



STRENGTH DESICM for helical gears may be handled by employing design methods similar to those 

used for spur gears. Assuming that the load is distributed as for a spur gear, 

and looking at the tooth normcQ to the helix, the normal load using the Lewis equation is 

b '^y 

Substitnting the tangential force F = cos 0 , and P„g « i^/cos ^ , 

f = = — J^'^ ^ ^ (use where standard pitch is in normal plane) 

Pnd Pnd^^^^ 

shyiTCOB^ skir^y costfr 
or F = p - 5 (use where standard pitch is in diametral plane) 

where ft = b/P^ (limited to a maximum of about 6) 
^ = diametral pitch in the plane of rotation 

y = the form factor based on the virtual or formative number of teeth. If the pressure angle 
is standard in the normal plane, use y from the spur gear table, if the pressure angle in 
the diametral plane Is standard, use y from the spur gear table as an approximation. A 
more accurate eralnation of y for the latter case could be obtained from a graphical 

aolution- 

The allowable stress s may be taken as approximately equal to the endurance limit of the material 
in released loading, corrected for stress concentration effects and multiplied by a Telocity factor: 

78 

s = r=) allowable stress, psl 

Where = about one-third of the ultimate strength of the material, psi. This allows for an average 

stress concentration correction, 

V * pitch line velocity, ftim. 

A more accurate evaluation of could be made if data regarding endurance limit and fatigue 
stress-concentration effects for the material aie available. However, in view of other approximations, 
design based on the above expressions should, in general, be adequate since It must also be checked 
for dynamic load and wear load as explained later. 

In the design check for strength, the pitch diameter is either known or unknown. If the pitch di- 
ameter is known, the following form of the Lewis equation may be used: 

^ ^ sJqtt^ CQ^^ 78 

where k =h/P^ 

F- tangential force = torque/(pitch radius), lb 

V ° pitch line velocity, 4>m. 

Then the above expression gives an allowable numerical value for the ratio ^/y which controls the 

strength check. 

If the pitch diameter is unknown, the following form of the Lewis equation may be used: 

hyf^N cos^ 
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where s = actual induced stress, psl 

T = resisting torque of the weaker gear 

N = actual number of teeth on the weaker gear 

This expression gives a numerical value of the actual induced stress in terms of the diametral pitch. 

The above procedures based on strength design should be considered only as a first approximation 
in arriving at a possible pitch and face width which must be checked for wear load and dynamic load. 



THE LmrnNG endurance beam strength load, F^.lB based on the Lewis equation without 

a velocity factor. 

SQbyTTCOS xff 

where the symbols are the same as above. 

The limiting endurance strength load, i^, must be equal to or greater than the dynamic load ^. 



THE LIMmNG WEAR LOAD, , for helical gears may be determined by the Buckingham equation 

for wear. 



where = pitch diameter of pinion, in. 



0 = -= — %r = XT — ^ (/Va and are actual numbers of teeth) 
^ i>^+Dg Np^Ng ' P S 

K = sl^slii<f>^(l/Ep^l/Eg)/iA 
^es ~ surface endurance limit. (See Chapter 18 on spur gears.) 

The limiting wear load must be equal to or greater than the dynamic load . 



THE DYNAMIC LOAD, > for helical gears is the sum of the transmitted load and an Incremental 

load due to dynamic effects; 

f - f ^ 0-05K(C& cos^t^ -f- F)cQS^ 

^ " o.osf + VcTcoP^TT' 

where the symbols are the same as before. Values for C, which is a function of the amount of effec- 
tive error in tooth profiles, may be obtained from Chapter 18 on spur gears. 

^ must be ^ and Fq must be 2 
Note that Fq and F^ are allowable values which cannot be exceeded. 
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SOLVED PROBLEMS 



1, For a helical gear derive an expression for the virtual number of teeth In terms of the helix 

angle tp and the actual number of teeth N. 

Solution: 

Fig.19-3 below shows one tooth of a helical gear of pitch diameter D, Consider section A-A In the normal 
plane. This section will be that of an ellipse whose minor diameter la D, The radius of curvature at point B Is 




Fig. 19-3 



The shape of the tooth at 5 would be that of one generated on the surface of a pitch cylinder of radius r, 
and the number of teeth on this surface is defined as the virtual or formative number of teeth Ay. 

"/ " P„ " ^^^^ " cos^ " 2 cos^^ " co^ 



2. A pair of helical gears are to transmit 20 hp. The teeth are 20^ stub in diametral plane and have a 
helix angle of 45^. The pinion has a 3 inch pitch diameter and operates at 10,000 rpm. The gear 
has a 12 inch pitch diameter. If the gears are made of cast Bteel(SAE 1235, 5^=15, OOOpsi), de- 
termine a suitable diametral pitch and face width. The pinion is heat treated to a brineil of 300 
and the gear has a brineil hardness of 200. 

Solution: 

(o) For a strength check, Sq = 15,000 psi. Since the diameters are known, we find 

^ = FT— ^( — = 3500(aUowed) 

where = 7850 fpm. assumed ft ^ 6, cos ^^0.707, and F = 20(33,000)/7850 = 84 lb. 



The pinion is the weaker gear since the two gears are of the same material 



238 



HEUCAL GBARS 



If y=0.15, ^=24; try ^=24. Now /V^ = 3(24> = 72, Nf=N/co5^ip = '72/(0.101 f=20i, y=0.168 
(approximated by using a 20*^ pressure angle), and I^/y = (24)^0.168 = 3430 which is satisfactory since 
the allowed value is 3500, 

Hie k Talue may be reduced to ft = 6(3430/3500) = S.9. Then & = 5.9(7r/24)«0.7721n.; ase-f In. 
face widtb. 

(fr) For a dynamic check determine the wear load the endurance beam load Fq , and compare with the 
dynamic load . 

DfybQK 

p « , = 803 lb (allowed) 

w cos-^i/f 

where tan0„=tan2O°cos45''. ^„=14.43**; 6 = 0.875in.: i:^ = 3in.; ^ = 2Dg/(i^ + D^) = 2 (12)/(3 1 12) = 1.6; 
=90.000 PBl since Qie average brlnell number ol the two gears is 250; and 

K = s|s(Bln^(l/«^+l/i^)/1.4 = (OO.OOOf (8inl4.43°)[2/(30xlO*)Vl.4 = 95.5. 

= -^-^ = 204 lb (allowed) 



0.05r(Cfecos'^f' + f)cos^ 
+ ■ '■■ ' ^ — 391 lb 



where =15.000i)8i, 6=0.8751n., y =0.168* ^=24, F»841b, V=lS50tm. and C = SOQ for a preci- 
sion cut gear having a profile error of O.OOOSin. 

The preliminary design of = 24 is not satisfactory since F^ is greater than ^. However, the design 
is satisfactory from the standpoint of wear since the wear load is greater than the dynamic load. It the 
same materials are retained, it will be necessary to reduce the pitch. Successive trials establish a re- 
quired standard pltcb of ^=14. Now let &=677/14=1.3451n.; use & = 1.25ln. Then iVjb = 3(14)»42, 
/V^^42/(0.707)^-U9» v = o.i62<appro]clmated by using a 20^ pressure angle), and we obtain FQ^iSllb 

and F^ = 4121b. lUs a satisfactory solution. 



3. A pair of helical gears with a 23° helix angle Is to transmit 3^ hp at 10,000 rpm of the pinion. The 
velocity ratio is 4 to L Both gears are to be made of hardened steel, with an allowable Sq = 15,000 
psi for each gear. The gears are 20^ stub and the pinion is to have 24 teeth. Determine the minimum 
diameter gears that may be used, and the required BHN. 

Solution: 

(a) Check for strength first. The pinion is the weaker of the two mating gears. 

Sbice the diameters are unknown, use the fbllowtng form of the Lewis eauatlon and find 

S - 7^77-^ r = 0,242/* 



kyTf^N cos ij/ d 



where the torque on the pinion is T = 3.5(63.000)/10.000 = 22 in-ib, assumed ft = 6, /V = 24. JV^= /V/cos^0 
= 31, y = 0.139 (approximated by using a 20*^ pressure angle), and tfr = 23^. 

I 3 1 

Assuming a velocity factor = 2. 0.242^ ^ 2(15.000) and '■31. Tty a standaid pitch of 32; then 
1^= 24/32 = 0.75 in. and V= 0.757^(10. 000)/l2 = 1965 fpm. 

^mUowaUe = ^^'^^ ^1^77^7^^ " 9550 psi. *ii,daced = 0.242(32)^ = 7930 psi 

78 + V19d5 

The design Is satisfactory from the standpoint of strength. 

Tile k value may be reduced to & « 6 (7930/9550) = 5. Now b = S7r/32 > 0.49; use = i in. 

(b) Check for wear load and endurance beam load. Assume average brinell hardness of 250 for first trial. 

^ ^ ^ (0.75)(0.5)(l^)(122) , 86.7 lb (aUowed) 
w cos^i^fr cos^ 23r 
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^ s^byncosrP ^ (15.000)(0.5)(O.I39)7r(0.92) ^ 5 

where tan ^„ = tan 20" cos 23°, ^„= 18.5°, ^ = 2(9e)/(24 + 96) = 1.6. = 122.0 (based on 

(c) Check for dynamic load. Assume C = 860 (precision cut gears). 

0.05V(Cfrco^ifr + F)CO80 
F, = F + ^ — = 380.61b 

" 0.05F + yCbcos^Afi + F 

where F = 22/0.375 = 58.61b, 6 = 0.5, K = 1965fpm. cos 23*' = 0.92. 

The design is unsatisfactory from the standpoint of wear, since the dynamic load is greater than the 
wear load and the endurance strength beam load. It will probably be necessary to increase the diameteia 
and change flie material to one having a lii^er surface endurance limit. 

Starting with the wear load equation, > O^(1.6)K/(0.92^, let 6 ° 6 « Triy 4 for a 24 tooth 
pinion; then F^=\.«i^D^K. 

The dynamic load equation may also be set up in terms of the pinion diameter using F = 2T/Dp <= 
^i/Dp , Q.05V =■ \Z\Dp for 10.000 rpm, and assuming C = 860. 

44 131J3^[(8607TZy4)(0.92)2 + 44//)^](0.92) 



Now by successive trials determine a satisfactory combtnation of Dp and K. Try = 10 or = 2.4in 
K = 250, h = 7r(2.4)/4 = 1.885; then 

= IA85D^K = 2140 lb. = 1164 lb. = (lS,000)(1.885)(0.139)7r(0.82)/l0 > 1138 lb 
This will glre a solution, since is only slightly (2.3%) greater than F^. 



4. A pair of precision cut helical steel gears on parallel shafts with a center dLatanoe of 7.9 In. transmits 
power with a velocity ratio of 4 to 1. The pinion rotates at 10.000 ipm. Both gears ore made from 

the same material, having = 15,000 psi. The teeth are 20"^ stub, with a 45® helix angle. The 

face width is 0.75 in. and the diamelial pitch is 24. Determine the maximum horsepower that can 
be transmitted safely, considering wear and strength. Both gears have a bilnell hardness of 400. 
Solution: 

(o) Determine the wear load. 

DpbQK 3(0.75)(1.6)(268) _ 
- CO820 (Siw?^ - ^^'^^^ 

where Dp = 3. 6 = 0.75, Q = 1.6, tan 0„ ^ tan SO^cos 45^ ^„=14.43'*, and 

K = s|5(sin<^^)(l/£;^ + l/£^)/1.4 = (150.000]P(0.25)[2/(30xl(ft]/1.4 = 268 

(b) Detennine the endurance load. 

_ Spbyn cos fji (15,000)<0 .75)(0.139)7r(Q.92) , 

(c) The dynamic load may not exceed 188.5 lb. V = 7850 ft/min. 

(0.05)C7850)(860xO,75x0.92^ + F)(0.92) 
F- = f + ... 

^ (0.05)(7850) + V860C0,75)(O,92)^ + F 

Putting F - 0 in this equation, we obtain = 474 lb, wblcb Is greatei than Fq . 

Buckingham equations indicate that the above design will not be satlsfactoisr ftom the standpoint of 
^durance even with zeio horsepower. Based on average mass conditions, the seat life would be limited. 
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SUPPLEMENTARY PROBLEMS 

5. Prove: = tan'^[tan ^ cos^fr], 

6. Two precision cut Cocged steel helical gears have the following specifications; 

5^ » 10,000 psl, = 90,000 psi, ^ = 8, 6 =1,25 In, 

The pinion makes 600 rpm, the transmission ratio is 25/9, <f> = 20° (full depth teeth), and helix angle 
23°. Determine the transmitted load F, the wear load . the dynaaUc load F^ , and the end thrust F^ , 

Ans. F= 386 1b» F^ = 4401b, = 773 lb. = 164 lb 

7. Two helical steel gears, having a 14^^ normal mssiire angle and a helix angle of 23^ connect two parallel 
shafts, The pinion has 48 teeth, the gear has 240 teeth, and the diametral pitch la 8. The pinion has a 

brinell hardness of 250 and the gear has a bilnell hardness of 200. The face width is 10 Inches, Determine 
the wear load. Ans. K = 76, Q= 1,67, F^ = 9000 lb 

8. Two parallel shafts are connected by a pair of steel helical gears . The pinion transmits 15 hp at 4000 rpm 
of the pinion. Both gears are made of the same material, hardened steel with an allowable Sq = 15,000 psl, 
If the velocity ratio is 4^ to l , determine the smallest diameter gears that maj be used having auttlolent 
strength. No less than 30 teeth are to be used on either gear, the teeth are of 20^ stub in diametral plane, 
and the helix angle is 45^. Use the Lewis equation, 

Ans, ^ = 16, 6 » 1.26 

9. For Problems, determine the required average tnlnell hardness of the two gears to provide a satisfactory 
design ftom the standpoint of wear. Assume a preclsicm cut gear. C - 860. 

Arts. K - 88,5, s^q = 86,600 psl, average BHN = 242 

10. For Problem S, determine If the gears are designed satisfactorily to withstand dynamic effects. Use K = 89.5. 

Calculate f,^. F^. and F^. 

Ans. Fy^ ^ 6S7 lb, ^ = 362 lb, ^ = 686 lb. ^ should be > F^. 



Chapter 20 



Bevel Gears 



BEVEL GEABS aie usually used to connect intersecting shafts, and may be classified according to 

the magnitude of theii pitch angle. Those having a pitch angle a less than 90° are 
external bevels as shown in Fig. 20-1 below. Those having a pitch angle of 90° are called crown 

gears as shown in Pig. 20-2 below. Those having a pitch angle a greater than 90*^ are internal bevels 
as shown in Fig. 20-3 below. The sum of the pitch angles of two mating bevel gears is equal to the 
angle between the intersecting shafts. The Hypoid bevel gear is used to connect non-intersecting 
shafts. The teeth may be either straight or spiraled with respect to the cone element. The discus- 
sion in this chapter will be limited to straight tooth bevel gears connecting shafts intersecting at 90° 
as bhown in Fig. 20-4 below. 




Fig. 20-3 

As is true in the design of most other machine elements, there are numerous approaches to gear 
design. No firm rules can be established since there are so many variables. Most engineers follow 
procedures by Buckingham, Gleason, or those recommended by the AGMA (American Gear Manufac- 
turers Association). Any procedure for gear design should be considered as preliminary until proved 

by experiment to satisfy specific requirements- 

As for the case of spur and helical gears, design of bevel gears is based on beam strength, dy- 
namic load, and wear. 
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STRENGTH DESIGN of a straight tooth bevel gear may be based on the Lewis equation. It should 

be noted that the tooth tapers and becomes smaller In cross section as it con- 
verges to the apex of the cone. The Lewis equation Is modified as follows to correct for this sltaaticn. 

The permissible force F that may be transmitted is 

where s = allowable bending stress, psl 

y = form factor based on the formative number of teeth and the type of tooth profile 

L ^ the cone distancep in., and is equal to the square root of the sum of the squares of the 
pitch radii of the mating gears (for shafts intersecting at 90^) 

b =^ the face width of the gear. in. 

^ = the diametral pitch based on the largest tooth cross section. 

Por ease of manufacture and satisfactory operation of bevel gears, it is recommended that the 
face width be limited to between t/3 and L/4, where L is the cone distance. In general we will 
design the face width close to, but never greater than, L/3. When designing for strength the diame- 
ter of the gear may be either known or unknown. When the diameter is known, It is convenient to use 
the modified Lewis equation in this form: 



§ = ^(^^^ - an allowed value 



Note that all the terms on the right side of the above equation can be determined after the material 
has been specified. The transmitted force F is determined by dividing the torque on the weaker gear 
by its pitch radius. The face width b may be taken as L/3 rounded out to the nearest 1/8 in, under 

this value. The allowable stress s is evaluated as explained in the foUowijng section. The above 

equation then yields an allowable value of l^/y which must be satisfied by selecting a suitable 
value for . 

When the diameter is unknown, it is convenient to use the following form of the Lewis equation: 

s = — ^ (t — r) = actual stress ^ allowed stress 

DTTyN L^h 

3 

This equation will yield a value for the actual stress in terms of ^ after making the following sub- 
stitutions: 

Let i = I . ,/rTR= and Let^j=| 



where /V = actual number of teeth on the weaker gear 

^ number of teeth on the pinion 

= ratio of the angular velocity of the pinion to the angular velocity of the gear. 



Design firoro a standpoint of strength may be considered as a first approximation which must be 
checked for wear and dynamic effects as explained later. 



THE ALLOWABLE STRESSES, s, for the average conditions may be tsken as 

5 = t ; ) Psi for cut teeth or 5 = sA — -^-rz) psi for generated teeth 

^ 1200+7 ^ 78 + \/F 

where is the endurance limit of the gear material for released loading, corrected for average stress 
concentration, psi. An approximate value for Sq is 1/3 of the ultimate strength, based on an average 
value for stress concentration. V is the pitch line velocity, fpm. 
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THE FOBHATTVE OB VIBTUAL number of teeth, Np for a bevel gear is the number of teeth, having 

the same pitch as the actual gear, that could be cut on a gear having 

a pitch radius equal to the radius of the back cone. 

= N/cos a 

where N = actual number of teeth on the gear and (t = pitch angle or half of the cone angle. 



THE LIMITING WEAR LOAD, F^, may be approximated from 



= (an allowed value) 

" cosa 

where Dp, b, K, and Q are the same as for spur gears* except that Q is based on the formative number 
of teeth, and a is the pitch angle of the pinion. 



THE LIMITING ENDUBANCE LOAD, Fq, may be vproximated Uom 

= ^^(■^^) (an allowed value) 

THE DYNAMIC LOAD, F^, which is the transmitted load plus an incremental load due to dynamic ef- 
fects, may be approximated from 



F^ = F ^ 



+ yJbC^-F 

where the symbols are the same as fbt spur gears. F^ must be < must be < 

Note that F^ and F^ are allowed values which must not be exceeded by the dynamic load. 



THE AMEBICAN GEAB HANUFACTUBEBS ASSOaAIION (ACMA) STANOABDS recommend the fol- 
lowing horsepower 

rating, for peak load, for both straight and spiral bevel gears: 

snDpbyv{L-{i,^b) 73 

where s = 250 times the Brinell hardness number of the weaker gear for gears hardened and also not 

hardened after cutting. 

5 ^ 300 times the Brinell hardness number of the weaker gear if the gear is case hardened. 

n = speed of pinion, rpm. 

All other symbols are the same as before. 



THE AGMA STANDARDS FOR WEAR (DURABILITY) recommend the following horsepower ratings; 

hp = O.sC^Cgb for straight bevel gears 
hp = Cj^Cgb for spiral bevel gears 

where a material factor as listed below 



1.5 



^ 233 78 + y/V 
n = ipm of the pinion. 
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PARTIAL LIST, MATERIAL FACTOR 



Gear 


Pinion 




Material 


BrineU 


Material 


Brinell 




I 


160-200 


n 


210-245 


0.30 


II 


245-280 


II 


285-325 


0.40 


II 


285-325 


II 


335-360 


0.50 


n 


210-245 


in 


500 


0.40 


II 


285-325 


IV 


550 


0.60 


in 


500 


IV 


550 


0.90 


IV 


550 


IV 


550 


1.00 



I - Annealed steel m = Oil or surface-hardened steel 

n = Heat-treated steel IV = Case-hardened steel 

It has been found by experience that generally, if cast iron teeth are strong enough they will not 
fail by wear, and that if steel teeth satis^ the wear requirements they will be strong enough. 



SOLVED PROBLEMS 

1, A cast iron bevel gear has a pitch diameter D of 24in. and a pitch angle a of 30"^. The diametral 
pitch is 10. Determine the permissible endurance load , The teeth are 20° full depth. 

SoluticHi: 

p ^h'^M-b (80Q0>(8)(0.149)7r 24-8 . „ 

" ' L * " 10 ^ 24 * ^ 19961b 

where Sq t= 8000 pai for cast ircn, L = D/(2 sln30°) - 24 In., b = L/Z = 8 In-. 

P D 

y = 0.149 (form factor based ca N* = = — ^ = = 277 teeth). 

J cos a cos a. cos 3(r 



2. Two steel bevel gears, both having a brinell hardness of 250. connect shafts at 90°. The teeth are 



142 full depth and the diametral pitch is 6. The number of teeth on the pinion and gear are 30 and 
48. The face width Is 1.5 In. Deternune the wear load Fyj. 

Solution: nni^n hun 

f = ^ (0.75)(5)(1.5)(96)(1.44) ^ ^^^^^ 

COS OC 0.846 

where Dp = Np/P^ = 30/8 = 51n.. = N^/P^ = 48/6 = Sin.. 6 = 1.5ta. 

^ ^ g|5(S""^)(l/g^+lAg> ^ QO.OOOf (0.25)[2/<30 x ItP)] _ gg 

1.4 1.4 

^ = (SHN)(2S0) - 10,000 = (400)(250) - 10,000 = 90.000 psi 

_ 2Nj: (eear) _ 2(90.5) . , 

(pinion) + (gear) 35.4 + 90.5 

W^(gear) = = ^ = 90.S. K= (pinion) = 'i. = = 35.4 

/ cos a (gear) 0.53 7 cos a (pinioo) 0.847 

R R 

COS a (gear) = ^ = = 0.53, costt (phiion) = = = 0,847- L = \/^T^ = 4.72 

L 4-72 L 4.72 ^ ^ 
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3. Two cast iron bevel gears transmit 3 hp with a pitch line velocity of 860 fpm. The face width of 
the gears is 0.75 in. Determine the dynamic load The teeth are 142^ involute and precision cut. 

Solution: 

F = F + 0-05^«^^^^^> - + (0>OS)(860)(400x0.75 +115) ^ 

0,05V + VC6 + F (0,05)(860) + ^/400x0.75 +115 

where F = (hpXSa.OOOVK = (3)(33,000)/860 = 115 lb 

C - 400 for precisicm cut gears (same as for spur gears) 
V = 860 fpm. h = 0-75 in. 



4. Two cast iron bevel gears having pitch diameters of 3ln. and 4in, respectively are to transmit 3hp 
at 1100 rpm of the pinion. The tooth profiles are of 14^^ composite form. 

(a) Determine the face width h and the required ^ flrom the standpoint of strength using the Lewis 

equation, 

(b) Check design from the stan(^oint of dynamic load and wear. 
Solution : 

The plnlm Is the weaker since both gear and plnlcxi are of the same material, 
(o) Design for strength, 

I = (4650)(0.75)7. ^2:5^5^ __ ^ ^^^^^^^ 

7 PL 115 2.5 

6 = i./3 = 2.5/3 = 0.831n. (use 0.75in,), L = \IR^*R^ = \fu^T¥ = 2.5in. 
So = 8000 psi for cast iron. F = (3)(33,000)/860 = 115 1b. 

Then If y= 0-1 and ^/y= 66, 5. ^=6 or 7. 

TtyPj = 7: fl^=: (3X7) = 21. fl/^(pinion) = 21/coaa = 21/(2/2.5) = 26.2 (formativeteeth). y= 0.098 
for 26.2 teeth. Now P^/y = 7/0.098 = 71. 5 (too weak sines 71.5> 86.5). 

Nsxt tiT ^ = 6: f^ = (3)(6) = 18. Nf (idnlfln) = 18/eos 01 = 18/(2/2.5) = 22.5. fL = (4X6) = 24, 
Nj: (gear) = 24/cos « = 24/(1.5/2.5) = 40. y = 0.094 Ibr 22.5 teetti. Now P^/y = 6/0.094 = 63.8 (satlafec- 

tory since 63.8 < 66.5). 



(b) Check for weu and dynamic effects using ^ = 6. 

_ 0.15 J,KQ ^ (0.75)(3)(0.75)(193)(1.28) 

COS a (pmion) 0.8 

where K = 193 based on = 90.000 psl for cast iron on cast iron (Table in, Chap. 18), and 
0 - - C2)(40) . , „ 

^ (lanlon) + fliy (gear) " 22.5 + 40 ~ 

F, = ^(^^ - (8000)(0.75)(0.094y/r ^ 2.5-0.75 ^ ^^^^^^^^ 

Both and must be eQual to or greater Uian . 

F = F + O-OSycCft+F) ^ ^ (0-05)(860)(400xO-75+115) , 397 
^ 0-05K + VCi + F (0.05) (860) + V400x0.75+115 

The design is satisfactory from the standpoint of wear, but the dynamic load is greater than the endurance 
load. Better material should be speciHed for the pinion in order to increase the endurance load to at least 397 
lb. 
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5. A p&ir of bavel gears is to be used to transmit 12 hp. Detennine the reQUired diametral pitch mid 
gear diameters for the following specificationB: 

Pinion Gear 

No. of teeth 21 60 

M^rial Semi-steel Cast iron 

Sq 12»000 psi 8000 psi 

Brinell Hardness 200 160 

Speed 1200 rpra 420 rpm 

Tooth Profile 14^*" composite Same 

Solution; 

(a) Design for strength using ttie Lewis equation. 

First determine which of the mating gears is weaker. The strength of the gears is a flmctloa of the 

product of Sq and y. 

OearAy = 6oV2g^^ ^ ^ ^ 0 ,2, , glV^gllS! ^ ^ ^ ^ , 

%7 (gear) = 8000 x 0.120 = 960 (weaker). (idnlon) = 12.000 x 0.093 = 1120. 

Base design m the gear since It Is the weaker. 

Since the diameters are imbnown, we will use the following form of the Lewis equation: 

2TF^ £, 

where r= ^^^^1:°°° = 1800 in-lb fOr gear, and L = ^vTTfl^ = |i- Vi + (20/7)2 , ^ 
Let6=i: = 3L8=lM and - ^ . Tten s ^!!il!^<i!> .^2 6^^ 

3 3P^ L-b 2 (31.8/8P5)77(0.120)(60)(2) ^^'^ d * 

Assuming a velocity factor = 2. s.nowed " 8000(i) » 4000; 22.6^ » 4000, ^» 5. 
TtsJ^=5. Then D^=>121n., K= (I27r/12)(420) = 1320 fpm, and 

a*llowed = 8°O°t i200+T320 ^ = 3810 psi. s^^^y = 22.6(5^ = 2820 psl. 

^ = 5 is therefore satisfactory, b = 10.6/5 = 2.12 in.; use fr = 2in. 



(6) Check for wear and dynamic effOcts. 

F„ = O.nSDpbKQ/coaa = (0.75)(4.2)(2)(193)(1.78)/0.g45 = 2290 1b 
where Q (2)(182)/(22. 2+182) = 1.78. 

^ ^h-"^L-b^ ^ (8000)(2)(0.120)7r 6.35-2^ ^ ^^^^ 
° L 5 6.35 

p ^ p + Q.05K(C6 + F) ^ (0.05)(1320)(400x2 + 300) ^ ^^3^ 

** 0.05K + y/Cb + F (0.05)(1320) + V400x2+ 300 

The design is satisfactory from the standpoint of weai since ^ > F^, but ^ will have to be increased to 
equal F^. This may be accomplished by using a snnller diametral pitch or better mater^ls. 
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6. Check Problems by means of the procedure recommended by aGMA using P^= S. 
Solution: 

(o) The horsepower taking from the standpoint of streagtb tor the values calculated in Problem 5 may be de- 
termined by the AGMA equatioi. 



hp 



126. 000 RL ^tsWk 



^ (8000)(1200)(4.a(2)f0.120)POf6.35-1.0) ^ 78 ^ ^ 27.8 hp 



(126.000) (5) (6.35) 



78 + V1320 



(b) For duiBbUlty the AGMA horsepower rating Is 



hp = 0.8((^Cji) = (0.8)(0.3)(30.1)(2) = 14.4 



Where C=0.3. C.,= £-"( 78 (4.2^-^(1200) 

" B 233 ^s+^/v 



78 



233 78+\/l320 



) = 30.1, fr = 2 in 



The above eqaatlcns indicate that a = 5 and a fece width or 2 In. is more than safe for 12 hp according 
to AGMA. 



7. Two steel bevel gears have been designed for strength to transmit 25 hp. If the gears have the fol- 
lowing specifications, find their required hardness to satisfy the AGMA durability recommendation. 

Gear Pinion 

Diameter 8 inches 5.76 inches 

«o 20,000 psl 25.000 psi 

Speed 900 rpm 1250 rpm 

No. of teeth 32 23 

Face 1.5 inches 1.5 Inches 

^ 20 20 

Form Ui** fuU depth ui" full depth 

Solution: 

The reauired material ia a function of C, . 

C. = — ^ — = ?5 = 0.4375 needed 

^ O.aCfli (0.8)(47.75)(1.5) 

Where = '^^ ) = (5.76^^)(1250)^ 78 j , ^^^^ 

233 78 + ^ 233 ,8 + 

This material indicates a required brinell hardness of 285 for the gear and 325 lOr the pinion. Iheae 
values correspond to a = 0.5 friKn the material factw table (Page 244). 



8. Two 142° composite tooth, steel bevel gears are to transmit 20 hp with a transmission ratio of 3. 
The speed of the pinion is 1800 rpm. If the gears are to be hardened to give a material factor of 
0.4, determine the probable minimum pinion diameter starting with the AOMA durability equation. 

d2%1800 D ^ 

hp = 0.8(C,Cji) = 0.8(0.4)(-E-^gg )(V.P.)-^Vl + 32 = 20 

Assume a V,P.(velocity factor) =i and solve for Dp = 3.94 in., say 4ln. 

Then V = (1800) = 1885 timi. and V.F. = ^g^.^^^ = 0.642 tostead of the assumed i which is 
on the sate side. 
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SUPPLEMENTARY PROBLEMS 

9. A cast steel (^=15 000 psi) bevel gear pinion has a pitch diameter of 9 In. and a pitch angle of 30^ The 

diametral pitch is 6. The gear rotates at 600 rpm. Prom the standpoint of strength only, using the AGMA 
recommendations V how much power should this gear be capable of transmitting? Also calculate the endurance 
load The tooth is 142^ composite, ^ns. 18.2 hp baaed (m AGV4A, i^=n52lb 

10. Two steel bevel gears connect shafts at 90^ The pinion has a brineli hardness of 300 and the gear has a 
hardness of 200. The teeth are 14^^^ full depth and the diametral pitch is 8. The number of teeth oa the pinion 
is 40 and the gear has 64 teeth, l^e face width is l.Sln. Determine the wear load F^. 

Arts. = 916 lb 

11. Two cast iron bevel gears connect shafts at right angles and transmit a tangential force of 3001b. The teeth 
are of 20'^ full depth and are carefully cut with an error of 0-001 in. Their pitch line velocity is 3000 ft/min, 
and their face width is 2in. Calcnlate the dynamic load J^. Ans, F^ = 1820 lb 

12. A right angle speed reducer uses hardened alloy steel precision cut bevel gears. The transmission ratio is 
5 to 1 and the pinion rotates at 900 rpm while transmitting 50 hp. If the teeth are of 20^ fiiU depth tbrm and 

the pinion has a diameter of 42 in., what must be the diametral pitch and width of the face of the gears, using 
the Lewis equation? - 30.000 psl for both gears. What brineli hardness is required for satisfactory wear? 
Determine the endurance load, wear toad, and dynamic load, 
Ans. = 10, b = 35ln-. F^ = 3590 lb, F^ = 3050 lb. = 3590 for « = 145 

13. Two shafts at right angles are to be connected with a pair of bevel gears having 20^ full depth teeth. The 

velocity ratio is to he 4^ to L The pinion is to be made of steel (■'^0= 15,000 psi) and the gear is to be madp 
of semi-steel (Sq= 12.000 psl). The pinion is to transmit 5 hp at 900 rpm. Determine the minimum diameters, 
diametral pitch, and face width that should be used based on strength only. Then using the AGMA durability 
equation estimate the minimum diameter that would be required for wear, Eissumlng a material factor of 0.4. 

Ans. For strength: = 8. Np = ie, N^=12, D^=2in., Z^ = 9in. For wear, = 2. Sin. 

14. A pair of straight tooth bevel gears at right angles is to transmit 2 hp at 1200 rpm of the pinion. The diam- 
eter of the pinion is 3in. and the velocity ratio is 32 to l. The tooth form is 14^^ composite type. Both 
pinion and gear are cast Iron (5^= OOOOpsl). Determine the pitch and foce width tTom the standpoint of 
strength only, using the Lewis equation- Aas. ^ = 28, 6 = 1-75 in. 

15. A pair of straight tooth bevel gears have 2(P full depth teeth and are generated from SAE 1030 steel blanks. 
Eight horsepower at 100 rpm of the pinion is transmitted through shafts at right angles with a velocity ratio 
of 5 to 3. If the pinion diameter is 6in., what Is the greatest number of teeth that can be used, based on 
AGMA strength and wear? The gears are hs&t treated to a brineli hardness of 225. Use = 0.3. 

Ans. = 16. For durability, hp = 10,45- 



Chapter 21 



Worm Gears 



WORM GEARING is widely used to transmit power at high velocity ratios between non-intersecting 

shafts that are usually, but not necessarily, at riglit angles. The worm drive con- 
sists of a threaded worm In mesh with a gear, sometimes called the worm wheel, as shown In Fig. 21-1 
below. The worm may have a single, double, triple or more threads. The axial pitch ^ of the worm 
is equal to the circular pitch of the gear. The lead is the distance the worm helix Eulvances along 
the axis per revolution. 

If we develop one turn of the worm thread, it forms the hypotenuse of a right triangle whose base 
is equal to the pitch circumference of the worm and whose altitude is equal to the lead of the worm, 
as shown in Fig. 21-2 below. 




where the subscript g applies to the worm-gear, and the subscript w wplies to the worm. 



STRENGTH DESIGN of the worm wheel is based on the Lewis equation. 



F = sbyP, 



sbyn 
rtc " p 



where F (lb) = permissible tangential load, s (psi) = allowable stress = ^i .}^^^ y ) 

Sq (psi) = about 3- of the ultimate strength, based on an average value for stress concentration 
Vg (fpm) = pitch line velocity of the gear. 
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DYNAMIC LOAD, , for the worm gear may be estimated by 

1200 + ^ 
= '-1200^ >^ 

where F = actual transmitted tangential load. 



ENDVBANCE LOAD, , for the gear, based on the Lewis equation is 



WEAR LOADp F^^ for the woim gear may be estimated by 

Fu, = DgbB 

where Dg = pitch diameter of the gear, in. 

b = gear face width, in, 

B = constant depending upon the combination of the materials used for the worm and gear, 
as listed below. 



Wonn 


Gear 


B 


Hardened steel 
Steel. 250 BHN 

Hardened steel 
Hardened steel 
Hardened steel 
Cast iron 


Cast iron 
Phosphor bronze 

Phosphor bronze 
Chilled phosphor bronze 
Antimony bronze 
Phosphor bronze 


50 

60 

80 
120 
120 
150 



The above values for B are suitable for lead angles up to 10^ For angles between 10^ and 25^, 
increase B by 25%. For lead angles greater than 25^ increase B by 50%. 

A3 for spur, helical and bevel gears, and ^ are allowable values which must not be exceeded 
by the dynamic load F^. 



AGMA HORSEPOWER RAUNG EQUATH»(S are based on wear and the heat dissipation capacity of 

the worm gear unit. From the standpoint of wear, 

hp = ^KQm (wear check) 

where hp = input horsepower 
n = rpm of worm 

R = transmission ratio = (rpm)u/(rpm)^ 

X = a pressure constant depending upon center distances, as listed below 

Q = R/(R + 2.5) 

m - velocity factor depending upon the center distance, transmission ratio, and worm speed, 
m may be estimated by 



450 + V^^ZV^ 
where = pitch line velocity of worm, fpm. 
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Center Distance 

\j (in.) 


K 




Center Distance 

f tin \ 

c (in.) 


K 


1 


0.0125 




10 


1.20 


2 


0,025 




15 


4.0 


3 


0.04 




20 


8.0 


4 


0.09 




30 


29.0 


5 


0. 17 




40 


66.0 


6 


0.29 




50 


120.0 


7 


0.45 




60 


200.0 


8 


0.66 




70 


320.0 


9 


0.99 




80 


320.0 



The AGMA recommendations further Include the following design equations: 



w 2.2 



h a 0.73 X worm pitch diameter, 



c = 

b = 
I = 



where Z)„> = pitch diameter of the worm, in. 

center distance between axis of worm and axis of gear, in. 
face width of gear, in. 

circular pitch of gear, In, 
axial length of worm, in. 

These equations are for estimating the approximate proper proportions of the gear unit. 

Based on AGMA recommendations, the limiting Input horsepower rating of a plain worm gear unit 
from the standpoint of heat dissipation, for worm gear speeds up to 2000 rpm, may be estimated by 



hp = 

where hp = permissible horsepower Input 
C = center distance, in. 
R - transmission ratio. 



R + 5 



(heat check) 



The efficiency of a worm gear unit, assuming square threads, may be approximated by 



Efnclency = 



1 - / tan g 
1 + //tan a 



where / = coefficient of friction 
ft - lead angle . 
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SOLVED PROBLEMS 

1. A triple ttueaded worm has a pitch dlametei of 4iD. and an axial pitch of 0.751n. Determine the 
lead angle a . 

Solution: tana = 1^ = = 0.179. a = 10,16^ 



2. A worm gear reducer unit is to have a 16inch center distance. What should be the approximate worm 
diameter and axial pitch of the worm in accordance with AGMA recommendations? 

Solution : 



* = ^T' " = Then * = 1,71; use igln. 



Standard circular pitches are: ^. . |-. ^. 4- t> li- 1h- ^d 2 inches. 

o lo o 2 8 4 



3* A worm gear speed reducer unit has a gear center distance of 10 in. and a transmission ratio of 14. 
Estimate the horsepower input without the gear overheating, assuming that the strength and wear 
capacity are not exceeded. 

Solution: 

From standpoint of heat dlS6lpatl(Mi, permissible horsepower input = — := ^'^^^^^ — = 25 hp< 

ft + 5 14 + 5 



4. A hardened steel worm and phosphor bronze gear reducer unit has a transmission ratio of 40 to 1 

and a center distance of I21n. The worm speed is 1500 rpm and its diameter is 4.9 in. What is the 
safe power input based on AGMA from the standpoint of wear? 

Solution; 

hp = ^KQm = 14.5 hp 

n 

Where n =i 1500 rpm, A = 40, K = 2.3 (by interpolation in table) 
Q = Ji/(/i + 2.5) = 0.94 

450 

™ ^ AM^u ^ /j> = Q ITO- and K,^ = pitch line velocity Of worm (I500)(4.97r)/i2 = 1925 fpm, 



5. Complete the design and determine the input horsepower capacity of a worm gear speed reducer unit 
composed of a hardened steel worm and a phosphor bronze gear having 20^ stub involute teeth. The 
center distance C is to be 8 inches, the transmission ratio Is to be 10, and the worm speed is to 
be 1750 rpm. 

Solution: 

(o) Determine D^, Dg, P^.N^. /Vg.tt, b. and L. 

^*^"^'^2.2 = 2.81 « 3^, Thus ^ = 2-81/3 = 0.94in.; use a standard pitch of 1 in. Thenifthe 
worm diameter is to be approximately 3", the gear diameter f^ desired will be approximately Dg = 2C-Dj^= 

2(8) - 3 = 13in. 

Now Ng/N^ = 10 = TTDg/P^Ny^ or Dg= IOP^W^tt. Then for various values of the exact Dg can be 
can be determined. 





1 


2 


3 


4 


5 




3.19 


6.38 


9.57 


12.76 


15.95 
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Thus the diameter of the gear will be taken as 12.76'^ (closest to 13^^ and the worm diameter will be 3.24" 
which are close to desired proportimis. 

Since the worm will have a Quadruple thread. tanOC = lead/7rD^= (l)(4)/3.247r ^ 0.393. CC = 2li^ 

Then P^^ = cos a = (l)(cos2l5^) = 0.93". 

The face width h « 0.73D^ = (0.73)(3.24) = 2*4^; use 2^". 



(6) We can estimate the capacity of the gear as follows: 

F = «6xPnc ^ ^630 lb (safe transmitted load) 
where = 0.93" (above), y = 0.146 (from table of fOrm factors). 6 ^ 2i"(above); and * V < nftA^r/ > 
in which = 8000 psl (for phosphor bronze) and = 7rD^(rpinyi2 = 7r(l2,76)(175)/l2 = 584 fpm. 

1200+1^ 

For a transmitted load F = 18301b. the dynamic load wiU be a]H)roxlmately (——j-±)F=> 27201b. 

However, the allowable wear load is Ft^= D^bB = 32001b, where B = {80)(1.25) = 100 for hardened steel 
on phosphor bronze and a lead angle between l(Pand 2^. Since the dynamic load does not exceed the al- 
lowable wear load, the safe transmitted load calculated above governs. Hence the allowable power, from 
the standpoint of gear tooth strength and wear, is 

hp = f'l^/33,000 = (1830)(584)/33,000 = 32.4 hp 

(c) According to the AGBAA formula for wear, the Input capacity of the unit Is 

hp = ^KQm. = 17.5 hp 

A 

where n = nsOrpm, R = 10. = 0.66(ftointable,forC = 8"). Q = R/(R + 2.5) = 0.8; and m = 

in which ^^=770^11/12 = 1485 fpm. 450+ K^+SV^ 

(d) The input horsepower from the standpoint of heat dissipation may be estimated: 

hp . £^ . LSifili! = 21-5hp 
A + 5 15 

The above analysis indicates the input horsepower should be limited to 17.5 in accordance with AQMA 
wear recommendations. 



6. A speed reducer unit is to be designed for an input of 1 hp with a transmission ratio of 27- The 
speed of the hardened steel worm is 1750 rpm. The worm wheel is to be made of phosphor bronze. 

The tooth form is to be XAi° involute. 

Solution: 

(a) It is necessary to choose a center distance for trial. Assume that from previous experience the center 
distance for this size unit should be about 4 in- Then » 4°"^'^2.2 = 1-53 « 3J^ and Z^*8-l-53 = 

6.47"; these are desired proportions, 

Ng must be some multiple of 27; that is. T^iSAD/Pc = 27, 54. 81. etc. 

Also,. P^ ^ 77(6.47)/Ng should be about y of or about 0,5- 

Fot Ng = 27. ^ = 0.75"; for Ng= 54. Pc = 0-375". Use J£ = 0-375" and /Viu = 2- 

Then Dg = (0.375) (54>/7r = 6.45", = (2)(4) - 6.45 = l-SS", and face width 6 * (0.73X1.55) = 1,13". 
Use b = 1.125^^ 

(6) Check design for gear tooth strength and wear- Permissible transmitted load F is 

F = sbyPc = 381 lb 

where P^ = 0,375^^ (above), y = 0.111 (from form factor table, for 54 142'^lnvoluteteeth), b = 1.125" (above); 

and s = in which = 8000 psi (for phosphor bronze) and K, = 7rft,(rpm)^/12 = 109.5 fpm. 

1200 -t- Vg 5 5 6 
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Required transmitted load. F = (hp transmitted){33,000)/K, = 301 lb. 



1200+ Vg i9fKi+ ifiQ 

Estimated dynamic load = F( ) = 301 ( "^r" " ) = 328 1b. 

1200 1200 

Allowable wear toad, ^ l^bB = (6.45)(1.125)(80) = 581 lb. 

Since the allowable wear load is greater than the estimated dynamic load, and since the allowable 
transmitted load is greater than the required traQsmitted load, the design is satisfactory from the stand- 
point of strength and wear of tbe gear teeth. In fact, the permissible power is 

Fl^/33,000 = (344)(109.5)/33.000 = 1.14 hp 



(c) Check AGMA rating for wear. 



Input power = ^KQm ~ 1.94 hp 



where n = 1750 rpm. R = 27, K = 0-09 (from table, for 4" center distance), Q = R/(R + 2.5) = 0.915 ; and 

(rf> Check for heat dissipation. Permissible input power = = (9 -5) (4)^^ = 3.15 hp 

+ 5 27 + 5 

(c) In summary: Safe Power Bfls ed on 

1.14 hp Gear tooth strength and wear 
1.94 hp AGMA wear rating 

3.15 hp Heat dissipation capacity 

The unit as designed Is good for 1,14 hp according to our estimates. It could be redesigned for a 
slightly smaller center distance. 



SUPPLEMENTARY PROBLEMS 

7. A doable threaded worm has a lead angle of 20^. For a pitch of 1.25^', what is the diameter of the wonn? 

Ans. D^^ = 2-19 in, 

S. A worm gear reducer unit is to have a 10 inch center distance. What should be the worm diameter and axial 
pitch of the worm in accordance with AGMA recommendations? 
Ans. D^:t3.40in., ^=1.25in. 

9. A worm gear speed reducer unit has a gear center distance of 8.5 inches, and a transmission ratio of 20. 
What is its approximate horsepower input rating In order to prevent overheating? Ans. 14.4 hp 

10. A hardened steel worm and phosphor br(Hize gear reducer unit has a transmission ratio of 20 to 1, The speed 
of the worm la 1200 nmi and its diameter is 2.68 inches. What is the approximate permissible power input 
from the standpoint of the AGMA wear equation? Ans. 17.8 hp 

11. A hardened steel worm transmits power to a phosphor bronze gear with a velocity ratio of 20tol. The center 
distance is 15 inches. Determine the standard circular pitch and the lead angle, for proportions as close as 
possible to AGMA recommendations. 

Arts. Pf^ = 1.75in.. lead angle = 8-15 

13. A hardened steel worm rotating at 1250 rpm transmits power to a phosphor bronze gear with a transmission 
ratio of 15 to 1. The center distance is 9 inches. Determine the remaining design and give estimated horse- 
power input ratings from the standpoint of strength, endurance, and heat dissipation. The teeth are of 14^ 
involute, full depth, form. Ans. Dg = 14.3 in. b = 2.75 in. 

= 3.7 in, hp = 15.3 (strength) 

N.j^ = 3 hp " 15.2 (endurance) 

Ng - 45 hp = 19-9 (heat) 

Pc = 1 in. 



Chapter 22 



Rolling Bearings 



INTRODUCTION- Roiling bearing application involves the proper selection, mounting, lubrication, and 

possibly shielding In order that the bearings function satisfactorily under specifl.ed 
operating conditions. 

The selection of a rolling beuing is made from a manufacturer's catalog. Unfortunately, the cat- 
alogs of different manufacturers do not necessarily use the same methods of arriving at a bearing se- 
lection, principally because of differences in interpretation of test data and service conditions. How- 
ever, the rating of bearings is based upon certain general theory as outlined in this chapter and modified 
by various companies according to their experiences. 

The mounting of bearings may be based on one of several recommended procedures, the arrangement 
used quite often being controlled by the economics. 

Rolling bearings are also called anti-friction bearings, although the friction in rolling bearings 
is comparable to that in well designed journal bearings operating under thick film conditions. The de- 
cision as to the kind of bearing to use, that is, whether to use a rolling bearing or journal bearing, 
can be influenced by one or several of the following: 

(i) Rolling bearings have an advantage where starting torques are high because of the rolling action 

of the balls, or rollers, 

(3) Rolling bearings, especially at high speeds, are not as quiet in operation as journal bearings. 

{S) Where space limitations are present, rolling bearings are preferaj}le if the axial dimension is lim- 
ited; and journal bearings are preferable if the radial dimension is limited, although the use of a 
ring or collar oiled bearing with the oil reservoir might require a large radial dimension. 

{4) Where electrical insulation is desirable, the oil film in perfect lubrication will help provide in- 
sulation. 

(5) Rolling bearings give warning (by becoming noisy) when failure is imminent; whereas, when failure 

occurs in journal bearings, the failure is sudden with more disastrous results. 

(6) Roiling bearings can take a combination of radial and thrust loads (except for straight roller bearings). 

(7) Rolling bearings can be preloaded, when desirable, to reduce deflections in the bearing and to 
provide for more accuracy, as in machine tools, 

(8) Clearances in rolling bearings need be much less than in journal bearings, providing for accurate 
positioning of machine parts such as gears. 

(9) RoUing bearings can be prepacked with grease to provide for a maintenance-free Installation, Where 
oil is used for lubrication in rolling bearings, the lubrication problem is usually much simpler than 
for journal bearings. Failure of the lubricating system with rolling bearings is not calamitous, as 

it might be with journal bearings, 

QO) Rolling bearings can take high overloads for short periods. 

COEFFICIENT OF FRICTION in rolling bearings varies with speed, load, amount of lubrication, as- 
sembly, temperature of operation, A constant coefficient can be used 
for approximate calculations under favorable lubrication and what might be called normal operating 
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conditions. The values listed are as recommended by SKF Industries, Inc.: 

/ = 0.0010 for self aligning bearings (radial load) 

/ = 0.0011 for cylindrical roller bearings with flange-guided short rollers (radial load) 

/ = 0,0013 fed: thrust ball bearings (thrust load) 

f = 0.0015 for single row ball bearings (radial load) 

f = 0.0018 for spherical roller bearings (radial load) 

f = 0.0018 for tapered roller bearings 

The coefficients of friction due to use of oils of high viscosity, more than the optimum amount of 

lubrication, or new bearings will be greater than those listed. Seal frictions should not be ignored. 
The values of coefficient of friction, as found by tests by New peparture, have been found to vary 
from 0.0005 to 0.003, with a general average of about 0*001. 

It should be pointed out that improper assembly, as might occur with an interference between the 
shaft and inner race greater than recommended by the bearing manufactarets, can cause excessive 
binding and excessive friction. 

The friction torque is given by 

Mt = Ff(D/2) 

where ^ friction torque, in-lb; F = radial or axial load as specified, lb; / = coefficient of friction; 
D = diameter of the bore of the bearing* (It is usual practice to refer the frictional force to the bore 
of the bearing, or shaft diameter.) 



STATIC CAPACITY OF BEARINGS depends on the conditions subsequent to static loading, as well 

as the vaiious physical dimensions. The static edacity of abefuv 
ing which is not rotated subsequently to static loading will be much higher than one which is rotated; 
very small loads will cause permanent deformations in the rolling element and raceways which may 
prevent quiet operation at high speed even though friction is not affected appreciably and the bearing 
is not damaged. 

A light, medium, and heavy series bearing of the 

same bore is shown in Pig. 22-1. 

The initial work done by Stribeck on static capacity 
of bearings served for many years as the basis of rating 
bearings. Later experience and test data gave added 
information as to the proper rating of bearings, and mod- 
ifications were made by Palmgren with subsequent mod- 
ifications made by the Anti-Friction Bearing Manufac- 
turers Association (APBMA) to suit dynamic conditions, 
Stribeck's work still serves as a basis for static rating 
of bearings. 

Stribeck's equation for the static capacity Cq for ball bearings is 

r _ KZD^ 

where X is a constant depending upon ball diameter, Z = number of balls, D = diameter of the balls; 
and for the static capacity of a straight roller bearing the equation is 

where K = 3. constant, Z = numbers of rollers, D =^ diameter of rollers. - length of rollers. 

The following definitions and data for method of evaluating static load ratings of radial ball bearings 
is taken from the AFBMA Standards - Methods of Evaluating Load Ratings of Ball Bearings published 
by the Anti-Friction Bearing Manufacturers Association, Inc. and reproduced with permission. 
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I. METHOD OF EVALUATING ffTATIC LOAD RATINGS FOR RADIAL BALL BEARINGS 

A. Definitlong 

(1) The static load is defined as a load acting on a non-rotating bearing, 

(2) Permanent deformations appear in balls and raceways under static load of moderate magnitude and in- 
crease gradually with increasing load. Tbe permissible static load is therefore dependent upon the 
permissible magnitude of permanent defcvmation. 

Experience shows that a total permanent deformation of 0,0001 of the ball diameter, occurring at 
the most heavily loaded ball and race contacti can be tolerated in most bearing applications without 
impairment of bearing operation. 

In certain applications where subsequent rotation of the bearing is slow and where smoothness 
and friction requirements are not too exacting, a much greater total permanent deformation can be per- 
mitted. Likewise, where extreme smoothness is required or friction requirements are critical, less 

total permanent deformation may be tolerated. 

For purposes of establishing comparative ratings, the basic static load rating therefore is defined 
as tbat static radial load which corresponds to a total permanent deformation of ball and race at the 
most heavily stressed contact of O.OOOi of the ball diameter. 

In single row angular contact ball bearings the basic static load rating relates to the radial com- 
ponent of tbat load, which causes a purely radial displacement of the bearing rings In relation to each 
other. 

(3) The static equivalent load is dtflned as that static, radial load which, if applied, would cause the same 
total permanent deformation at the most beavlly stressed ball and race contact as that which occurs 
under the actual condition of loading. 

B. Calculation ot Baste Static Load Rating and Static Equivalent Load 

(i) Baste Static Load Rating: The magnitude of the basic static load rating Cq is 

Cq = foiZD^ cos Ot 

where i - number of rows of balls in any one bearing 

Ot = nominal angle of contact = the nominal angle between the line of action of the ball load 
and a plane perpendicular to the bearing ajcis 

Z = number of balls per row 
D 3 ball diameter. 

Values of the f&ctor /q for different kinds of bearings as commonly designed and manufactured and 
made of hardened steel are given in Table l-l. 



Table I-l 
Factor /o 



Bearing Type 


/o 


UdUs 

kg, nun 


pound, Inch 


Self-aligning ball bearings 


0.34 




484 


Radial and angular contact 
groove ball beuings 


1.25 




1780 



(2) Static Equivalent Load : The magnitude of the static equivalent load Pq , for radial bearings under com- 
bined radial and thrust loads» is the greater of 

Where Xq = radial factor = the radial load 

Yq - z, thrust factor = the thrust load. 
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Values of Xq and 70 are given in Table 1-2. 

TaUe 1-2 

Factors Xq and Yq 





Single Row 


Double Row 


Beanng Type 


Bearings (1) 


Bearings (3) 






^0 




Radial Contact Groove Ball Bearings 


0.6 


0.5 


0.6 


0.5 


Angular Contact Groove a = 2(f 


0.5 


0.42 




0.84 


Ball Bearings ^ ^ 


0.5 


0.38 




0.76 


a = 30P 


0.5 


0.33 




0.66 


a = 35** 


0.5 


0.29 




0.58 


a = 4oP 


0.5 


0.26 




0.52 


Self-aligning Ball Bearings 


0.5 


0.22 cot a 




n '.4 vol -1 

I 



Notes: (1) Pq is always 5 

(2) For two similar single row angular contact ball bearings mounted "face-to-face" or "back- 
to-back^\ use the values of Xq and Yq wtdch apply to a double row angulcu contact ball 
bearing. For two or more similar single row angular contact ball bearings mounted "in tan- 
dem" , use the values of Xq and Yq which apply to a single row angular contact ball bearing* 

(3) Double row bearings are prestimed to be symmetrical. 

(4) Permissible maximum value of F^/Cq depends on the bearing design (groove depth and in- 
ternal clearance). 



DYNAMIC CAPACITY OF A BEARING is based on the fatigue life of the material, contrasted with the 

static capacity which is based on permanent deformation or bri- 

nelllng, It is significant to note that, in general, a bearing rotating at low speed has a higher rating 
than the static rating since the brinelling that takes place is more evenly distributed; consequently, 
a greater amount of permanent deformation may be tolerated with rotation* 

Life of a bearing can be defined either in terms of hours of rotation at a certain speed, or life can 
be defined in terms of number of rerolutions. It is necessary to define life in terms of the performance 
of a group of bearings, since the life of a single bearing cannot be predicted. Bearings are rated on 

either of two bases, depending upon the manufacturer: 

(1) the average life of a group of bearings 

(2) the life which 90% of the bearings will reach or exceed. The ratings as given by the AFBMA 

are based upon a life which 90% of the bearings in a group will reach or exceed. 

The longest life of a single bearing is seldom longer than 4 times the average life. The life which 
50% of a group of bearings will complete or exceed is approximately 5 times the life which 90% of the 
bearings will complete or exceed- The maximum life of a single bearing is about 30 to 50 tim_es the 
minimum life. Thus, where dependability and reliability are essential for a single bearing, larger fac^ 
tors of safety must be used, since there is bo way of predicting beforehand how far away from average 
a given bearing may be. 

The specific dynamic capacity C of a bearing is defined as the constant radial load in a radial 
bearing (or constant thrust load in a thrust bearing) that can be carried for a minimum life of 1^000,000 
revolutions (which is equivalent to 500 hours of operation at 33.3 rpm); the minimum life in the defini- 
tion is that life which 90% of the bearings of a group will reach or exceed. Specific dynamic capacity 
is based upon the inner ting rotating and the outer ring stationary. (Note that the average life would 
then correspond to about 5 times as much, or 5,000,000 revolutions, which would correspond to 2500 
hours at 33.3 rpm.) 
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The following information on the method of evaluating dynamic load ratings of radial ball bear- 
ings, furnished by the Anti-Friction Bearing Manufacturers Association, Inc. and reproduced with their 
permission gives the definitions, methods of calculations of the basic load ratings, rating life, and 
equivalent load, and necessary constants for radial ball bearings, which have been selected to serve 
as illustration of the procedures used in rating all bearings. Similar information for other beaiings 
has been prepared by the APBMA, but is not given here. Note that the information can be used to 
determine the basic load rating for a given bearing, but the selection of a bearing requires the tabu- 
lation of the results for a series of bearings since the ball diameter and number of balls is variable. 

n. METHOD OF EVALUATING DYNAMIC LOAD RATINGS FOR RADIAL BALL BEARINGS 

A, Deflnltloiis 

(1) The life of an individual t>all bearing Is defined as the number of revolutions (or hours at some given 
constant speed) which the bearing runs before the first evidence of fatigue develops In the material 
of either ring or of any of the rolling elements, 

(2) The rating life of a group of apparently identical ball bearings is defined as the number of revolutions 

(or hours at some given constant speed) that 90 percent of a group of bearings will complete or ex- 
ceed before the first evidence of fatigue develops. As presently determined, the life which 50 per-* 
cent of the group of ball bearings will complete or exceed Is approximately five times this rating 

life. 

(3) The basic load rating is that constant stationary radial load which a group of apparently identical 
ball bearings with stationary outer ring can endure for a rating life of one million revolutions of the 

inner ring. Li single row angular contact ball bearings, th^ basic load rating relates to the radial 
component of the load, which results in a purely radial displacement of the bearing rings in relation 
to each other. 

(4) Load ratings, if given for specific speeds, are to be based on a rating life of 500 hours. 

(5) The equivalent load is defined as that constant stationary radial load which, if applied to a bearing 
with rotating inner ring and stationary outer ring, would give the same life as that which the bearing 
will attain under the actual condttions of load and rotation. 

B. Calculation ot Basic Load KfttlPg, Rating Llffe and Egnivalent Load 

(1) It is recognized that revisions of this recommendation may be required from time to time as the result 
of imiffovements ex new developments, 

(2) Basic Load Rating: The magnitude of the basic toad rating C, for radial and angular contact ball bear- 
ings, except filling slot bearings, with balls not luger than 25.4 mm or 1 inch in diameter, is 

c = /^(^cosa)°■'z*/^D^•^ 

with balls larger thaji 25,4 mm In diameter when kg and mm units are used, 

C = /^<*cosa)°-'Z^^ 3.647D^'*: 
with balls larger than 1 Inch in diameter when pound and inch units are used, 

C = /^(i COS Ct) Z ' u 

where 1 = number of rows of balls In any one bearing 

a = nominal angle of contact = nominal angle between the line of action of the ball Load 
and a plane perpendicular to the bearing axis 

Z = number of balls per row 

D = ball diameter 

= a factor which depends on the units used, the geometry of the bearing components, the 
accuracy to which the various bearing parts are made and the material. 

Values of are obtained by multiplying the value of f^/f from the appropriate column of Table n-l 
by a factcE /, covered in Appendix 1 (page 262). 
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Table II- 1 

Factor^ 











0 COS a 








■ — 

Single row radial contact, single 

and double row angular contact 

groove ball bearings (2) 


Double row radial 
contact groove ball 
bearings 


Sflif-aliEninE 
ball bearings 


0 05 
0.06 
0.07 


0 476 
0.500 
0.521 


0.451 
0.474 

0.494 


0.176 

0.190 

0.203 


0 08 
0.09 
0.10 


0.539 
0.554 
0.566 


0 511 
0.524 
0.537 


0 215 
0.227 
0.238 


0 12 

o.u 

0.16 


0 586 
0.600 
0.608 


0 555 
0.568 
0.576 


0 261 
0.282 
0.303 


0.18 
0.20 

0.22 


0.611 
0.611 
0.608 


0.579 

0.579 

0.576 


0.323 

0.342 

0.359 


0.24 
0.26 
0.26 


0.601 
0.593 
0.583 


0.570 
0.562 
0.552 


0.375 
0.390 
0.402 


0.30 
0.32 
0.34 


0.571 
0.558 
0.543 


0.541 
0.530 
0.515 


0.411 
0.418 
0.420 


0.36 
0.38 

0.40 


0.527 
0.510 
0.492 


0.500 
0.484 
0.467 


0.421 
0.418 
0.412 



Notes: 



T) cos a 



other than given in the 



(1) denotes the pitch diameter of tlie ball set. valaes of 
table, j^// is obtained by linear Interpolation. 

(2) a. When calculating the basic load rating for a unit consisting of two similar single row radial 

contact ball bearings in a duplex mounting, the pair is considered as one double row radial 
contact ball bearing* 

b. When calculating the basic load rating for a uBlt consisting of two similar single row angu- 
lar contact ball bearings in a duplex mounting, "face-to-face" or "back-to-back" , the pair 

is considered as one double row angular contact ball bearing. 

c. When calculating the basic load rating for a unit consisting of two or more similar single 
row angular contact ball bearings mounted "in tandem" , iffoperly manufactured and mounted 
for eQual load distribution, the rating of the combination is the number of bearings to the 
0.7 power times the rating of a single row ball bearing, for some technical reaacm the 
unit may be treated as a number of individually interchangeable single row bearings, this 
footnote (2)c does not apply. 

(5) Rating Life: The approximate magnitude of the rating life L for ball bearings, except filling slot bear- 
ings, is 

L = iC/P)^ million revolutions 

where P = the equivalent load. 

(4) Equivalent Load: The magnitude of the equivalent load P for radial and angular contact ball bearings 
of conventional types, except filling slot bearings, under combined constant radial and constant thrust 

Loads, is 



where ^ = a radial factor 
K = a rotation factor 



P = XVF^ + YF^ 

y = a thrust factOT 
m - the radial load 



^ = the thrust load 



Values otX, V and Y are given in Table II-2. The factor V, due to lack of sufficient experimental 
evidence, is used as a matter of precaution. 
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1Uilen-2 
Factors X, V sni Y 



Bearins Type 



In Relation to 
the Load the 
J^ner Ring is 



Single Row 

Bearlng8(2) 



Rotat- 
ing 



Station' 
ary 



Double Row Bearings 



i e 



VF. 



> 



Radial 
Contact 
Groove 
Ball 

Bear- 



F (1) 
Co 


Pa 
iZD^ 

Units 

lb, in. 


0.014 


25 


0.028 


50 


0.056 


100 


0.084 


150 


0.11 


200 


0.17 


300 


0.28 


500 


0.42 


750 


0.56 


1000 



1.2 



0.56 



2.30 
1.99 
1.71 
1.55 
J.45 
1.31 
1.15 
1.04 
1.00 



1 



0.56 



2.30 


0.19 


1.99 


0.22 


1.71 


0.26 


1.55 


0.28 


1.45 


0.30 


1.31 


0,34 


1.15 


0.38 


1.04 


0.42 


1.00 


0.44 



Angular 
Contact 
Groove 
Ball 

Bearings 
with 
Contact 
Angle M); 

5° 



0) 



C 



a 



0.014 

0.028 

0.056 

0.085 

0.11 

0.17 

0.28 

0.42 

0.56 



ZD^ 

Units 

lb. in. 



lOP 



0.014 
0.029 

0.057 

0.086 

0.11 

0.17 

0.29 

0.43 

0.57 



25 
50 
100 
150 
200 
300 
500 
750 
1000 



For this type 
nse the ^ . y 

and e values 

applicable to 

single row 

radial contact 

bearings 



1 



15' 



0.015 

0.029 

0.058 

0.087 

0.12 

0.17 

0.29 

0.44 

0.58 



25 
50 
100 

150 
200 
300 
500 
750 
1000 



1 



25 
50 
100 
150 
200 
300 
500 
750 
1000 



1.2 



1 



2.78 
2.40 
2.07 
1.87 
1.75 
1.58 
1.39 
1.26 
1.21 



1.2 



0.46 



1 



2(P 
25*> 
30P 
35° 
40P 



1.2 



0.44 



1.88 
1.71 
1.52 
1.41 
1.34 
1.23 
1.10 
1.01 
1.00 



1 



2.18 

1.98 
1.76 
1.63 
1.55 
1.42 
1.27 
1.17 
1.16 



0.78 



3.74 
3.23 
2.78 
2.52 
2.36 
2.13 
1.87 
1.69 
1.63 



1.47 
1.40 
1.30 
1.23 
1.19 
1.12 
1.02 
1.00 
1.00 



1 

1 
1 
1 
1 



1.2 
1.2 
1.2 
1.2 
1.2 



0.43 
0.41 
0.39 
0.37 

0.35 



Selt-aligQing 
Ball Bearings 



0.40 



1.00 
0.87 
0.76 
0.66 
0.57 



0.4 cot a 



1 



1.65 
1.57 
1.46 
1.38 
1.34 
1.26 
1,14 
1.12 
1.12 



1.09 

0.92 
0.78 
0.66 
0.55 



0.75 



0.72 



3.06 
2.78 
2.47 
2.29 
2.18 
2.00 
1.79 
1.64 
1.63 



0.42 cot a 



0.70 
0.67 
0.63 
0.60 
0.57 



0.65 



2.39 
2.28 
2.11 
2.00 
1.93 
1.82 
1.66 
1.63 
1.63 



1.63 
1.41 

1.24 
1.07 
0.93 



0.23 
0.26 
0.30 
0.34 
0.36 
0.40 
0.45 
0.50 
0.52 



0.29 

0.32 
0.36 

0.38 
0.40 
0.44 
0.49 
0.54 
0.54 



0.38 
0.40 
0.43 
0.46 
0.47 
0.50 
0.55 
0.56 
0.56 



0.57 
0.68 
0.80 
0.95 
1.14 



0.65 cot a 



1.5 tan a 
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Notes: (1) Cq is the static basic load rating- 

(2) For single row bearings, when ^ c, use X = 1 and y= 0- 

Two similar single row angular contact ball bearings mounted face-to-face or back- 
to-back" are considered as one double row angular contact bearing. 

For two or more similar single row ball bearings mounted ''in tandem'^ use the values 
of X, Y and e which apply to one single row ball bearing. When CL is smaller than 2(f , 
and are not the total loads but the loads per single row bearing, Cq and i also refer to 
one single row bearing. 

(3) Double row bearings are presumed to be symmetrical. 

(4) Permissible maximum value of F^/Cq depends on the bearing design. 

(5) Values of X, Y and « f or a load or ccmtact angle other than shown in Table II-2 are obtained 
by linear interpolation. 

(5) This standard is limited to bearings whose ring raceways, have a cross sectional radius not larger than: 

In deep groove and angular contact ball bearing inner rings: 52% of the ball diameter. 
In deep groove and angular contact ball bearing outer rings: 53% of the ball diameter. 
Li self-aligning ball bearing inner rings: 53% ot the ball diameter. 

The basic load rating is not increased by the use of smaller groove radii, but reduced by the 

use of larger radii than those given above. 

Appendix 1. A recommended value of the factor / based on cunent tests of ball bearings of good Qualityi 

hardened ball bearing steel is 

f = 10 when kg and mm units are used 

/ = 7450 when pound and inch units are used. 



m. METHOD OF EVALUATING DYNAMIC LOAD RATINGS 
FOR BALL BEARINGS BAYING GROSS SECTION RAOB 
OF THE RING RACEWAYS 57% OF THE BALL DIAMETER 

A. nefiniticms are as given in II A above. 

B. Calculation of Basic Load Rating, Rating Lite and E- 
quivalent Load 

(2) tt is recognized that revisions of this recommenda- 
tion may be required irom time to time as the result 
of improvements or new developments. 

(2) Basic Load Rating: The magnitude of the basic load 
rating C , for radial and angular contact ball bearings, 

is C = /^ocosa)°''Z^^D^-® 

where i,a,Z,D and are as defined in IIB above. 

Values of are obtained by multiplying the val- 
ue of f^/f from the appropriate column of Table m-l 
by a factor covered in Appendix 1 of Section H. 

(3) Rating Life; The approximate magnitude of the rat- 
ing life L, for bali bearings, is 

L = {C/P f million revolutions 

where P = the equivalent load. 

(4) Equivalent Load: The magnitude of the equivalent 
load P, for radial and angular contact ball bearings 
of conventional types, under combined constant ra- 
dial and constant thrust loads, is 



Table lll-l 
Factor ^ 





k 


D cos a 


f 




Radial and angular contact 


groove ball bearings 


0.05 


0.296 


0.06 


0.311 


0.07 


0.324 


0.08 


0.335 


0.09 


0.344 


0.10 


0.352 


0.12 


0.364 


0.14 


0.373 


0.16 


0.378 


0.18 


0.380 


0.20 


0.380 


0.22 


0.378 


0.24 


0.373 


0.26 


0.368 


0.28 


0.362 


0.30 


0.355 


0.32 


0.347 


0.34 


0.337 


0.36 


0.327 


0.38 


0.317 


0.40 


0.306 



XVF^^ YF^ 



Notes (l)and (2) under Table Il-lapplyalso 
to Table m-l. 



P = 

where ^ = a radial footer 

K = a rotation factor ^ 1,0 for inner ring rotating in relation to load 

= 1.2 for inner ring stationary in relation to load 
y = a thrust factcv, ^ = the radial load, ^ the thrust load. 

Values of X and Y are given in Table III-2. The factor V, due to lack of sufficient experiment 
evidence. Is used as a matter of precaution. 
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Table m-Z 

Factors X, Y and e 



Bearing Type 


Single Row Bearings 


Double Row Bearings <3) 


e 


Fi 
VFr 


> e 


Pa 
VFr 


< e 


Pa 


> e 


X 


y 


X 


Y 


X 


y 


Radial 
Contact 

Groove 

BaU 

Bearings 


Units 
lb, in. 


0.56 


3.09 
2.77 

2.43 
2.23 
2.10 
1.92 
1.71 
1.56 
1.44 


1 


0 


0.56 


3.09 
2.77 

2.43 
2.23 
2.10 
1.92 
1.71 
1.56 
1.44 


0.09 
0.12 
0.14 
0.15 
0.16 
0.18 
0.21 
0.23 
0.24 


25 
50 

100 
150 
200 
300 
500 
750 
1000 


Angular 
Contact 
Groove 

BaU 

Bearings 
with 

V VIA r **V V 

Angle: 

5° 


Pa 

ZD^ 

Units 

lb. in. 


For tbis type 
use tbe , y 
and e values 
applicable to 
single low 
radial contact 
bearings 


1 


3.69 
3.30 
2.89 
2.66 
2.50 

2.04 

1,86 
1.72 


0.78 


5.02 
4.49 
3.94 
3.63 
3.41 

2.78 
2.53 
2.35 


0.17 
0.19 
0.22 
0.24 
0.25 
0.27 
0.31 
0.34 
0.36 


25 
50 




150 
200 

300 
500 
750 
1000 


Iff 


25 
50 
100 
150 
200 
300 
500 
750 
1000 


0.46 


2.20 
2.09 
1.94 
1.84 
1.77 
1.66 
1.53 
1.44 
1.36 


1 


2.55 
2.41 
2.24 
2.13 
2.04 
1,92 
1 77 
1 66 
1 57 


0.75 


3.58 
3.39 
3.14 
2.99 
2.87 
2.69 
2 49 
2 33 
2 21 


0.25 
0.26 
0.28 
0,29 
0.31 
0.33 
0.35 
0.38 

n dO 


15° 


25 
50 
100 
150 
200 
300 
500 
750 
1000 


0.44 


1.55 
1.51 

1.48 
1.42 
1.39 
1.34 
1.26 
1.20 
1.16 


1 


1.74 
1 70 
1.66 
1.59 
1.56 
1.50 
1.42 
1.35 
1.30 


0.72 


2.52 
2 46 
2.41 
2.31 
2.25 
2.17 
2.05 
1.96 
1.88 


0,35 
0,36 
0,36 

0.39 
0.41 
0.43 
0.45 
0.47 






0.43 


1.14 




1.25 


0.70 


1.86 


0.50 


25° 




0.41 


0.95 




1.00 


0.67 


1.55 


0.62 


30° 




0.39 


0.81 




0.83 


0.63 


1.31 


0.75 


35° 




0.37 


0.69 




0.69 


0.60 


1.12 


0.91 


40° 




0.35 


0.60 




0.58 


0.57 


0.97 


1.08 
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Notes: (1) For single row bearings, when $ use ^ = 1 and y = 0, 

Two similar single row angular contact ball bearings mounted "foce-to-face" or "back- 
to-back" are considered as one double tow angular contact bearing, 

Foi two or more similar single row ball bearings mounted "in tandem , use the values 
Of y mA e which apply to one single row ball bearing. When ot is smaller tban 2tf*, 
and are not the total loads but the loads per single row bearing, 

(2) Maximum permissible thrust load depends on bearing geometry* 

(3) Double row bearings are presumed to be symmetrical. 

(4) Values ol X,Y and e for a load or contact angle other than shown In Table in-2 are obtained 
by linear interpolation. 

(5) This standard is limited to bearings whose ring racewi^s have a cross section radius of 57%. 



EQUIVALENT LOAD under conditions of varying loads is given by the constant cubic mean load, or 

mean effective load F^, which gives the same life as the variable loads. The 
various forms given below are alternate expressions for the mean cubic load F^, 

If the loads are constant for periods, 

where F^ = mean cubic load, lb 

F = force acting, lb, for N revolutions 

= total revolutions for the mean cubic load 

Fi. F-p. = loads acting respectively for N^.N^.Nq revolutions. 
If the loads are variable, 



■ It 



where F = the load at any arbitrary number of revolutions 

N = variable number of revolutions 
L„= life, in revolutions, for the mean cubic load F^. 

If the speed of rotation is constant, the load varying with time, 

where F = the force at any instant of time t 

T = time for one cycle of the load variation. 

If the load is constant and the speed varies, the average speed may be used, since fatigue occurs 
in bearings after a certain number of stress repetitions. 

Dynamic effect is an additional quantity that has to be taken into account. Factors which SKP rec- 
ommend be used to multiply the equivalent load based on steady loads vary from 1 to 3.5, depending 
upon the application. 




BEARING SELECTION. A general word of caution is in order regarding bearing selection. While each 

bearing manufacturer may Interpret its test data differently and use different 

bases of rating, it is necessary that a designer, in selecting bearings, be throughly familiar with the pro- 
cedures as outlined in the p^lcalar catalog he is using. Individual variations occur, as interpretation 
of life of a group of bearings. [A^ew Departure bases its ratings on the expected average life of abearlng 

of 3800 hours and uses a base speed of 1000 rpm. Conversion from the catalog rating of 3800 hours at 
1000 rpm to another life (in hours) and another speed (rpm) is given by 

Desired life, in hours = (3800 hr)( ^Pn'XC^^og 'atlng. lb. at 1000 tpm y 

N F 

where A' is in rpm and F is the actual load in lb.] 
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INSTALLATIONS OF ROLLING BEARINGS occur v;ith many variations. The designer is usually con- 
fronted with the problem of selecting one of many possi- 
ble variations, taking into account cost, ease of assembly, reliability, ease of disassembly, machining. 
No exact rules can be laid down as to the specific type of bearing to be used In a given application 

or to the type of assembly. 

Several arrangements for securing the inner race to the shaft, where the shaft is to rotate with 
the inner race, are shown. Usually the bearing is press fitted on the shaft, with shaft machining di- 
mensions given in the bearing catalogs for different applications. 




CtMiriety SKF f«9&wtric«, inc. 

Fig. 22-2 

Fig. 22-2 above, furnished through the courtesy of SKF and reproduced with their permission, gives 

the following details: 

(a) shows a lock nut and washer, 

(b) shows a plate fastened with screws, a modification of (a). 

(c) shows use of a snap ring and shoulder obtained with an auxiliary piece, 

(d) sbows details of fillets and good contact of the bearing with shoulders. See bearing catalogs 

for recommended machining dimensions- 

(e) shows the use of a spacer ring to obtain the necessary shoulder for the bearing. The spacer 
is fitted with a loose fit on the shaft. 

(f) shows the use of an adapter sleeve for use on long shafts (cold rolled with no machining) where 

it is impractical to apply bearings with an interference fit. Friction developed by the press 
fit is sufficient to prevent displacement of the sleeve axially on the shaft. 

(g) shows a removable sleeve used in applications where the bearing must be applied with some 

interference fit, yet must be removed at Intervals for inspection or adjustment of machine 
parts. 
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The standard bearing mounting provides for bearings to be held rigidly on the shaft by lock nuts 
and washers- See Fig. 22-3 below. One bearing is held in the housing and the other is Uee to move 

in the housing in an axial direction to provide for variations in dimensions and thermal expansion. The 

left bearing can take thrust in either direction. Figures 22-3 to 22-8 inclusive are furnished through 
the courtesy of New Departure and reproduced with their permission. 

An alternate arrangement, where axial movement need not be restricted, is shown in Fig. 22-4 be- 
low. Lock nuts and washers are not necessary. The total movement for the bearings is from 0.015" 
0'020''. Thrust to the right is taken by the right bearing and thrust to the left is taken by the left bear- 
ing. Note that shims can be used with this arrangement if axial movement is to be restricted. Care 
should be taken with this arrangement if differential thermal expansion occurs. 

An arrangement using a snap ring in the housing is shown in Pig- 22-5 below, 

A bearing with a shield and seal on one side, shown in Fig, 22-6 below, is used where protection 
against dirt is required on one side and where oil is available, usually by splash feed, on the other. 




Fig. 33-6 





Fig, 22-S Fig. 22-8 

A bearing with a shield and seal on both sides, shown in Fig, 22-7 above, protects the bearing 
from contamination and grease leakage. The bearing is packed with grease by the manufacturer. 

A bearing with a shield only, shown in Fig. 22-8 above, protects the bearing from dirt or metal 
particles that might come from within the machine, except for that flne enough to be carried in by the 

splash oil. 

Artificial cooling is required in applications where the heat generated cannot be readily dissipated 
for reasonable temperatures of operation. A high bearing temperature (generally above 200^P, with 
most industrial applications running at IIO'^-ISO^P) would in general require special bearing design, 
or a shortened life of the bearing would result. A determination of heat generated and heat dissipation 
capacity should be made in critical designs. 
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SOLVED PROBLEMS 



L What is the appToxlmate friction horsepower loss in a single radial ball bearing having a bore di- 
ameter of 2.1654" and subjected to a radial load of 5000 lb? The shaft rotates at 600 rpm. 

Solution: 

Friction torque = F({D/2) = (5000)(0.0015)(2. 1654/2) = 8.1 in-lb 
Friction hp loss = = <8.1)(600)/63,000 = 0,077 hp 



Z. Determine the approximate friction torque expected in a radial deep groove bearing under a radial 
load of 19601b. The bearing is series 302, with a bore of 0.5906"- 0,5903". 



Solution: 



Friction torque = Ff(D/2) = (1960)(0.0015)(0. 5906/2) = 0,868 in-lb 



3. Derive Stribeck's equation for the static capacity of a single row radial deep groove ball bearing, 
assuming rigid races and equally spaced balls. Also, determine the maximum load on a ball, (Ex- 
press the result in terms of the diameter D of the balls and the number of balls, Z.) 

Solution: 

(a) The radial load Cq Is balanced by the vertical components of the forces 
acting on the race through the balls in the lower half of the bearing: 

Co = Fi + 2^2 008 0 + 2F3COS 29 + 

(b) A second consideration to permit solution of the above is obtained from 
deflociion relations. The radial deflection at load is 5i, that at load 

is Ss, etc.. with 

^2 = 5i cos 6, 83 = Si cos 26t etc. 
if the races are assumed to remtdn circular in shape, 

(c) Also, the relation of deflections and loads is given hj the following, 
which are verified from the Hertz stress equations: 



1 _ 



3/2 



3/2 



SI 



3/2 




5.3/2 ' 



etc. 



^2 

(d) Substitution of (b) and (c) Into (a) gives 

Co = Pjl + 2(cos 0)^''^ + 2(cos20)^^=^ + 

(e) The angle $ depends upon the number of balls Z: 0 = 3607^. 



Fig. 22-9 



(/) Rewrite (d) as Cq = F^M. where M = [l ^ 2(cos 0)^^^ + 2(cos 20)^^ + ...]. 

(g) Stribeck found thatZ/W was practically a constant quantity regardless of the number of balls, the average 
value being about 4.37^ He suggested using a value of 5 for practical conditions to account for in- 
ternal clearance and out-of-round deformations that occured. Later experimental work confirmed his con- 
clusion. Thus the maximum load on a hall can be expressed, for a radial bearing under radial loading, as 

Co(5) 
Z 



ZM 



(h) Stribeck found from experimental work that the load to produce a given permanent deformation between 
two balls of the same diametei could be given by 

where K is a proportionality constant. Thus KD^ = 5Cq/Z , ot the static radial capacity of a bearing is 

Cn = KZO^/5 



Hence the static capacity = KZD^/5, and the maximum load on a ball is F^ = sCq/Z, 
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4. Using the constant K = 8820 in Stribeck's equation, compute the static capacity of a single row 
deep groove ball bearing series 208 with 9 balls having a diameter of 15/32 in. and compare with: 

(a) SKF static rating for a deep groove single row bearing series 6208 having 9 balls of diameter 
15/32 in, 

(b) New Departure static rating for a deep groove bearing 3208 having 9 balls of diameter 15/32 in, 

(c) Using the APBMA rating, determine the static rating for a single row radial contact groove ball 
bearing havii^ 9 balls of diameter 15/32 in. 

Solution: 

Co = KZD% = (8820)(fl)(15/32)% = 3490 1b 

(a) Prom SKF Catalog, the static rating of a 6208 bearing Is 3520 lb. 

(b) From New Departure Catalog, the quiet running limiting rating for a stationary 3208 bearing is given as 

33501b- For the particular bearing chosen, for the same size balls and number of balls, the discrepancy 
is small and is due to a difference of interpieUtion and different constants used by the manufacturers, 

(c) The APBMA rating is determined from 

Co = foiZjy^Qosa = (1780)(l)(9)(15/32)^(coB OP) = 3520 1b 
where ^ Is found in Table I-l. 

It Is of interest to note that if the bearing is not to operate at high speed after static loading, the 
loading may be increased to perhaps 4 times as much as conqiiuted above (4 x 3520 = 14,0801b] and the 
load to fracture is about 8 times as much as computed above (8 x 3520 = 28,1601b). 

5. Using the APBMA rating, determine the equivalent radial static load for a radial deep groove ball 
bearing subjected to a radial load -= 30001b and a thrust load = 1000 lb. (Xq ^ 0.6 and Yq = 
0,5, Table 1-2,) 

Solution: 

''o = + YqF^ = (0,6X3000) + {Q,5)(1000) = 2300 lb 

But ^o inust be equal to or greater than F^: hence the equivalent radial load = 3000 lb. 

6. Using the AFBMA rating, determine the equivalent radial static load for an angular contact ball bear- 
ing subjected to a radial load of 2000 lb and a thrust load of 3600 lb. (^o = 0.5, Yq = 0.33 for a 
contact angle = 30^« Table 1-2.) 

Solution: 

'^o = -^o^ + Yo'^a = (0.5)(2000) + (0.33)(3600) = 2200 lb 
Since Pq must be equal to or greater than J^, the equivalent radial load = 2200 lb. 

7. Same as Problem 6, except that the thrust load F^ = 1200 lb. 
SolaUon: 

pQ = ^o^r + ^o^a " (0,5X2000) + (0.33){1200) = 1400 lb 
which is less than therefore the equivalent radial load is 2000 lb. 

8. Although bearing catalogs tabulate the basic static load rating for bearings, determine the APBMA 
static rating for a single row deep groove bearing 6309 which has 8 balls of diameter 11/16 in. 

Solution: 

The basic static load rating Cq = foiZD^ cob a = (1780)(1X8)(11/16)^ cos cP = 6730 1b. 
(The SKF catalog using the APBMA standards lists Cq = 6730 lb fc» a 6309 bearing.) 
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9. An SKF self-aligning ball besMTing No- 1310 has a specific dynamic capacity C = 75:01b, (that is, 
a rating of 75101b such ttat 90% of a group of bearings will last 500 hours at 33.3 rpm). If the e- 

quivalent radial load actually applied to the bearing is P = 10,0001b, determine: 

(a) The life in millions of revolutions expected (such that 90% of a group of bearings of the same 
number will survive), the speed of rotation being 1800 rpm, 

(b) The life in hours for 90% of the bearings. 

(c) The average life in hours that can be expected. 
Solution: 

(a) Life in millions of revolutions = iC/Pf = <7510/10,000)^ = 0,423 inlUion revolutions. 
Note that the speed does not enter Into the above calculation. 

(6) Life in hours . 423,000 rev ^ ^ 3 

1800 rev/min 60 min 

Thus the life expected for 90% of the bearings is 3.92 hr. 
(c) The average life expectancy is 5 times as much, or 19.6 hr. 



10. Bame as Problem 9, except that the equivalent radial load P is 10001b, 
Solotfoii: 

(a) Life hi millions of revohitlons = (C/P)^ = (7510/1000)^ = 423 million revolutions. 

(6) Life in hours = ^L^^"^/? ^ = 3920 hr. 

1800 rev/min 60 min 

(c) The average life expectancy is S times as much, or 19,600 hr. 



11. A bearing has a specific dynamic radial capacity of 8800 tb. What equivalent radial load P can 
the bearing carry at 400 rpm if the desired life H is 5000 hours for 90% of the bearings? 

Solution: 

Desired life in revolutions = (5000x60)mln x 400rev/min = 120xl0^rev. 

Life in milllona of revolutions = (C/P)^ « 120 - (SSOO/Pf, frcrni which P = 1780 lb. 



12. What specific dynamic capacity C Is necessary for a desired life ot H = 10,000 hours (for 90% of 
the bearings) for a speed of 650 rpm and rad^l load P = 670 lb? 

Solution : 

Desired life in revolutions = (10,000x60) min x 650 rev/min = 390xio® rev. 

Life in millions of revolutions = (C/P)^ or 390 = (C/670)^, from which C = 4900 lb. 



13. Select a deep groove ball bearing for the lower bearing of 
the vertical shaft, shown in Pig. 22-10, driven by a V-belt, 
It luis been determined that the resultant force (T^-^T^) 
acting on the pulley is 12001b, Base the selection on 
steady loading and a life of 9000 hours (for 90% of a group 
of bearings). The minimum shaft diameter, based on 
strength, at the lower bearing is 15/16 in. The shaft ro- 
tates at 300 rpm- An SKP bearing cfUalog will be used 
for the selection of the bearing In this problem. 

Solution: 

{a) Even though the load is steady, SKF recommends a facttt 
to take into account both the dynamic effect of belt vibra- 
tion and the additional force necessary to maintain the proper 
tension in the belt. The factor recommended is 1.5 to 2.0 
for a V-belt. Arbitrarily use 1,5. 




Ti*T^ = 12001b 



Estimated weight of 
shafc and pulley = 200 lb 

Fig. 22-10 
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{b) The steady radial load on the lower bearing is 4001b, and with a shock factor of 1.5 we will use F^= 6001b. 

(c) The thrust load in the vertical direction taken by the lower bearing is ^ = 2001b. No dynamic factor 
will be applied to this load since the weight is constant. 

{d) The equivalent radial load is 

P = XVF^ + YFa 
where, for a single row, deep groove bearing: 

^ = a radial factor given below 

F = a rotation factor - 1.0 for inner ring rotating in relation to load 

» L2 for outer ring rotating in relation to load 

y - a thrust factor given below 

e = a reference value given in the table below. 

When Fa^^^r smaller than or eaual to a, use X - \ and 7=0. 

When F^ /VF^ is greater than e , use X = 0.56 and Y from the table below. 





0.014 


0.028 


0.056 


0.084 


0.11 


0.17 


1 

0.28 


0.42 


0.56 


e 


0.19 


0.22 


0.26 


0.28 


0.30 


0.34 


0.38 


0.42 


0.44 


Y 


2.30 


4 ' ' ■ 1 

1.99 


H ■ 1 — 

1.71 


1.55 


1.45 


1.31 


1.15 


1.04 


1.00 



Cq = basic static load rating (tabulated for convenience in the bearing catalog). The values for 
F^ /Cq, e and 7 are as given in Table n-2 of the AFBMA standards, and are the same in the SKF catalog. 

(e) Since the bearing Is unknown at this point, a trial and error solution is Indicated to obtain the necessary 

constant. Since the shaft size is known to be 15/16 in. from a strength consideration, let us find a sln^ 

gle row bearing which has the proper bore and check the capacity. The following sizes ate found: 



Bearing 


6005 


6006 I 


1 6209 


6206 


6305 


6306 


6405 


6406 


Bore (In.) 


0.9843 


1.1811 1 


1 0.9843 


1.1811 


0.9843 


1.1811 


0.9843 


1.1811 



(f) Let us afbltrarily check a 6205 bearing. The values given for the bearing are: Cq = 15601b, C = 24201b. 
Then ^/Cq = 200/1560 = 0.128 which (by Interpolation) corresponds to e = 0.31 and Y ^ 1.41. 

200 



Since 



- 0,33 > e, use ^=0.56 and Y = 1.4L Hence 



P = XVF^ ^yfa = 



(1)(600) 

0.56(1)(600) + 1.41(200) = 618 lb 

Life expectancy = (C/Pf = (2420/618)^ = 60 million revolutions. 

Desired life in revolutions = (9000x60 mln)(300 rev/min) = 162 x 10^ revolutions. 

Thus a 6205 bearing does not l»ve sufficient capacity in this application, 

Cg) Try a 6305 bearing, which has the bore desired- Then Cq = 23901b. C = 36601b; ^r/Co = 0.084; and 
fi = 0.28, Y = L55. 



Since 



VF_ 



200 



= 0.33 > e , use X = 0.56 and Y - L55. Hence 



(1)(600) 

P = XVF^-¥YF^ = 0.56(1)(600)+ 1.55(200) = 646 1b 

Life expectancy I = (fi/Pf = (3660/646)^ = 182 mUllon revolutions, and the desired life Is 162 

million revolutions. 

A 6305 bearing has a larger capacity than necessary, but with the bore limited to approximately 15/16 in. 
the stock 6305 bearing is closest to the requirements. The preferred shaft shoulder diameter is 1.220 in. 
for the 6305 bearing. 



. Select a ball bearing for the upper mounting of the arrangement shown with problem 13. Radial load 

= 8001b; desired life = 9000 hr at 300rpm. or 162x10® revolutions. No thrust load is present, 

i.e, = 0. 

Solution: 

(ot) The reciuired shaft size is determined by the minimum bearing bore or by the shaft strength requirement. 
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From the standpoint of the strength requirement, bending is zero at the upper bearing but there is a trans- 
verse load causing transverse shear stresses. We will select the minimum bearing bore which will be 
consistent with strength. 

(b) The radial load taking into account the dynamic factor of 1,5, is 800(1.5) = 1200 lb. 

(c) The necessary specific dyn^ic edacity C can be found from L = (C/Pf , where P = XVF^ + YF^ - 
(1)(1)(1200) + 7(0) = 12001b. Then 162 = (C/1200)3 and C = 6550 lb, 

(d) Examination of the bearing catalog gives the following bearings with the corresponding specific dynamic 

capacity, bore, and outside diameter. 



Bearing 


C 


Bore 


O.D. 


6015 


68301b 


2.9528" 


4.5276" 


6211 


7500 lb 


2.1654" 


3.9370" 


6308 


7040 lb 


1.5748" 


3.5433" 


6406 


7460 lb 


1.1811" 


3.5433" 



(The values of C for the hearings above are greater than the desired value of C= 6550 lb, but are 
closest to the desired rating.) 

(e) If the allowable shear stress In the shaft is taken arbitrarily as 12,000 pel, the size of shaft based on 
stress is found tiom 



4K 

3^ 



12,000 = 



4 (800) 



d = 0.34" 



We find by comparing (d) and (e) that the bearing size dictates the size of shaft. If the smallest bore Is 
desired, a 6406 bearing should be used. If the smallest O.D. is desired, either a 6308 or 6406 bearing can 
be used. (If the preferred shaft shoulder diameter is consideredi the value for a 6308 bearing is 1.829'' and 
the value for a 6406 bearing is 1.535") 

Thus, tho u^e of a G406 bearing with a smaller shaft size or a 630B bearing with a larger shal't si^o are 

possible. The final choice depends upon actual cost figures of machining and bearings, as well as rigidity 
and critical speed considerations. 



15. One of the bearings that could be selected in the previous problem is an SKF 640G which has Z = 
7 balls of diameter D = 21/32 in. The bearing has a specific dynamic capacity C = 7460 lb, as 
listed in the SKF" catalog. Determine (a) the APBMA rating for basic static load rating Cq and 
(b) the basic rating C. with fo = 1780 (Table M) and = 4340 (found below). 
Solution: 

(s) Co = /o»ZD*cosa= 1780(l)(7)(21/32y^ cos OP = 53701b (same as SKP rating). 

(b)C = f^(i oos a f-"^ Z^^ D^^ = 4340(1 cos (f)°*^ (7)^^^ (21/32)^-® = 74601b (same as SKF rating). 
The value of is found as follows, using Table n-1 and Appendix 1. 

^cosot ^ I^i^pcostf* * 0.278. The api^oximate relation is used since the pitch dlsme- 

ter d^^ of the ball set is assumed to be the average of the inner and outer race diameters, in the absence 
of specific dimensions. The outer race diameter of a 6406 bearing is 3.5433'' and the bore is 1.1811". 
The average pitch diameter d^ of the ball set Is approximately i(3.5433 + 1.1811)" or 2.36". 

Prom T^ble n-l, for ^ cos flC * 0.278. ^ = 0,583, From Appendix 1, /"= 7450. Hence ^ 4340 ib. 

Note that the catalog values of the basic rating should he taken from the manufacturer's catalog in 
actual selection of a bearing. 



16. A radial load = 10001b acts for two hours on a rolling bearing and then reduces to = 5001b 
for one hour. The cycle then repeats itself. The shaft rotates at 300 rpra. Determine the mean 
cubic load which should be used in rating the bearing fcff a life of 12,000 hours. 
Solution: ^ 

P = /^i^i +^2^g ^ ^/ (lOOOf (8000x60x300) + (500)^(4000x60x30 0) 
^ i Y (12.000x60x300) ~~ " 

where = revolutions for F^. = revolutions for F^, L = total revolutions. 
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17. A load varies contmuously in magnitude in a sinusoidal manner. The direction remains fixed. For 
a total life of 20,000,000 revolutions at a speed of 400 rpm, determine the mean cubic load If 
the maximum load is 1000 lb* 

Solution: 

Since the load variation is repetitive, the mean cubic load t(x one cycle will be the same as tor every 
cycle. Therefore consider one cycle, or 1 revolution. 

The load after any part of a revolution is given by F = +500 - 500 cos 27t/V» where N is the fraction 
of a revolution (when A' = o, F = 0; when N = 1/2 rev, F = noOO; when /V = l rev, F = o). 

3 




= ^ ^ = /Jn (500 - 500 COS 27rJVf dN 




1500)4^ - U^ML + A^^rrN + S^J^j _ sirL^ ^^^^ r^^^i + 2)]„ 

3 

= V(500f (2.5) = 6791b 

Bearing catalogs state that for the case where the load varies as a sine curve, the cubic mean load is 
obtained by the approximate formula of = 0.68F„.^» which agrees with the above calculation. 



18. A shafi; rotating at constant speed has variable load applied to it. The radial load on a bearing 
is = 5001b tat f x = 1 second, = 3001b for t^ = 2 seconds, F^ = lOOlb for fg = 3 seconds. 
The load variation then repeats Itself. What is the equivalent load F^? 

Solution : ^ ^ 

p l lF'^t " P'l^i + + FqIs 7 (500f (1) * ( 3Q0f (2) + (100^^(3) ^, ,^ 

* " V r ^ V T = V 6 312 1b 

Note. The equation F^ = = ^^i^i + could also be used here with the same final 

result. The revolutions for loads F^, F^ and fg, for H hours of operation, are respectively = 
^(60ff)(rpm), =|(60ff)(rpm), ^3 = |(60/r)(rpm); and the total revolutions t„ = (60ff)(rpmV Sub- 
stituting the values in the above equation, we obtain F^ = 312 lb. 



19- The shaft shown In Fig, 22-11 below has mounted on it a spur gear G and a pulley P. Power is 
supplied to the pulley by means of a flat belt; power is taken from the shaft through the gear. 
The shaft is supported by two deep groove bearings. The following information has been established: 

Horsepower = 10 (steady load conditions) 

Speed of sl^t = 900 rpm 

Shaft to be machined from hot rolled AISI 1035 

Diameter of the pulley = 10. o" 

Pitch diameter of the gear = 10.0 " 

Weight of the pulley is approximately 30 lb 

Weight of the gear is approximately 30 lb 

Ratio of belt tensions T^/T^ = 2.5 

Gear pressure angle m 2CP 

The pulley and gear are assembled with light press fits and keyed to the shaft. 

The belt forces are perpendicular to the paper with the tight side being and the slack side 
being Tg- The tangential force on the gear is F^ and the separating force is F^. is perpendic- 
ular to the paper. 

The design of the shaft for strength, critical speed, and rigidity is discussed in the chapters 
on variable stresses, shaft design, and deflections. The selection of proper single row, deep groove 
ball bearings is to be made now. 
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= 140 lb 



^ = 50 lb 



Vertical Forces 



Horizontal Forces 




Effective Vertical Forces 



Ti = 233 lb 

Weichl ■ 30 lb 



326 lb 



1281b 



301b 



Effective Horizontal Forces 



2731b 



I 
I 

I 

t 



lRgy= 1091b) 



1490 lb 



t(i^j= 108.51b) 



j(Aj;f= 871.51b) 



Fig. 22-11 



Solution: 

Preliminary information that has to be ?;peclfied is the application and particulars of operation. A bearing 
suitable foF, say, 500 hours need be much .smaller than one. say, for 50,000 hours of operation, SKF recom- 
mends a life of 20,000 to 30,000 hours for machines in general In the mechanical Industries » where machines 
are Mly utilized for 8-houT service. Let us assume that our application Is of such a typsi with a desbed 
life of 25,000 hours. 

The dynamic effect in gear drives is due to two dynamic effects: 

(1) the vibration introduced by Inaccuracies in the gear tooth form, /j^ 

(2) the dynamic effect of the driven machine, . 

The gear force is found from F^^ = ^fi^fd 

where F is the theoretical load calculated from the torque and geometry. Values of /j^recommendecl by SKF 
range from 1.0 to 1.3, and values of recoimnended by SKF range from 1.0 to 3.0. Let us arbitrarily use 

4= 1.3 and = 1.5. Thus, Fjf = f'(l,3){1.5) = 1.95 F. 

For V-belt drives, a factor fp to take care of both the dynamic effect of belt vibration and the additional 
force necessary to maintain the proper tension in the belt varies from 1.5 to 2, Let us use ff^ = 1.5 for the 
belt. Thus the effective belt force is 1.5F, 



The forces to be used in the calculations are: 

Effective tangential face on the gear 
Effective radial force on the gear 
Effective belt force 
Effective belt force 



1.95(140) 

1.95 (50) 
1,5(233) 
1.5 (93) 



273 lb. 

98 lb, 
350 lb, 
140 lb. 
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The effective sum of the belt tensions, + T^, with the belt strands horizontal. Is 350 -f- 140 = 4901b. 
Note that the dynamic effects are not considered applied to the weight of the pulley or gear. 

The reactions for the effective forces are shown on the figure in dashed lines. 

Resultant radial load on the left bearing is Rj^ = V(49)^ + (IOS.5)^ = 119 lb. 

Resultant radial load on the right bearing is Rj^ = \/(109)^ + (871.5)^ = 879 lb. 

Revolutions L„ required fOT 90% of the bearings = (25,000)(60)(900) = 1350 x lo^ revolutions. 

Specific dynamic capacity C required for each bearing is: 

Left bearing: L - (C/Pf where P = Ri^ Then 1350 = {C/Iisf ot C = 1300 U), 
Right bearing: L = (C/Pf where P = R^, Then 1350 = (C/SlSf or C = 9650 lb. 

Investigation of the SKF bearing catalog reveals the following minimum sizes of single row deep groove 
bearings which have a basic dynamic capacity closest to C = 1300 lb: 



Bearing 


Basic Dynamic 
Capacl^ 


Preferred Shaft ! 
Sbonlder Diameter 


Bore 1 

1 

-J 


' Outside 
Diameter 


6907 


1690 lb 


^— 

1.578" 


1.3780" 


2.1654" 


6004 


1620 lb 


0.890" 


0.7874" 


1.6535" 


6202 


1320 lb 


0.703" 


0.6693" 


1.5748" 


6300 


1400 lb 


0.563" 


0.3937" 


1.3780" 



Since the diameter D of the shaft, based on deflections, is 1.288", the preferred shoulder diameter can 

be used as a basis of selection, the 6907 bearing requiring a shaft shoulder diameter which Is too large and 

the 6004 bearing requiring one which is too smaU. Further investigation of the catalog shows that the pre- 

fened shoulder diameter coming closest to 1.288" In various bearings having greater load capacities than 
reouired are: 



Bearing 


Frafeired Shaft 
sbonlder Diameter 


Ontslde 
Diameter 


6006 


1.346" 


2.1654" 


6206 


1.406" 


2.4409" 


6305 


1.469" 


2.4409" 


6405 


1.339" 


3.1496" 



Considering the economics and size reauirements, it appears that a 6006 bearing would be best for the 
application. 

A similar analysis for the right bearing, with a shaft diameter of 2D = 2.576", determined from a rigidity 
analysis , and a minimum specific dynamic capacity requirement of 9650 lb, gives the following minimum sizes 
In the various series of single row deep groove bearings, based upon load capacity only: 



Bearing 


Basic Dynunlc 
Capacity 


Prefeired Shaft 
Shoulder Diameter 


Bore 


Outside 
Diameter 


6018 


11,500 lb 


3,898" 


3.5433" 


5.5118" 


6216 


10,000 lb 


3.504" 


3.1496" 


5.5118" 


6310 


10.700 lb 


2.362" 


1.9865" 


4.3307" 


6408 


11.000 1b 


1.969" 


1.5478" 


4,3307" 



Examination of the catalog gives the minimum size 
bearing, shown in the adjacent table, coming closest 
to the required shaft shoulder diameter of 2D = 2.576" 
(and having a specific dynamic capacity larger than 
96501b. From an economic Mid size requirement, the 
6311 bearing is suitable. 

The diameters as calculated for the different con- "^^ifi^^t"^ 

slderations are: 

Strength: Soderberg equation (design factor 1.5) 
ASME shafting code 

Critical Speed (not considering transverse shear deflection) 

Maximum slope of 1° at either bearing 

Maximum deflection of 0.001" at the gear 



Bearing 


Prefixed Shaft 
Shoulder Diameter 


Outside 
Diameter 


6311 
6411 


*2.559" 
2,638" 


4.7244" 
5,039" 



Diameter D Diameter 2D 



if 

1.01" 
0.597" 
0.470" 
1.288" 



2u 

2.02" 

1.194" 
0.940" 

2.576" 
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SUPPLEMENTARY PROBLEMS 

20. Determine the approximate friction torQue expected in a single row deep groove ball bearing under a radial 

load of 6000 lb. The bore of the bearing is 2,1654"- 

Ans, Witb a coefficient of friction taken as 0,0015. the Mction torque is 9,75 in*lb. 

21. Using the AFBMA, determine the equivalent radial static load Pq for a radial contact groove bearing subjected 

to a radial load of = 20001b and an axial load of = 20001b. 
Ans, Pq = 2200 lb (with Xq = 0,6 and Yq = 0-5) 

22. Same as Problem 21* except that = 20001b and ^ = 5001b. Ans, Pq = 2000 lb 

23. Determine the AFBMA basic static load rating of a single row, deep groove ball bearing having 10 balls of 

5/8 in- diameter. Ans. Cq = 6950 lb 

24. A single row, deep groove ballbearing has a specific dynamic capacity of 10,4001b (for 1,000,000 revolutions 
or 500 hours at 33.3 rpm, that 90% of a group of bearings will complete or exceed), (a) If the speed cf rota- 
tion is 1800 rpm and the actual radial load applied to the bearing is 20001b, what is the life In revolutions? 
(b) How many hours of operation cm be expected for the above? (c) What is the average life that can be ex- 
pected? Ans. (a) 14lxl0^reVp (b) 1310 hr, (c) 6550 hr 

25. A bearing has a specific dynamic radial capacity of C = 55001b. What radial load can the bearing carry at 
1200 rpm If the desired life is 2000 hours (for 90% of a group of bearings)? Ans. 1060 lb 

26. A radial load of 20001b acts for 5 revolutions and reduces to 10001b for 10 revolutions. The load variation 
then repeats Itself. What is the mean cubic load? Ans. 1495 lb 

27. Determine the 6200 series bearing which will be suitable for a radial load of 4001b with operation at 1200 
rpm for 2000 hours. Loading is steady. Basic dynamic capacities C of various 200 series bearings are: 



Bearing 


6200 


6201 


6202 


6203 


6204 


C, lb 


805 


1180 


1320 


1650 


2210 



Ans. C = 2100 lb; 6204 bearing is suitable, 

28. A 6203 single row, deep groove bearing has a basic static load rating of Cq = 10001b and a basic dynamic 

capacity of C = 1650 lb. What is the life expectancy (that 90% of the bearings will reach or exceed) for a 

radial load ot F^t: 3001b and a thrust load of = 2801b? The outer ring Is stationary. 

Ans. F^/Cq = 280/1000 = 0.28, e = 0.38. Y = 1.15. and the enulvalent thrust load Is P = 490 lb. The life 
expectancy is 38,2 x 10^ revolutions, 

29. Same as Problem 28« except that ^ = 56 lb. 

Ans, F^/Cq - 56/1000 = 0.056. e = 0,26. = 56/(l)(300) = 0.187. A = 1 and 7 = 0. and the equiv- 

alent radial load is 3001b. The life expectancy is 166 x lo^ revohitlons. 

30. A certain ball bearing has dimensions to be taken as shown in Fig. 22-12. 

If the outer race rotates at 1000 rpm and the inner race is held stationary, 
what will be the rpm of the cage (spacer)? Assume no slip between the 
balls and races. Ans. 612 rpm 




Fig. 22-12 



Chapter 23 



Lubrication and Bearing Design 



LUBRICATION involves the use of a lubricant between the rubbing surfaces of certain machine ele- 
ments in order to prevent or reduce the actual surface contact, which results in less 
wear and a lower coefficient of friction. Oils and greases are the most common lubricants, although 
any substance having the required viscosity properties may be used. The lubricant is usually a liq- 
uid. However, some solids, such as graphite, Boapstone and other greasy nonabrasive solids, may 
be used. Even gases» under some circumstances, make good lubricants. 



VISCOI^TY is one very important property of a lubricant* The fundamental meaning of viscosity may 

be illustrated by considering a flat plate moving under a force P parallel to a stationary 
plate, the two plates being separated by a thin fUm of a fluid lubricant of thickness h, as shown in 
Pig. 23-1 below. 




tationaiy Pji^^ 



Fig. 23-1 



The particles of the lubricant adhere strongly to the moving and stationary plates. Motion Is 
accompanied by a linear slip or shear between the particles throughout the entire height of the Hlm 

thickness. 

If A is the area of the plate in contact wlch the fluid, the unit shearing stress is 

5, = P/A 

Newton deteimioed that the magnitude of this shearing stress varies directly with the velocity V 
of the moving plate and Inversely with the film thickness h. It Is assumed that the fluid completely 

fills the space between the two surfaces, that the velocity of the fluid at each surface is the same 
as that of the surface, and that any flow of the fluid perpendicular to the velocity of the plate is neg- 
ligble. 

P V 



A k 



where Z is a constant of pioportionallty and Is numerically equal to what Is defined as the viscosity 

of the fluid. 

P/A shearing stress 



Z = 



V/h rate of shearing strain 
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If a force of one dyne is required to maintain a plate at a velocity of one centimeter per second, 
the plate having a constant area of one squfure centimeter and being separated from the stationary 
plate by a fluid film thickness of one centimeter, the fluid would have an absolute viscosity of one 
poise. Then 1 poise = 1 dyne-sec/cm^. The viscosities of most lubricating fluids are less than a 
poise, so it is common practice to report absolute viscosity in terras of the centipoise which is one 
hundredth of a poise. 

When absolute viscosity is expressed in the English System, the units are Ib-sec/ln^ and unit 
viscosity is the reyn and is represented by 

Z (centipoises) 
'^^"'""^ - 6.9xl0« 

Two other ways of reporting viscosity which are commonly employed in lubrication work are 
Sf^rbolt Universal viscosity and Kinematic viscosity, as defined by the following equations, 

Z = (0,22t- ^) (cenUpoises) 



Kinematic Viscosity ^ ^ (centistokes) 



where Z = absolute viscosity, centipoises 

T = Saybolt Universal viscosity, seconds 
p = density of the lubricant, grams per cm°. 

For oils, an average value of p= 0.9 Is usually satlsfact(vy for design calculations. For a more 
accurate evaluation of p at any fahrenheit temperature use, for petroleum oils, 

p = Pfio^ " 0.000385C^-60**) 

Also, the viscosity of crankcase oils Is reported by an SAE viscosity number, related to Saybolt 
Universal as listed below. 



SAE 

viscosity 
□umber 


Saybolt viscosity 
range, sec, 

at 13(f P 


10 


90-120 


20 


120-185 


30 


185-255 


40 


255 



SAE 

viscosity 
number 


Saybolt viscosity 
range, sec. 
at 21Cf F 


40 


80 


60 


80 - 105 


60 


105-125 


70 


125-150 



When the stationary plate is parallel to the moving 
plate as shown in Fig. 23-1 above, the velocities of the 
various laminae of fluid are proportional to their dis- 
tances from the stationary plate, and the area of the ve- 
locity gradient triangle OAB is proportional to the volume 
of fluid per unit time passing a section having unit width. 
In this case the moving plate will not support a vertical 
load. If the stationary plate is inclined so that the film 
thickness varies from hx where the oil enters to where 
it leaves, the velocity gradient cannot be the same at 
both positions. The velocity curve is concave at the 
entrance and convex at the exit as shown in Fig«23"2. 

The figures thus formed by the velocity curves in the 
convei^ng film are not triangular but do have equal areas 




Pig. 23-2 
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if no end leakage is assumed. The moving plate will now support a load W due to the velocity-pressure 
relations, which cause a pressure buildup in the oil film from zero to a maximum and back to zero as 
shown, 

JOUBNAL BEARINGS make use of the basic theory of the converging film in order to support loads 

on a film of lubricant. Fig.23-3 below shows the end view of a journal bearing 
for the three positions of "rest^', "start^', and ^'nin". Note that in the "rest*' and "start" positions 




there Is contact between the Journal (shaft) and the bearing (outer member). However, if the required 

conditions, as explained later, for perfect or thick-ftlm lubrication are met, the shaft will be separated 
from the bearing by a film of lubricant as indicated in the ^^run^' position, and the load will be sup- 
ported by the film pressure. The terms thin-film or imperfect lubrication apply to the situation where 
bearing design and selection of lubricant have not met all the requirements for thick-film or perfect 
lubrication, and contact between journal and bearing is not completly prevented. Due to leakage of 
the lubricant tiom the ends of the bearing, there is a distribution of pressure in the axial direction 
as shown In Fig,23-4 above. The load carrying capacity of a journal bearing with perfect lubrication 
is a function of many variables, but essentially it involves the selection of the propter lubricant to 
provide perfect lubrication for specified operating conditions, and at the same time tu provide for the 
proper heat balance between the heat generated within the bearing and the heat dissipated in order 
that the bearing will not exceed a safe pacified operating temperature. 



HEAT GENERATED, H^, within a journal bearing is a function of the journal coemcient of friction/, 

Hg - /if ^ ft-lb/min 

where = heat generated, ft-lb/min N = journal speed, rpm 

/ = journal coefficient of friction IF = total radial bearing load, lb. 

D - journal diameter, in. 

The main problem at this point is to be able to determine as closely as possible the value of the 
coefficient of journal friction. It is difficult to obtain a precise value for /, since it varies widely 
with operating conditions. The discussion in this chapter will be limited to full (360^ journal bearings. 

Various investigators, employing dimensional analysis, have shown that the journal coefficient 
of friction is a function of at least three dimenslonless parameters, 

Z/V/p, ZyC, and L/D 

where Z = absolute viscosity of lubricant at its operating temperature, centipoise 

N = speed of journal, rpm; N' = speed of journal, rps (for later use) 

p = bearing pressure based on projected area, W/W pal 

W = radial bearing load, lb 

D = journal diameter, in. 

C = diametral clearance between journal and bearing, in, 

L = length of bearing, in. 
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The relationship between the coefficient of friction and 
the parameter ZA/p , called the bearing modulus, is of par- 
ticular interest. The curve of Fig.23-5 is typical, but the 
slope and intercept of the straight line portion in the thick- 
film region depend upon variables such as the clearance ratio 
C/D, and the L/D ratio. Experimental data on small journal 
bearings by McKee established the followins approximate 
equation for the coefficient of friction. 



10 



P 'C 



This equation, which is that of the straight line portion of 
the curve in the thick-film region, may be used for estimating 
the coefficient of friction. 

Experimental data indicate that the value of k may be 

taken as 0.002 for L/D ratios from 0.75 to 2-8. Pig,23-6 shows 
how k varies^ in general, with the L/D ratio, A practical 
average value for D/C is 1000, ajid practical values of 
range from 1 to 2 when space requirements permit using a 
long bearing. Practical operating values of Z/V/p have been 
determined for a number of typical applications as listed be- 
low. The operating value of ZN/p must be sufficiently large 
to avoid entering the tr»isition or thin-mm regions. 




0.D1S 



0.010 



Fig. 23*5 

































1 ^^^^^^^ 












































IL9 1.0 1.5 2.0 3.9 3.0 

L/D 
Fig. 23-6 



TVPICAL JOURNAL BEARING PRACTICE 



Equipment 


Beaiing 


Max Pressure 


Lubricant 


P 


Z 


ZN/p 


Automobile and 


Main 


700-1700 


7 


15 


Aircraft engines 


Crankpin 


1400-3400 


8 


10 




Wrist pin 


2000-5000 


8 




Gas and Oil 


Main 


500-1200 


20 


20 


Engines 


Crankpin 


1000-1800 


40 


10 




Wrist pin 


1200-2000 


65 




Marine Engines 


Main 


500 


30 


20 




Crankpin 


600 


40 


15 




Wrist pin 


1500 


50 




Stationary 


Main 


200-400 


15-60 


20 


Steam Engines 


Crankpin 


600-1500 


30-80 


6 




Wrist pin 


1800 


25-60 




Reciprocating 


Main 


250 


30 


30 


pumps and 


Crankpin 


600 


50 


20 


compressors 


Wrist pin 


1000 


80 




Steam turbines 


Main 


100-300 


2-16 


100 


Rotary motors 


Shaft 


100-200 


25 


200 


and pumps 











280 



LUBRICATION AND BEARING DESIGN 



OTHER HETTHODS for determining the coefficient of journal friction are based on Petroff' s equation 

01 on hydrodynamic theory. 

PETROFF'S EQUATION, which was developed back in 1883, gives an expression for the coefficient 

of journal friction based on a journal concentric with the bearing (no radial 

load) and neglects end leakage, 

^ 30 ^ P ' C ^ V 

Since this equation was derived for an unloaded bearing, it is only an approximation for lightly 
loaded bearings. 



THE SOMMERFELD NUMBER, 5, is another dlmensionlesa parameter used extensively in lubrication 

analysis. Based on hydrodynandc theory^ It can be shown that the 
Sommerfeld number is a function of attitude only, as defined below. It may then be plotted against 
the quantity f(D/C) which is also a function of attitude only, and Che coefficient of journal friction 
may be determined. The Sommerfeld number Is 

S . !^fif 

* P <c' 

One of the main factors that Petroff's equation 
fails to take Into account is the eccentricity of the 

bearing when under load. The Sommerfeld number 

when plotted against /(O/C) in accordance with 
hydrodynamic theory takes this eccentricity into 
account. The center of the journal when under load 
is not concentric with the bearing, but moves e^)- 
proximateiy along a Bemicircular arc of diameter 
C/2. This results in the establishment of a mini- 
mum film thickness, A^,as8howninFlg.23-7 (shown 
greatly exaggerated). The distance between the 
bearing center and the shaft center is called the 
eccentricity and is denoted by e. The ratio of this 
eccentricity to the radial clearance Is called the 
attitude or eccentricity ratio, 

2e . 



I 



Oil ifl— 



r 




Aq = Mininuiin Film Thickness 



Attitude 6 = 



1 " 



Fig. 23-7 



It Should be noted that both the Petroff equation and early plots of f(D/C) versus the Sommerfeld 
number were based on ideal bearings (no end leakage)- Several design methods have proposed the 
use of end leakage and eccentricity correction factors in conjunction with these equations. In the 
past most of these methods have been rather inaccurate and not entirely satisfactory* 



DESIGN CURVES corrected for end leakage and for various L/D ratios in which performance vari- 
ables are plotted versus the Sommerfeld number have been prepared by A. A. Raimondi 
and John Boyd of the Westinghouse Research Laboratories. (ASLE Transactions Volume 1, No. 1, 
April 1958). Their latest curves were developed on a completly rational basis and the results were 
obtained by the use of computers. These curves supersede previous curves published by the same 
authors in 1951. Their previous curves required correction factors for end leakage. The use of these 
latest curves eliminates completely the need for applying end leakage factors and thus greatly sim- 
plifies the task of calculating bearing performance. A portion of these charts arbitrarily chosen for 
a full journal bearing (360^) having an L/D ratio of one have been approximately reproduced to dem- 
onstrate their use. These curves are also based on the possibility that rapture of thefilm may occur. 
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The reader should refer to the original article for partial bearings and other L/D ratios, as well as 
design of a bearing for optimum performance. The original article also covers the case of submerged 
bearings operating under pressure where film rupture is not likely to occur. Note use of a linear plot 
In the corner block of the following curves. 



COEFFICIENT OF FMCTION may be determined from Pig. 23-8 below, where the coefficient of fric 

tion variable f (D/C) is plotted against the Sommerfeld number. 

Based on Raimondi and Boyd DftCa fof L/D = 1 

^ (Full bearing ambient pressure = 0) 

to 

r/i 



I 



up 



I 
s 




.01 .02 m .06.08.10 .20 .10 . 60.BD 1,0 2,0 

Sommerfeld number, S = (^) (dlmeaslonless) 

P c 

Fig. 23-8 



4.0 6,0 B.010 



MINIMUM FILM THICKNESS may be determined from Fig.23-9 below, where the minimum nim thick- 
ness variable 2A^C Is plotted against the Sommerfeld number. 



2 



Based on Raimoiuii «nd Boyd Data foe L/D = 1 
(Full bearing ambient pressure = 0) 




.01 .02 



.04 .06 MAO 



M .eo -AO 1.0 2,0 



4.0 A.Ofi.OlO 



Sommerfeld number, S = ^ — {—) (dinteDsionless) 

P C 



Fig. 23-9 
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The permissible minimum film thickness depends mainly upon the size and surface finish of the 
bearing; the rougher the surface, the thicker the film required. For ordinary babbitt lined bearings the 
film thickness should not be less than 0*00075 in. On larger power machinery the minimum film thick- 
ness may be limited to 0.001 to 0.005 in. One rule cf thumb is to limit the minimum film thickness to 
0.00025D. 

OIL FLOW. Q in%ec, through the bearing due to pumping action of the shaft may be determined from 

Fig,23-10below, where the flow variable 4/^/DCN% is plotted against the Sommerfeld number. 



8 



> 

I 



6.0 



9JI 



3.0 



Based on Raimondi and Boyd Dara foj L/D = 1 
(Full bearing ambienr pressure = 0) 




JII M M MXAM 

Sommerfeld 



,20 .40 .60.801.0 

number, S = (^) 



P C 
Fig. 23-10 



^0 i.O 6.0 M 10 

{dimensloiileas) 



END LEAKAGE, in^>^ec, from both ends of the bearing may be determined from Fig.23-11 below, 

where the Q /() ratio is plotted against the Sommerfeld number, Q is the amount of 
lubricant that must be supplied to a bearing operating under atmospheric pressure lo compensate for 
the loss due to end leakage. 



Based on Raimoncli flnd Boyd Data foi L/D = 1 

(Full bearing ambieni pressure - 0) 




-01 m 



.04 .06.06.10 .20 



.10 .60.801.0 



2.0 



4 J) 6.0 8.010 



Sommerfeld nimiiier, S = [—) (dlmensioniess) 

Fig. 23-11 
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TEMPERATURE RISE of the lubricant as it passes through the bearing may be determined from Fig, 

23-12 below, where the temperature rise variable JycbT/p is plotted against 
the Sommerfeld nuraber- It is assumed that all of the heat generated by friction is effective in raising 
the temperature of the lubricant as it flows through the bearing, 

/ = mechanical equivalent of heat = 9336 In-lb/Btu 
7 = weight per unit volume of lubricant^ Ib/ln^ (0.03 for oil) 

c - specific heat of lubricant, Btu/lb-^F (0.4 for oil) 

Ar = temperature rise of the lubricant as it passes through the bearing, '^F. It may be consid- 
ered as the temperature rise of the film between the leading and trailing edges of the 

wedge. 

Based oa lUiiDoadl and Boyd DntK tozL/D = I 
(Fall bearing ambient pressure = 0) 




Sommerfeld nmnber. S - {—) (dlmensionieBs) 



Flc. 23-12 



COMPARISON OF THE BAIMONDI-BOYD data with HcKee data, and with PetiDff's equation when 

plotting f(D/C) against the Sommerfeld nuraber for a 380^ 
journal bearing having an L/D ratio of one is shown in the following table. 
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fiWC) for a 360" journal bearing, L/D = 1 



Sommerfeld 
numDcr 

s 


Raimondi-Boyd 
□aca tor 
ambient pressure = 0 


Petroft's 
eauatloii 


D/C = 1000 and using 

/ = 0.002 +-^(-^){1000) 
/ 10 P 


.01 


0.8 


0.197 


2,196 


.02 


1.1 


0.395 


2,39 






O.Toy 


2.79 






1.17 


3.12 






1 CO 

1.58 


3.57 


.10 


2,8 


1.97 


3.96 


.20 


4.6 


3.95 


5.92 


.40 


8.4 


7.89 


9.84 


.60 


12.0 


11.7 


13.8 


.80 


16.0 


15.8 


17.7 


1.00 


20.0 


19.7 


21.6 


2.00 


40.0 


39.5 


41.2 


4.00 


SO.O 


78.9 


80. 


6.00 


120.0 


117. 


119. 


8.00 


160.0 


158. 


159. 


10.00 


200,0 


1 ^7 . 


198. 



Note that the values for f(D/C) are in close agreement for lightly loaded bearings, i.e. for high 
Sommerfeld numbers. 



HEAT DISSIPATED. H^, from a 360"" journal bearing by heat transfer may be estimated by the follow- 
ing equation based on the work of Lasche, 

= F"^^^^ ft-lb/min 

where AT = (^-7^) = the difference between the bearing surface temperature Tg and the tem- 
perature 7^ of the surrounding air, 

/( = 31 for bearing of heavy construction that is well ventilated 

K = 55 for bearing of light or medium construction in still air 

L = length of journal, inches 

D = diameter of journal, inches. 

The relationship for the operating temperature Tq of the oil, the air temperature and the bear- 
ing temperature 7^ may be approximated by 

Average absolute viscosities for typical SAE number oils are plotted vs temperature in Pig, 
23-13 below. 
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Typical SAE Number Oils 
Average Absolute Viscosities vs Temperature 



■S 

o 



4> 

s 

o 
> 




80 



SAE -70 

60 

50 



40 



30 



20 



10 



120 140 160 
Temperature, ^'F 



180 



220 



F1C.S3-13 



SOLVED PROBLEMS 

1. A 3 in. long full journal bearing of diameter 3 in. supports a load of 2700 lb on a journal turning at 
1800 rpm. Assuming a D/C ratio of 1000, and an oil having viscosity 10 centipoise at the operating 
temperature, determine the coefficient of friction by using (a) the McKee equation, (b) theRaimondi 
and Boyd cuire of Pig.23-8. (Note: L/D = 1.) 

SoIaUon: 

(a) Using the McKee equation, / = 0-002 + ^(^)^ = 0-002 + ^ (^^^^~^) (1000) = 0,00484 

XU " u XU"^ » oUU ' 
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(b) To use the Raimondl and Boyd curve of Pig.23-8. first calculate the Sommerfeld numbei S. 

S = - 0.U5 

Prom Pig-23-8, S = 0,145 Klves /(D/C) = 3.7; then /(lOOO) = 3.7 or / = 0.0037- 



Referring to Problem 1, determine the amount of heat generated using the coefficient of friction as 
calculated by the McKee equation. 

Solution: 

= fW-^ = (0,00484)(2700) ^^^\^^°°°^ - 18.500 ft-lb/mln 

3. For Problems 1 and 2, determine the probable surface temperature of the bearings using theLasche 
equation and assuming that the heat generated is all dissipated In still air at 70"^?. 

Solution: 

Setting the heat dissipated equal to the heat generated Hg , we have 

= <^l^LD = H^, ^^^(3)(3) = 18.500. Af = 30^P 



Then = Ar + = 305 + 70 = 375''p (too high). 



4. A journal bearing 3 In. long supports a load of 1645 lb on a 2 in. diameter Journal turning at 750 

rpm. The diametral clearance is 0.00273 in. What should be the viscosity of the oil in centipoise 
if the operating temperature of the bearing surface is to be limited to 170^ F when in still air at 
70^ p? 

Solution: 

Use the McKee and Lasche equations and assume the heat generated equals the heat dissipated- 
/ = 0.002. = 0.002 = 0.002 -^ 0.000095Z 

fia = f^-^ = (0.002 + 0.000095Z)(1645)^~^^^ = 1290 + 61.3Z 

Then assuming Hg = H^, we have (1290 + 61.3Z) = 1930 or Z = 10.45 centlpolse- 

5. A journal bearing 6 in. in diameter and 9 in, long is supporting a load of 2000 lb at 1200 rpm. If 
the radlEtl clearance is 0,003 in. and the bearing wastes 2 hp (66,000 ft-lb/min) in friction, what 
is the oil viscosity at the operating temperature? 

Solufion: Based on the HcKee equati(m. 

7TDN r 473 1200Z 6 1 ™. ''^(6)(1200> » . « ■ 

66.000 = fW-^- ^I^(^^)(^)J (2000)^^ or 2 = 10.1 centipoise 



6. A full journal bearing of 4 in. diameter by 6 in. long supports a radial load of 1200 lb. The speed 
of the shaft is 500 rpm. The room temperature is 90°P and the surface of the bearing is to be lim- 
ited to liS'^P- Select a suitable oil to satisfy the above requirements, if the bearing is well ven- 
tilated and no artificial cooling is to be used. Assume D/C - 1000. 

Solution: 

Equate heat generated to heat dissipated, using the McKee and Lasche equations. 
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Ar = Tg-Tj^ = 145-90 = 55. Also, Ar = iiTg^Tj^) or 55 = kiTp-m, and = 200. 

Now equate = //^ and obtain Z = 16 centipolse at 200^F. This corresponds to an oil having an SAE 

number between 50 and 60. using Pig.23-13- 



7. A tentative design for a full journal bearing calls for a diameter of 3 in. and a length of 5 in. to 
support a load of 4500 lb. The shaft Is to operate at 1000 rpm. It is desired to operate at a bear- 
ing surface temperature not to exceed 170°F in a room temperature of 100*^P. The oil used has a 
viscosity of 9.8 centipoise at 240^F. Determine the ajnount of artificial cooling required, by means 
of an external oil cooler, if it is expected that the bearing dissipate heat in accordance with Hg^ - 
(Ar+ 33^(15/55). 

Solution: 

/ = 0.00..^<f ,<§, = „.„„.. ^<2^H.OOO, = 0.00,55 

= = (0.00355) (4500)^^^^^^^^ = 12.550 £t-lb/min 

= (170-100 + 33)^(15/55) = 2890 ft-lb/mln 
Amount of artindal cooling needed = 12,550-2890 = 9660 ft-lb/mln 



8. A shaft mnnitig at 900 rpm is supported by bearings 2 in. in diameter by 3 in. in length. The bear- 
ing surface temperature is ISO^F while the room temperature is 90^F. The oil used has a viscosity 
of 12.8 centipoise at the operating temperature of 270^F, the diametral clearance is 0.002 in., and 
each medium bearing in stiii air is to operate without artificial cooling. Determine the permissible 
ioad W per bearing and the power loss per bearing. 

Solution: 

™ . 473,12.8 x 900.. 2 .1 „,m2)(900) 



= f^W = [0-002 + ^( ^^-^:^^Q^ (-g-)1r 

^ ' 12 L 10^ »/6 0.002 J 



12 



Equate ffg = to obtain ff = 117 lb. Substitute W = 117 lb into the eQua^on for Hg to get Hg - 1650 
ft-lb/min. Hence the power loss = 1650/33,000 = 0.05 hp. 



9. A gear is so mounted on a shaft that the total radial load on one bearing is 3000 lb and the total 

radial load on the other supporting bearing is 4000 lb. Each bearing is 6 in. long. The bearings 
are machined to 3.502/3.500 and the journals are machined to 3.497/3.495. The viscosity of the 
oil at various temperatures is given in the table. 



Temperature, "^F 


200 


220 


240 


260 


280 


SUV, sec 


300 


175 


105 


76 


60 


Kinematic Viscosity, ceotistokes 


65 


38 


22 


14 


10 



Which bearing will run hotter? What combination of journal and bearing diameters will produce highest 
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operating temperature? Also determine the prob^Ie bearing surface temperature of the hotter bear- 
ing, using the McKee equation for estimating the coefficient of friction. Assume specific gravity 
of oil iB 0.9 at its operating temperature. The shaft operates at 500 rpm. 

Solution: 

Tlie heavier loaded bearing with its minimum clearance will ran hotter. 
Minimum clearance = 3,500-3,497 = 0.003^'. p = 4000/(6x3.5) = 190 psi. 

Assuming that all the heat generated leaves the bearing by heat transfer and that the bearing is in 
still air, 

12 ' 55 ^ 

« 145Z 7T(3,5)(500) (Tg -70 + 33)^ 
(0-002^^)(4000) = -^-^^ (6)(3,5) 

3660 + 265Z = (7^-37)^(21/55) 

The last eduation may be balanced by trial and error. 

Try: temperature of oil, Iq = 270°F. Now kinematic viscosity ^ 12 centistokes, Z = 12(0.9) =10.8 
centipoise, and temperature of bearing surface Tg = i(270^<-70) +70 ^ 170^F, Then 

3660 + 265(10.8) = 6520 and (170 - 37)^21/55) = 6750 

a close enough balance. This Indicates that the bearing sur&ce temperature will be about 170°F. 



10, A 3 in. diameter full journal bearing supports a radial load of 800 lb. The bearing is 3 in. long 
and the shaft operates at 400 rpm. Assume a permissible minimum film thickness of 0.00075 in. 
and a class 3 fit for the bearing bore. Using Raimondi and Boyd curves, determine (a) the vis- 
cosity ^ ot ^ suitable oil, (b) the coefficient of friction /, (c) the heat generated Hg, (d) the 
amount of oil Q pumped through the bearing^ (e) the amount of end leakage (the amount of oil 
to be supplied to the bearing), (/) the temperature rise of the oil flowing through the bearing. 
Solution : 

(a) For a class 3 fit, the maximum clearance is 0,004 in. 

The value of the Sommerfeld number S can be determined from Flg.23-9 by entering with the value 
2hQ/C = 2CO,00075)/0.004 = 0.375 which corresponds to S = 0.105. 



reyns. 



^ ft f^' Do M(400/60) /3,000 \^ 

(6> From Pig.23-8. S = 0.105 gives /(D/C) = 3.0. Then /(3/0.004) = 3.0 and /= 0.004. 

(c) Hg = fW-rTm/12 = (0.004)(800)(7r>(3)(400)/12 = 1005 ft-lb/mln 

(d) Prom Pig.23-10. S = 0.105 gives = 4.4. Then ^3^tQ.004M400/6Q)(3) = ^ = ""^^^ 

(e) From Fig,23-ll, S = 0.105 gives ^^/g = 0.7. Then = (0.7) (0,264) = 0.185 in^sec. 

(f) Prom Pig.23-12, S = 0,105 corresponds to — = 13.5, where / = 9336 in-ib/Btu, y = 0.03 Ib/in^, 

c = 0.4 Btu/lb-^P (assumed), and p = 800/9 psL Then At = 10,7^P is the temperature rise In the oil 
film between ttie leading and trailing edges of the wedge. 
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SUPPLEMENTARY PROBLEMS 

11. A 4 inch diameter shaft operating at 2000 rpm is supported by means of a 6 inch long full journal bearing 
which is sut^ected to a radial load of 9600 lb. Operating temperature of the oil is to be limited to 175^F and 
the surrounding air temperature is IQO^F. Assume ZN/p = 200. and use the McKee and Lasche equations. 

Determine the coefficient of friction, bearing pressure, heat generated, heat dissipated, oil to use. is arti- 
ficial cooling required? Ans. 0,01146. 400 psi, 231,000 ft-lb/min. 1725 ft-lb/min, SAE 70, Yes. 

12. A 2 inch medium weight full journal bearing has a length of 4 in. and supports a load of 600 lb when the 
shaft rotates at 800 rpm. Assuming a temperature difference of 70°F between the operating temperature of 
the bearing surface and the surrounding still air, which coefficient of friction 0.00432, 0.00615, 0.00715, 
0.00816. or 0.00256 will be required in order to eliminate the need for artificial cooling? Use the McKee 
and Lasche equations. Ans. f = 0.00615 

13. A 2^ in. journal bearing, 4 in. long, supports a load of 500 lb at 600 rpm. If the room temperature is 75°F, 
what viscosity oil should be used to limit the bearing aurftae temperature to 140^F? Use the HcKee and 

Lasche etiuations, Ans. Z ~ 12.45 oentipoise 

14. A 1200 lb rotor Is supported midway between two journal bearings on a 2 In, shaft which rotates at 800 rpm. 
An oil has been selected which has a viscosity of 7.2 centlpoise at an operating temperature of 230^F. 
What must be the length of the bearing, if it is necessary to operate in an atmosphere of 90^ F without arti- 
ficial cooling? Use the McKee and Lasche equations. Ans. L = 3.2 In. 

15. A 600 lb load Is supported by a journal bearing 3 In. long on a 2.5 In. shaft. The bearing has clearance 

0.002 in. and is lubricated with an oil of viscosity 20.7 centipoise at its operating temperature. Determine 

the maximum speed of rotation if the bearing is capable of dissipating 3500 ft-lb/minbymeansof heat trans- 
fer. Use the McKee equation. Ans, 700 rpm 

16» A journal bearing 6 in. in diameter and 9 in. long carries a radi&l load of 20001b at ISOOrpni- Tho di;im - 

etral clearance is 0.003 in. If 2 hp is being wasted In friction, what is the viscosity of the oil being used 
in centipoise at the operating temperature? Use the McKee equation. Ans. Z = 10.1 centlpoise 

17. A full Journal bearing is 3.5 in. diameter by 6 In. long and has a radial load of 300 psl of projected area. 
The shaft speed is 500 rpm and a class 2 fit is used. The surrounding air temperature is 70^F and the oil 
used has viscosity 9.9 centipoise at Its operating temperature. Determine the probable temperature of the 

(7 r + 33^^ 

beulng surface, assuming all of the heat generated Is dissipated by heat transfer according to = — ^ L 

xLD. Use the McKee and Lasche equations. Ans, Tg = 18(f F 

18. A 3 in. diameter journal bearing, S in. long, has a minimum diametral clearance of 0.003 in. and supports a 
load of 4000 lb. The journal rotates at SCO rpm. Tlie oil used has the following viscosity-temperature char- 
acteilstlcs: 



Tempeiatuie, °F 


240 


260 


280 


Viscosity, centipoise 


19.8 


13.0 


9.0 



Using the McKee equation, determine the approximate oil temperature, assuming a room temperature of SO^F 
and assuming that all the heat generated is dissipated by heat transfer in accordance withfl^ = (Ar+33)^(15/55). 

Ans, Tq = 270°F 

19. A wetter lubricated 4 in. diameter by 4 In. long fUll bearing supports a load of 300 lb. The shaft rotates at 

1000 rpm. The diametral clearance is 0,004 in, and the water has viscosity 4.35x10'^ reyns. Assume 

c = 1.0 Btu/Ib-^F and y = 0.035 Ib/in^. Using Raimondi and Boyd curves, determine the coefficient of 
friction, the minimum film thickness, the flow of lubricant into bearing, the end leak^e of lubricant, the 

temperature rise of oil, and the power loss due to friction. 

Ans. / = 0,0016, = ^-0^^^^"*" <? = 4.4 in^sec, f?^ = 3,83 in^/sec, Ar = 1.3S°F, 0.015 hp 

20. A full Journal bearing, 8 in. diameter by 8 in. long, supports a radial load of 10,000 lb. The journal rotates 

at 1200 rpm and the D/C ratio is 1000, The viscosl^ of the oil at its operating temperature {180°P) is 
2.5 X 10"^ reyns. Using Raimondi and Boyd curves, determine the minimum film thickness, the heat gener- 

ated in the bearing, the natural heat loss from the bearing assuming = (projected area), the 

amount of oil leaking out of both ends, and the heat removed from the bearing due to end leakage. 

Ans, = 0.0026 in,, ff^ = 1,76 x 10^ ft-lb/min, fl^ = 16,000 ft-lb/min, 4.38 in^sec, 1,025 Btu/min 
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Belt Drives 



FLAT BELTS AND V-BELTS may be employed to transmit power ttom one shaft to another where it 

Is not necessary to maintain an exact speed ratio between the two 

shafts. Power losses due to slip and creep amount to from 3 to 5 percent for most belt drives. In the 
following discussion it will be assumed that the shafts are parallel. However, both flat and V-belts 
may be used between non-parallel shafts to meet special reanirements. In this case, in order for the 
belt to stay on the pulleys, it must approach each pulley in a central plane perpendicular to the pul- 
ley's axis of rotation. 



BELT DESIGN INVOLVES either the proper belt selection to transmit a retjuired power or the dete^ 

mlnation of the power that may be transmitted by a given flat belt or by 
one V-belt, In the first case the width of the belt is unknown, while in the second case the width is 
known. The belt thickness is assumed for both cases. 

The power transmitted by a belt drive is a function of the belt tensions and belt speed. 

Power = — egft In horsepower 

where = belt tension in tight side, lb 
7^ = belt tension in loose side, lb 
V = belt speed, ft/sec. 

The following formula for determining the stress, psl, for fiat belts ^plies when the thickness 
of the belt is given but the width Is unknown. 



where 5^ = maximum allowable stress, psi 
52 - stress in slack side of belt, psi 
w' ^ weight of 1 ft of belt lin® in cross section 
V = belt velocity, ft/sec 
g = acceleration due to gravity, 32.2 ft/sec^ 
/ ^ coefficient of friction between belt and pulley 
a = angle of msp of belt on pulley, radians. 

The required cross section area of the belt for the case of the width unknown may be determined 

-* ^ = required cross section area 

The required belt width b is therefore b = area/thickness. The value of (7^— 3^) may be determined 
from the horsepower requirement, hp = {T-^— ^)v/550- 
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The maximum tension in the tight side of the belt depends on the allowable stress of the belt 
material. Leather and cotton duck impregnated with rubber built up in plies are generally used. The 
allowable tensile stress for leather belting is usually 300 to 500 psi, and the allowable stress for 
rubber belting will run from 150 to 250 psi, depending on the quality of the material. Leather belting 
can be obtained in single ply thickness of I/8in., 5/32in., and 3/16in. Double and triple ply belts 
are also available in multiples of these increments. The specific weight of leather is about 0.035 
Ib/ln^, Rubber belting can be obtained in ply thicknesses of 3/64 to 5/64 in. and has a speclfiic 
weight of about 0.045 Ib/in^. 

The following formula for determining the value of for both flat and V-belts applies when the 
width and thickness of the belt are known. 

where w = the weight of 1ft of belt; v = belt velocity, ft/sec; g = acceleration due to gravity, 32-2 
ft/sec^; / = coefficient of friction between belt and pulley; a = angle of wr^, radians; d = groove 
angle for the V-belt (9 is 180*" for a flat belt). 

The quantity wi^g is due to centrifugal force, which tends to cause the belt to leave the pulley 
and reduces the power that may be transmitted. 



THE LOAD CARRYING CAPACITY of a pair of pulleys is determined by the one which has the smaller 

^foMuxke ^ It is for this reason that a V-belt may be used with 
one grooved pulley and one flat pulley, saving the expense of unnecessary machining. 

Excessive flexing of a belt will result in a shortened life. A minimum ratio of the diameter of a 
pulley to the thickness of the belt is about 30 for reasonable life. 

SELECTION OF BELTS can be made on the basis of application of the appropriate etiuations or by 

use of tables supplied by the American Leather Belting Association for leather 
belts and by use of catalogs supplied by the various V-belt manufacturers. In this book, the applica- 
tion of the equations will be used, although the recommendations of the A.L.B-A. or V-belt manufac- 
turers will generally give safer designs Incorporating suitable application factors, 

ANGLES OF VRAP. The angles of wrap for an open beU may be determined by: 

sin)3 = 

Cti - 180^-2/3 = 180°- 2 sin-^ ct^ = 180^+2^ = 180° + 2 sin"^ 
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Fig, 24-2 



SOLVED PROBLEMS 

1, Derive ~ "^"^^^ = e^'^ for a flat belt. 

- wtr/g 

Solution: 

(a) Consider a fliffcrcntial element of belt. The 
forces acting on the differential element are 
(J) tensions T and (T-\-dT). (2) centrifugal 
force {wvVs)d(^. (3) normal force dN, (4) 
fricticmal force / dN . 

Note that there is no bending moment and 
no shear force acting on the belt. The belt 
is a flexible member and cannot sustain shear 
and bending of any apiveciable magnitude 
compared to the other fcurces. 



(6) Setting up an arbitrary x and y direction Tor the 

element of belt and considering the element in Fig* 24-3 

equilibrium since the inertia force is included, 

2J?.= 0 or (r+dDcosi*^ - /dW - Tcosirf^ = 0 

tFy=0 or (T + iir)sinid<^ + Tsinid*^ - lwvVg)d<f> - d/V = 0 

(c) Since cos id0 = 1 and sin zd(f> = id<p in the limit, 

J) (r + rfDd) ' fdN ~ T = or dN = dT/f 

2) (T^dT)(kd<t>) + T{jd<f>) - dN - (wvVg)d<i> . 0 

Substituting dN = dT^ from (1) into (2), and dropping out differentials of the second order. 

TAf> - dT/f - (wvVs)d<f, = 0 

Then -il^ = r^r^ ' fl'^- '■^'^ - 

(See Page 291 for proper units.) 
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Z- Modify the equation in Prob. 1 to take care of a V-belt. 
Solution: 

(o> Compaiing Pig. 24-4 with Fig. 24-3. the forces which 
can be shown as in the flat beU are: 7*. 7+ dT. (.u>v%) dtf,. 
The difference occurs in the normal and frtctional forces. 
The normal forces on the sides of the V-belt are as- 
sumed equal on both sides: ^dN. The resultant normal 
force in the x-y plane is dN sin ^d, where 6 Is the V- 
belt angle. Note that the sum of the ftictional forces 
is not dependent on the angle 0, but is 2 [/( i(W )\=fdN. 

(b) iFy. = 0 or 

(T dT) cos ^(f} - /dW - Tcosid^ = 0 
iFy = 0 or 

(T + dT) Bin U<f> + rsin^d^ - dN ainiS - (wv%)d<f, 




FlC.24-4 



(c) Since cosi[d(^=l and sin kdtf> = kdip in the limit. 

1) (T + dT) fdN - T = 0 or dN = dT/f 

2) {T-¥dT)(U6) + T(kd(t}) - dWsinie - {wv%)d<b - 0 

Substituting dN = dT/f into (2) and dropping out differentials of the second order. 

Tdff) - (dr//)sinia - {wv%)dtl> = 0 



(d) Then 



dT 



f 



T - wv% sin jd 



dT 



Ts T - wv% 



■f. 



f 



-.-11 T^-wv% JV«ifl4fi 

d4>, and finally — -f- - e^^ 



Note that if d is taken as 180^ for a flat belt, this equation reduces to that derived in Problem 1. 



3. A shaft transmits maximum power from a pulley to a 
flexible coupling. The shaft rotates at 900 rpm, the 
pulley Is 16 in. in diameter, the belt strands are hori- 
zontal, and the leather belt is 2 in. wide and ^:in. thick. 
Maximum stress in the belt is 300 psi, and the coeffi- 
cient of friction is 0.3* If the shaft is to be checked 
for strength at section A-Ap what bending moment 
and what torque should be used? Leather weighs 

0,035 Ib/in^. 
Solution: 



= c 



150 - 25 7 
- 25-7 



where w = (12)(2)(i:)(0.035) = 0.210 lb/ft. 

V = ttD/V = 7r(l6/12rt)(900/60rps) = 62.8 ft/sec. 



16''0im. Pun«y, 



Flexible Coupling 




Flg.24-S 



» „0,37r 



T^= 74.3 lb 



g = 32,2 ft/se(^, a = 77 radians 
ri= (3001b/in^(2xiiir^) = 1501b 



(6) Bending moment at section A-A Is 



(T^i+T^jClO) = (150 + 74-3X10) = 2243 In-lb 



(c) Torque at section A-A is 

(ri-r2)(fi) = (150 - 74-3)(8) = 606 In-lb 
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4. A fan is driven by a belt from a motor which runs at 

880 rpm. A medium double ply leather belt 5/16 in- 
thick and 10 in. wide is used- The diameters of the 
motor pulley and driven pulley are respectively 14 in. 
and 54 in. The center distance is 54 in., and both 
pulleys are made of cast iron. Coefficient of friction 
of leather on cast iron is 0.35. The allowable stress 
for the belt is 350 psi, which allows for the factor of 
safety and also for the fact that a double ply belt 
does not have double the capacity of a single ply 
belt. (A double ply belt has approximately 85% the 
capacity of a single ply belt of the same thickness.) 
The belt weighs 0,035 Ib/in^ What is the horse- 
power capacity of the belt? 

Solution: 

Angles of wrap of smaller and larger pulleys are respectively 




Fic.24-6 



- 2sIn-^(27-7)/54 = 

.o 



136.6 



OEi = 180° - 2Bin-*(«-r)/C = 180' 
Ota = 180" + 2 sln-^ (fi - r>/C = 223.4" 

The pulley which governs the design Is the one with the stnallei Here the smaller pulley governs, 

i.e. the smaller pulley is transmitting its maximum power with the belt on the point of slip while the larger 

pulley is not developing its maximum capacity. Then 



wv% _ Ja^ 

T2 - VJV% 



= c 



1094 - 117 _ ^0,35 (139,977/100) 



2,30. 



Tj, = 542 lb 



where w = 12(10](5/16>(0.035) = 1.31 lb/ft, 

V = TTD/V = 77(14/12 ft)(880/60 rps) = 53,7 ft/sec. 



g = 32.2ft/sec2. 

7i = (350 lb^^(|xl01ir^) = 1094 lb, 



Horsepower capacity = 



{T^-T^v (10g4-542)(53.7) 



550 



550 



= 53.9 hp. 



5. A compressor is driven by a 900 rpm motor by means of a |" by lO" flat belt. The motor pulley is 
12^' in diameter and the compressor pulley is 60" In diameter. The shaft center distance is 60^' and 
an idler is used to make the angle of wrap on the smaller pulley 220^ and on the larger pulley 270^ 
The coefficient of friction between the belt and the small pulley is 0-3, and between the belt and 
the large pulley is 0.25. The maximum allowable belt stress is 300 psi and the belt weighs 0.035 
Ib/in^, (o) What is the horsepower capacity of this drive? (6) Would changing the small pulley to 
a multiple V-pulley (groove angle B ^ 34*^ and coefficient of friction 0.25) using the same compres- 
sor pulley, and eliminating the idler pulley, provide a more effective drive with greater horsepower 
capacity? Assume that the pitch diameter of the V-belt and the pitch diameter of the large pulley 
remain the same as for the flat belt arrangement: 12" and 60". Assume also that the total of the 
maximum force in each belt is the same as for the flat belt (i.e- T is constant) and that the centrif- 
ugal effect of all the belts is the same as for the flat belt. 

Solution; 

(a) For small pulley. J"^^ ^0.3(25O*r/afl0> ^ 3 ^g. j^^^ ^^^^ ^ ^0.25(270 tt/ibo) ^ 3 ^s. Hence the 
small pulley governs. Then 

T^-wi^/g fa 1125- 108 „ ^ 

— ~ = e , = 3-16. T2 = 430 lb 

Tq - unyVg - 108 

where 7i = (300)(10)(3/8) = 11251b. w = 12(10)(3/8)(0,035> = 1-57 lb/ft, t; = 7r(l)(l5) = 47.1 fps. 

Horsepower capacity = ^-R^ = (1125 - 430)(47.1) 

550 550 
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(b) For an open belt arrangement with no idler: angle of wrap on smaller pulley = 180°— 2 sin"* (30-6)/60 = 

132.8°. on larger pulley = 227.2°. Now 

for small pulley (V-belt in the groove), e^^^"^^ = «o.25(i32.8Tr/i8ni/sin i7° 
for large pulley (V-belt on a flat pulley), e^"^ = ^0.25(227. 27-/180) ^ 2. 69. 



= 7.27 



Thus, although the capacity of the small poUey is increased, the larger pulley is now the criterion 

with e^'^=2.69. Using ^ - ^" y q^^ = 2.69 or = 486 lb. the new (decreased) horsepower capacity ~ 
(1125:- 486) (47.1) = 54.8 hpf 

D5D 



6. A crossed belt drive is to transmit 10 hp at 1000 
rpm of the smaller pulley. The smaller pulley has 
diameter 10^\ the velocity ratio Is 2, and the center 
distance is 50^^ It is desired to use a flat belt ^" 
thick with an expected coefficient of friction 0.3, 
If the maximum allowable stress in the belt is 250 
psi, determine the necessary leather belt width b. 
The leather weighs 0.035 Ib/in^. 

Solution: 



10" Dia 




Fig. 24-7 



Both pulleys have the same angle of wrap a and the same horsepower capacity. 

a = 180 + 2 sln"^ r)/C = 180+2 sin^ <10+5)/50 = 214-8' 



- w'v% fa. 
_ = e- . 



250 - 24-8 ^ g0,s(2l«Tr/iB0) 



S2 - IV v7g $2 - 24.8 

where u^'= 12(0.035) ^ 0,42 Ib/ft-ln^, v = 7r(io/l2)(1000/60) ^ 43.6ft/sec- 

using (r,-r,) =M<55£>=am^= 126 lb. ^ = ILJi= i2|_ 

V 43.6 Si -52 250-97.8 

h = (0.83iij^)/(iin,) = 3.321n. Use siln. belt width. 



5^ = 97.8 psi 



= 0,83 In^ and the belt width 



7. A V-belt drive is to transmit 25 hp from a 10 inch pitch diameter sheave operating at 1800 rpm to a 
36 inch diameter flat pulley. The center distance between the input and output shafts is 40". The 
groove angle Q = 40**, and the coefficient of friction for the belt and sheave is 0.2, and the coeffi- 
cient of friction between the belt and flat pulley is 0,2, The cross section of the belt is = 1.5" 
wide at the top and = 0,75*' wide at the bottom by rf = l-0"deep. Each belt weighs 0-04 lb/in® 
and the allowable tension per belt is 200 lb. How many belts are reauired? (Note: analyze for one 
belt first) 




Fie. 24-8 
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Solution: 

While the thickness of a flat belt is ordinarily negligible with respect to the diameter of a pulley, the 
thickness of a V-belt may not be negligible. Determine the pitch diameter of the V-beU on the flat pulley by 
assuming that the pitch diameter is measured to the centroid of the belt section- 

Distance from base to ao, is x . ^J^^ 1(0-75^2x1,5) ^ 

Pitch diameter of larger puUey = 36 + 2(0.56) = 37. l", or pitch radius = 18^6". 

For small pulley. C£ = iso''- 2 sin"^ (18.6-5)/40 = 140,4^ For large pulley, a = 219.6''- 

Compare the capacities, e , of the two pulleys: 

small, e0.2{io.47r/i90)/dii aJ* ^ ^ Large. ^^^^'2^.Q^/\^)/siA ed^ ^ 2,15. 

The larger pulley governs the design. (Note that the angle of the V-belt is slightly larger than 40°, but the 
belt will wedge into the 40^ groove.) 

The area of one belt= i{&i+&2)(rf) = i(0*75+1.5)(l) = 1.125in^, and the tension cmi the slack side of a 
belt is found from 

T^-^ Ja,^,e _ 200 - .03.5 

T2~wv% 103.5 

where w = 12(1.125)(0.04) = 0 54 lb/ft. v = 7T(10/12)(1S00/60) = 78-5 fps. 

Horsepower per belt = (73-72)1.^/550 = (200- 148)(78.5)/550 = 7.43 hp/belt. 
Number of belts required = (25 hp)/(7,43 hp/belt) = 3.37. Use 4 belts. 



8. A 9^' pulley is keyed to a shaft, and the center plane of the pulley overhangs the nearer bearing by 
10"> as shown in Fig.24-9 below. An open belt anangement is used. The pulley is driven by an 
1800 rpm motor through a flat belt with a 1 to 1 velocity ratio of the pulleys. The belt is -^" by 6", 
and weighs 0.035 Ib/ln^. The coefficient of friction between the belt and pulleys Is 0.3. The belt 
is run at its maximum capacity with a maximum belt stress of 300 psl. 

It is decided that the horsepower capacity is to be doubled; and, of the several possibilities, 

this problem will concern Itself with the effect of increasing the belt width. Assume that the belt 
width is to be increased, with all other conditions remaining the same, (a) How much should the 
belt width be increased to double the horsepower capacity? (b) Assuming that the center plane of 
the pulley remains at the same distance from the nearer bearing (thatis, lO"). by how many pounds are 
the bearing forces increased? The distance between bearings Is 18". Assume that power is taken 
fh>m the shaft through a flexible coupling. 



Field ble Coupling 



Loads for 
initial condition 



Loads after belt 
width is doubled 





^4 

A. 









-18"- 



B 




10271b 



JI^ - US7 lb 



[Rj - 570 lb 



A\ 



B 



Fig.24-9 



= 1140 lb 



t 



fig = 31H 




20541b 
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Solution: 

(a) U the width of the belt is doubled, the horsepower capacity is also doubled. 

(b) If the belt is transmitting its maximum capacifar. the tension on the tight side = 300(6)(3/8) = 675 lb. 
To find T2 for the Initial condition (both pulleys have the same capacity): 



where w = 12(6)(3/8>(0,035) = 0.94 lb/ft. v = 7r(9/12)(I800/60) = 70.6 ft/sec, 

Resnltant torce at pulley, caosins hearing reactims = 7i+r2 ^ 675-^ 352 = 10271b, 

The bearing reaction at B is found 1^ taking moments about A , Hie bearing reaction at ^4 Is found by 
summing forces. 

1027(28) - Rq(IS) = 0. Rg= 1597 lb and Rj^ + 1027 - 1597 = 0, Rj^ = 570 lb 

U the power is doubled, the bearing reactions are doubled, i.e. = 11401b and ^ = 31941b. Thus 
the increases in the bearing forces are 570 lb for the left bearing at A and 1597 lb for the right bearing at B. 



9. A pivoted motor drive has several advantages over a fixed center drive. One of the advantages is 
that the stretch in the belt is automatically taken caie of by the effect of the weight of the motor. 
Another advantage claimed is the reduction in bearing loads for operation at partial loads, depend- 
ing on the proportions used. If the power transmitted from the motor to the pulley A is 25% of full 
load capacity, what are the bearing loads at C and D, expressed as a percentage of full load bear- 
ing loads? Neglect the weight of the armature. 



- wv /g _ ^fa 



675 - 146,5 
To - 146.5 



= 352 lb 



Pulley A Puller B 




Diameter 6" 6^' 



Coefficient of friction 0,4 0.5 





(o) The first step is to analyze for full load capacity. 



Isolate the motor and pulley as shown. Taking 



moments about tlie center of the pin E. 



^150(6) + ^1(3) -t- 7^2(9) - 37,4(6) - 0 
(1) 7\+ 3T^ = 374-8 



or 



1501b 



Since maximum capacity means that the belt la 
on the point of slip, or maximum friction is being 

utilized on the motor pulley (with ef^ for the motor 

pulley being less than e-^^for the driven pulley), 




Ti - wv^g ^ Ti - 18.7 ^ ^0.477 

Tfi- wv^g Ts- 18.7 

or (2) fi - 3.5ir2 = -47 

where w = 12 (4) (1/8) (0.04) = 0.24 lb/ft 
V = 3000/60 = 50 ft/sec- 



1501b 



The simultaneous solution of (i) and <2) is 
ri = 180-41b, r2=64-8Ib; and Ti+r^ = 245.21b. 



Fig. 24*10 
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(b) At quarter load, designate the forces on the belt as and T2. Taking moments about 

(3) -150(6) + ri'{3) + T^(9) - 37-4(6) 0 

and recognizing that at anaiter load (Ti- = i^T^- T^. 

(4) Tl- = ^(180-4- 64.8) = 28.9 

Solving eauations (5) and (4) simultaneously, ri = li5-41b and 72=8e.51b. 

T^i — wv^/g fa. 

Note that ~ = e does not apply at quarter load since maximum power Is not being trua* 

mitted, i.e. the belt Is not on the point of slip. 

(c) The bearing loads at Quarter capacity, as a percentage ot those at fall capacity, are 

Tj^Tj^^/g - 201-9 - 37,4 . ^ 7q - 70^!, 
Ti+ra^W/g " 245.2" 37.4 "^ '^ 



SUPPLEMENTARY PROBLEMS 



10. A workman raises a load with the aid of a winch, as shown 
in Fig,24-ll, having an nngrooved cast iron drum- He takes 

4 turns of the one Inch rope about the drum and exerts a pull 
of 751b on one end of the rope. The drum is lOin. in diam^ 
eter and rotates at 25 rpm. The rope weighs 0.20 Ib/ft, and 
the coefficient of friction is 0.10. (a) What load can be 
raised by this combinatlc^? (fr) How much power is required? 
Ans, (a) 992 lb, with centrifugal effect negligible. (5) 1.85 
hp, baaed on a torque of (922- 75)(5.S) = 466 in-lb. 




P=? 
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11. A leather belt fs to transmit 30 hp from a 10 in. fibre-covered 
driverpulleyrunningatl200 rpm to a 24 in, steel puUey. The 
coefficient of friction between the steel pulley and belt is 
0.30 and that between the driver and belt is 0.40. The dis- 
tance between shafts is 72 in. Assume that the maximum 

alli}wable working stress In the belt Is 250 psl and that the belt weighs 0.035 lb/in? . Which of the following 
belts would be more suitable, a belt thick or a belt i" thick? Calculate the required width of belt, 
Ans. A ^" belt would be preferable for a greater belt Ufe (7 = = 32) than a 5^' belt Ct = = 20). The 
heltwidthfcral"beltis7.45"(use7i'V ^ 

12. A V-belt operates on two sheaves having pitch diameters of 10"and 32", respectively. The groove angle of 

the sheaves is 36 and the contact angle of the small sheave is 140^^. The maximum allowable belt load is 
200 ib and a V-belt weighs 0.35 lb/ft. The smaller sheave rotates at 1150 rpm, and 35 hp is to be transmitted. 
For a coefficient of Motion of 0.2, how many V-belts should be used, assuming each one takes its propor- 
tional part of the load. Am. 2.88 belts; use 3 belts. 

13. An electric motor drives a compressor through V-belts. The following data are known: 

Motor Pulley Commessor Pulley 

Pitch diameter 
Angle of ccHitact 
CoefHcient of Mcticm 

Groove angle 
Power transmitted 
Speed 



9" 

2 radians 
0.3 
34" 



48' 

4.28 radians 

0.3 
flat pulley 



25 hp 
1600 rpm 

Each belt weighs 0.20 lb/ft and the maximum permissible force is 100 lb per belt. Determine (a) f<l/(s\Tik6) 
for motor pulley and for compressor pulley, (6) w^/g for one belt, (c) the tension on the slack side of the 
belt, (d) the horsepower per belt, (e) the number of belts required. 

Ans. (a) 2-06 for motor pulley. 1.284 for compressor pulley; compressor pulley governs design. 
{h) 31.01b. (c) 50.21h. (d> 6.4 hp/belt, (c) 3.91; use 4. 
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14, An electric motor is to drive an exhaust fan, A flat leather belt is to be used. The following data are known: 



Diameter 

Contact angle 
Coefficient of friction 
Speed 

Power transmitted 



Motor PnUey 

2.5 radians 
0-3 
900 rpm 



Fan Pulley 

48" 

3.78 radians 
0,25 



30 hp 

The belt is thick, the maximum permissible stress is 300 psi, and the weight is 0,035 IbAn^, (a) Which 
pulley governs the design? (6) What width should be used? 

Ans. {ayfCL for smaller pulley = 0.75, fCL for larger pulley = 0.945; smaller pulley governs. 



(&)9.78"; use 10 



II 



15, An electric motor drives a compressor by means of a flat leather belt. The following data are known: 

Motor Pulley Compressor Pulley 

Diameter 10 " 60 " 

Angle of wrap 4 radians 3.5 radians 

Coefflclent of ftiction 0,25 0.3 

Speed 1200 rpm 

(Note that an idler pulley is used.) The belt is V'by 8^^ In cross section and weighs 0.035 Ib/in^. If the 
maximum allowable belt tension Is 6001b, determine tbe horsepower capaci^. Ans. 31.9 hp 



II 



16. An open belt drive delivers 20 hp when the motor pulley which is 12 In diameter turns at 1750 rpm. The 
belt is ^" by 6^' and weighs 0-035 Ib/ii^. The driven pulley, which Is 48" in diameter, has an angle of con- 
tact of 200°< What is the maximum stress in the belt assuming a coeffiGient of friction 0.3 for both pulleys? 

Ans. 203 psi 



rr 



17. A V-bolt drive transmits 13 hp at 900 rpm of the smaller sheave. The sheave pitch diameters are 6.B and 
13.6^^ The center distance is 30*^ If the maximum permissible working force per belt is 1261b, determine 
the number of belts required if the coefficient of Motion is 0.15 and the groove angle of the sheaves is 34^. 
The belt weighs 0.13 lb/ft. Ans, 3.23; use 4 belts. 



18. A 53" diameter steel flywheel is to be connected to a 16'^ diameter rubber faced motor puUoy hy means of a 
double ply leather belt which has a thickness of -g". The center distance is iO ft. The coefficient of fric- 
tion for leather on steel is 0.20 and for leather on rubber is 0.40. The leather has an allowable stress of 400 
psi, and the joint efficiency is 80%. Leather weighs 0.035 Ib/li^. If 60 hp is transmitted with a belt speed 

of 4800 ft/min, detemiine 

(a) the maximum permissible working stress, 

(b) e^tOT the pulley which governs the design, 

(c) the necessary belt width. 

Standard widths of belt vary by: 
1/8" increments ftom to l" 

1/4" increments from 1^^ to 4^^ 

Ans. (0) 320 psi, (6)1.99. (c) 11-2". use 12" 

19. Design the flat belt drive, given the following in- 
formation. A transmission shaft rotating at 500 
rpm drives a milling machine which requires 5 hp 

at 750 rpm. A I2" diameter cast iron pulley Is 
located on the trausmission shaft. A preliminary 

design proposes using a belt thick which weighs 

0,035 Ib/iir^. The allowable stress is 300psi, the 



i" increments from 4" to?" 
1" increments from 7" to 12" 



500 rpm 



two pulleys rotate in opposite directions, the center 




distance of the shafts is 30 ", and the coefficient 

of friction is 0.30 for both pulleys. Determine (n) the diameter of the smaller pulley, (b) the stress on the 
slack side, (c) the required area of the belt, (d) the necessary width. 

Ans, (a) 8" (6) 101 psi, (c) 0,527 in^. (rf) 2.82" use 3" 
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20. Determine the peicentage increase in horsepower capacity made possible in changing over from a flat belt to 
a V-belt drive. The diameter of the flat pulley is the same as the pitch diameter of the grooved pulley. The 
pulley rotates at the same speed as the grooved pulley. The coefficirat of Mctlon for the flat belt and the 
V-belt is the same. 0.3. The V-belt pulley groove angle 0 is 60^. The belts are of the same material and 
have the same cross section area. In each case the angle of wrap is 150°. 

An&. 45%. (Ratio of power capacity of V-belt to that of flat belt is IA5^) 

21. (0) Determine the number of V-belts required to transmit 40 hp under the following ccmditlons: 

Small Sheave Large Sheave 

Speed 1120 rpm 280 rpm 

Pitch diameter 9" 36" 

Groove angle 34 34 

Maximum working load per belt = 1261b. coefficient of friction = 045. center distance of sheaves = 35", 
weight of belt = 0,20 lb/ft. 

(6) To save expense. It is proposed that the large sheave be made without grooves and that the V-belts run 
on the surface of the ungrooved pulley. Assuming that the length of the belt will not change (and also 
that the angles of wrw will not change), what is the horsepower c^aci^? 

Ans, (a) 6.3, use 7. (b) For 7 belts, 28.7 hp. 



22. A pivoted motor drive is shown schematically 

in Pig. 24-13. The two pulleys are of the same 

size, 12'' in diameter, and the belt strands 
are boiizcmtal. The driving motor runs at 

800 rpm. the belt Is i'' thick and 9"wlde. 
the motor weighs 600 Ib^ the coefficient of 
Mctlon Is 0.2, and the belt weighs 0.035 

Ib/In^, Determine: 

(a) the tensions in the belt for counterclock- 
wise rotatlcm of the motor pulley. 

(b) the horsepower capacity for couaterclock- 
wise rotation of the motor pulley. 

(c) the maximum stress in the belt for coun- 
terclockwise rotation of the motor pulley. 

(d) the tensions In the belt fdr clockwise direction of rotation of the motor pulley, 
(c) the horsepower capacity for clockwise rotation of the motor pulley. 

(/) the maximum stress in the t>elt for clockwise rotation of the motor pulley. 

i4A«. (o) 4131b. 2441b (&)12.8hp (c) 184 psl (d) 4681b, 3681b (e) 7.6 hp (/) 208 psi 




Fig. 24-13 



23. Several pulleys are driven by the same belt, 
as shown In Fig.24-14. Pulley 1 drives the 

belt; pulleys 2. 3, and 4 take power from the 
belt. Assume for ail pulleys the same value 
of friction coefficient between belt and pul- 
ley. The belt is not to slip on pulley 1 even 
though all other pulleys are loaded to the 
point of slippage ^ Determine the minimum 
angle of wrap necessary on pulley 1 . in terms 
of the angles of wrap on the other pulleys. 
Ans, Oti = + Ots + Ot4 




Pig. 24-14 



Chapter 25 



Welding 

INTRODUCTION- There are many phases of welding which are importtuit and rightly deserve a placein 

machine design considerations. For the designer, the immediate problem is the de- 
termination of the size of weld necessary for a given part, and this dictates a stress analysis where parts 

are subject to load, either static or fluctuating. The procedures as recommended by the American Welding 
Society (AWS) with modifications as recommended by The Lincoln Electric Company, will be used. 

A designer Is required to use the design stresses and procedures as specified by the various codes 
for structures, bridges, and pressure vessels where procedures are conservative, A machine designer, 
on the other hand, has greater freedom in designing machines, in general. The viewpoint In this chapter 
is one to permit freedom and flexibility in design. 

TYPES OF WELDED JOINTS. 
(1) Butt welds. See Fig,25-1. 

According to the Lincoln Electric 
Co.p a butt weld, when properly made, 
has equal or better strength than the 
plate and there is no need for calculatr 
Ing the stress in the weld or attempting 
to determine its size, it is necessary 
to match the electrode strength to plate 
strength when welding alloy steels. 

Several of the codes suggest re- 
ducing the strength by some factor, 
the efficiency of the Joint. Where the 
strength Is to be reduced, the equation 
for the allowable force on a butt weld 
is given by 

where 

F^y^ - allowable force, lb 

= allowable stress fbr the 
weld, psi 
t ^ thickness of plate, inches 
L = length of the weld, inches 
e = efficiency. Flg,a5-1 Butt Welds 

(Z)Fmet welds. 

Fillet welds are classified according to the direction of the load: (a) parallel load, (b) trans- 
verse load. See Fig, 25-2 below. 
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Parallel 

Loading 

(a) 



Ttansverse 

Loading 




Parallel Load 





1 











Transverse Load 



Fic. 85-8 



Fig. 85-3 



Tho plane of maximum shear stress in the conventional 45^ fillet weld is the 45° throat when 
subjected to a parallel load and the 67^^ throat when subjected to a transverse load, as shown in 
Pig.25-3 above. This results In greater strength for a transverse load. 

Leg size is the basis of specifying a 
weld in the United States (throat is used in 
Europe). The size of a fillet weld is spec- 
ified by the leg length of the largest inscribed 

isosceles right triangle or the leg lengths of 
the largest inf^cribed right triangle. 

The leg length of a fillet weld with equal 
legs is given by w and the leg lengths of a 

fillet weld with unequal legs are given by a 

and b, as shown in FIg.25-4. 

The throat dimension t for a fillet weld 

having equal legs is obtained by multiplying 
the size of the flUet weld (the leg length) 
by 0,707, i.e. * = 0.707u;, See Pig.25-5. 





Fillet weld with 
equal legs 



Fillet weld with 
unequal legs 



Fli<25-4 



The actual throat obtained with au- 
tomatic welditig Is larger than the theoretical 
throat t (See Fig, 25-6). For a penetration 
of p, the leg length is (w + p), and the throat 
dimension is 0.707 (w+p). AWS does not 
allow for the extra strength due to penetra- 
tion, although the effect can be taken into 
account if desired. 

Stress in a fillet weld shall be consid' 
ered as shear stress on Uie throat for any 
direction of applied load. 

The allowable parallel load per Inch of 
weld in a statically loaded fillet weld is 

^ftU = *all-4 = 13.600(0.707w) = 9600ti; 

where = allowable shear stress ^ 13,600 

psi, according to AWS Code, 

A = throat area of l" of weld at 45^ 

which is 0.707u? 

w = leg size, inches. 




Throat = OJOlw for 
equal leg weld 



Fig, 25-5 





Manual 
c = Root of Veld 
d = Root of Joint 



t = 



Automatic 

Actual Throat 
Theoretical Throat 



Fig, 25-6 
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The allowable transverse load per inch of weld In a statically loaded OUet weld Is 

'all = hll^ = 13,600(0,765w)/cos22i'' = ll,300w 

where s^^ = allowable stress = 13.600 psi, the same as for a parallel loaded fillet weld 

A = throat area of l" of weld at 67^^ which is 0.765ur, 

According to AWS, if part of the load is ^plied parallel and part transverse, the allowable 
parallel load must be used- Where bending or torsion is encountered, the procedure of analyzing 
the weld is to treat it as a line with no cross sectional area. It can be shown that the property, 
such as section modulus, of any thin area is equal to the property of the section when treated as 
a line multiplied by its thickness, with negligible error. 

Consider bending: ^ ^ ^ 

where M = bending moment, in-lb; Z = section modulus, in^; s = stress, psi. 

If the section modulus of a weld, treated as a line, is determined, the units arein^. (Z^)(w) 
gives the section modulus of the weld, where w is the leg size of the weld. Thus 

s = f . . or 8w = ^ 
The product of s and w gives units of lb/in and is represented by the symbol /. Thus 

where / Is the load per inch, M (in-lb) is the bending moment, and (ii?) is the section modulus 
of the weld treated as a line. The above procedure permits finding the size of weld directly. 

The corresponding section modulus in bending, Z^, and polar moment of inertia In torsion, 
of 13 typical welded connections with the weld treated as a line are shown In Fig. 25-7 below. 
Section moduli from these formulas are for maximum force at the top as well as tbe bottom portions of 
the welded connections. For the unsymmetrical connections shown, maximum bending force is at 

the bottom. 

If there is more than one force applied to the weld, these are found and combined. All forces 
which are combined must occur at the same point in the welded Joint, 

The section modulus and polar moment of inertia are used in the standard design formulas, as 
listed, For secondary welds, the weld is not treated as a line, but standard design formulas are 
used to find the force per inch of weld on the weld. The symbols used are: 

b - width of connection, in. 

d = depth of connection, in, 

A ^ area of flange material held by welds in shear, in^ 

/ = moment of Inertia of entire section, In^ 

C = distance to outer fiber, in. 

t = thickness of plate, in. 

/ = polar moment of inertia of section, In^ 

P = tei^ile or compressive load, lb 
- distance of x axis to foce, in. 
Ny = distcmce of y axis to foce, in. 

V = vertical shear load, lb 
M ^ bending moment, in-lb 
T = twisting moment, in-lb 
Lyj ^ length of weld, in, 

= section modulus of weld, in^ 

= polar moment of Inertia of weld, in^ 

s = stress in standard design formula, psi 

/ = force per inch in standard design formula when weld is treated as a line, lb/in 
n = number of welds. 
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Properties of Weld Treated as a Line 



OuUine of Welded 
Joint 

b = width d = depth 



Bending 

(about horizontal axis X-X) 



Twisting 



T 



i 



z - ^ 



- 12 



J n 

■_l X d 

I Li 



3 



Jw = 



6 




4 ^ 

X X i 

t 



2u. = W 



6^ + 36d' 



6 



I 

d 
i 




/v.. = 



6' 



2 (fc * J) 

d' 
2<6 + </) 



= 



6 

top 



d\^bd-^d) 
6(2fe + rf) 
bottom 



2 ,2 



. 6fc 

= 12(6 + rf) 




6 



L. = 



(2b ^df 
12 



lJ^(b + df 
(2b -{-d) 



N. 





T 



;r-i- i-xj 



1 



26rf + d' 
3 

top 



3(6 + rf) 
bottom 



(6 + 2dy 
12 



(6 + 2d) 



dp 



= bd+ 3 



(b + dj 
6 



-^10 - 



26rf + <;^ 



top 



d\2bjd) 

bottom 



(b + 2d)' 
12 



£(b + df 

(b^2d) 



:- -i I — x\ 



* 2 (i ♦ J) 




46</ d' 
3 

top 



4fc<^^ + d^ 
6b + 3</ 

bottom 



Jw = 



6(6 + </) 6 



—X d 

_1 



r I 



3 



6 




= 2bd + 



3 



2fc3 + 66rf^ + 

6 




Zkj = 



TTf 

4 



77, 



4 




Hi 

2 



Couriesjr Tke Lincoln Eltctrie Co. 



Fig. 25-7 (a ) 
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Secondary Welds 
hold section together — low stress 




Ccurtety Th€ Uiteaia El^irU Co. 



If intermittent welds are to be used, determine the ratio R of the calculated leg size for con- 
tinoas welding and the actual leg size to be used with intermittent welding: 

^ _ calculated leg size, continoous weld 

actual leg size to be used, intermittent weld 

The length of intermittent welds and distance between centers is given as a function of A rep- 
resentation such as 3-4 means a weld 3" long with a distance of 4" between the centers of two 
consecutive welds. 
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R 

(peiceQb 01 continuous weiu) 


Length of intermittent welds 
and distance between centers 


75% 




3-4 




66 








60 




3-0 




57 






4— f 


50 


2-4 


3-6 


4-8 


44 






4-9 


43 




3-7 




40 


2-5 




4-10 


37 




3-8 




33 


2-6 


3-9 


4-12 


30 




3-10 




25 


2-8 


3-12 




20 


2-10 






16 


2-12 







The following values of fiitigue strength (lb per inch of fillet welds) are a guide to design of 

fillet welds under varying load. The values are based on a more conservative limiting value of 

8780 lb per inch of fillet weld as used in bridge design as recommended by AWS. 

(7) Allowable fatigue strength for fillet welds for 2,000.000 cycles = r^^^ ib/in (if the value 
computed is greater than 8780 ib/in, use 8780 lb/in). " 



7070 
1-iK 



lb/in (if the value corn- 



ed) Allowable fatigue strength for fillet welds for 600,000 cycles - 
puted is greater than 8780 lb/in, use 8780 lb/in). 

(3) Allowable fatigue strength for fillet welds for 100,000 cycles = lb/in (ifthe value com- 

puted is greater than 8780 lb/in, use 8780 lb/in). ^~ ^ 

(For other types of welds, refer to the AWS Bridge Code, Section 208, Design for Repeated Stress.) 

released (varies in one direction), K^^—i if load is completely reversed. 

Any abrupt change in section along the path of stress flow will reduce the fatigue strength. It Is 
not so much a matter of welding reducing the fatigue strength as it is the effect of the shape or geometry. 

The fatigue strength related to the number of cycles can be expressed by the empirical formula 



N. 



where 



- the fatigue strength for cycles 

= the fatigue strength for Ng cycles 

c = the constant which varies slightly with the specimen, 0,13 has been used for butt welds 
and 0.18 for plates In axial loading, tension and/or compression. 

Rule of thumb for welds which are not calculated: Por a full strength weld fbr both parallel and 

transverse loading, the leg size of the weld should be 3/4 the thickness of the plate the full length of 
the plate, and the plate should be welded on both sides, Por design where rigidity is the criterion, 
use a leg size of the weld equal to 3/8 the thickness of the plate. 
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1. Show that the plane of maximum shear occurs at 
45^ for a parallel load on a fillet weld of equal 
legs, as shown in Fig. 25-8; neglect bending. De- 
termine the allowable force per inch of weld 
if the allowable shear stress is 13,600 psi ac- 
cording to AWS- 

Solution: 

(a) Consider the free body with the two welds cut 
symmetrically with the vertical. 

(6) Designate the dimension of the throat of the arbi- 
trary section as t'. The area of a weld of the iso- 
lated portion Is ^4 = f'L, where ('=u/(6ind+ cosd). 

CO The shear stress is = J = = F(slng^ccse) 

(d) Differentiate ^ with respect to $, and set the derivative equal to zero for maxlmniD; 

^ = -^(coa^-aintf) = 0 
dS wL 

which is satisfied when cob$= Bind, or O^iS^, 



Fig. 25-8 



(e.) Substituting ^ = 45*" into (c>. s. 



= 4 Where i is the throat at 45^« 




(f) The allowable load per inch of weld is = ^s^^uf^/^ = 13,600w(lVVS~ = 9600w, where w is the leg 
size. 



2. Show that the plane of maximum shear force oc- 
curs at 67i^ for a transverse load on a fillet weld 
of eQual legs< Neglect bending. Determine the 

allowable force per inch of weld if the allowable 
shear stress is 13,600 psi according to the AWS. 

Solution ; 



(a) The free body Is shown in Flg.2S-9. Assume the 
two welds share the load equally. The sheu force 



is and the normal force is Summing the ver- 



tical components, 



0 




Fig. 25-9 



(£r) Assuming that the resultant of and ^Is vertical, then the horizontal components aieequaland opposite: 
F^cosd =Fn&in0. Substituting F„ = (F^ cos0)/(Bind) into (a). 



sin 0 



or 



F^= F sin d 



(c) The throat dimension for the section taken is t' - t^/(cos 9+ sin^)- 

/jv rm. w * I ^5 (F sin0)(cos0+ sin^) 
(rf) The shear stress is = = — = i — : , 

^ A t'L wL 
(e) For maximum s^. find angae & which defines the maximum shear by setting ds^/dO = o, 

" tt'^^H- sin0+ cosfl) + (COS0+ sin^Xcos^d = 0 

Using the substitutions cos^ 9 - sin^ 0 = cos 20 and sin0cos0 = i sin2d, this gives sin 20 cos 2ft 

tan2^=-L 2^=135''. and i9 = 67^° 



(/) Maximum stress is found by substitution of 0 = BTz^ into (rf): 
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s,^ = (^sin67i-)(coB 6'^%sin67r) ^ 1^ ^ 0^ wJ.ere * is the throat at 67i'' 



(g) Allowable force per inch of weld F - I^Jm*'^ = 13,600ti;(l) _ jqq^^^ where is the leg size 



3. How is the loading distributed in welds with parallel loading if the welds are relatively long? 
Solution: 

If the welds are long, the loading is not distributed uniformly. The maximum loading per inch of weld de- 
pends on the length of the weld. Values of allowable load per Inch of weld should be reduced to about 90% 
that for short welds. 



4. Treating the weld as a Une, determine the section modulus Z,^ in bending 
of a weld d Inches high. Refer to Fig.25-10. 

Solution: ^3 ^ 

j yUy and Z^-^.~. 



Moment of inertia / = 



5. Treating the weld as a line, determine the moment of inertia /^^ about 
the center. 

Solution: 



Referring to Fig.25-10, / 




yUy = 



12 ' 





1 

y 
\ 






\ 


{ 

\ 



Fig, 28-10 



6, Treating the weld as a line, determine the section modulus 
about the x-x axis. Refer to Plg.25-11. 

Solution: 

From Frob. 4. the moment of inertia of the vertical lines about 

the X'X axis is /i = 2(d^/i2) = . 

The moment of inertia of the horizontal lines is Iq = 2[b(d/2f] = 
The total moment of inertia about the x-x axis is / = /i + f2 = 

THe section modulus = L = <^/6) + (M"/2) ^ ^ ^^^^ 

c d/2 3 




Fig. 25-11 



7. Treating the weld as a line, determine the moment of inertia 
about the center of gravity. Refer to Fig. 25-12. 

Solntii 



Consider each Ihie separately, determine the etfeot of each, and 

add the parts. 

Consider the top line, with a differential element dx. The Inte- 
gral of the product of the length of the element and the s^nare of the 
variable distance to the center of gravity is 



= Jr^dx ^ 2 J \d/2f ^ x'^dx 




Fig. 25-12 



The contribution by the bottcHn line is the same: / 



T" 12 ' 



By analogy, the polar moment of inertia of each vertical line is = Jy^^ = + 
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The total polar moment of Inertia = 7^^ +J^^ +7^,^ 



6 



6 



S. Detennlne the required fillet weld size for the bracket shown in Flg.25-13 below. 






Direct Shear 



80001b 



t 



I 





1850 



Resultani Load per in, 

- V2460^+ (400 + 1850)2 
» 33301b/lD 



Twisting 



Combining Direct Shear and 
Torsion Effects at Point A 



Fig. 25-13 



Solution: 

(a) Deteimine tbe center of gravity of the weld, treating the weld as a line with no thickness. See Fig. 2S-7 {a\ 

1.2 



By symmetry. s'V ^y'^^b^d 




= 1.25". 



2(5)+ 10 



(6) Replace the original 80001b force hy a force of 80001b at the e.g. and a coaple - 8000(23.75) = 190,0i 
in-lb (causing twisting). 



(c) The Tertical force of SOOOlb is assumed uniformly distributed over tbe weld and causes a loading of 
(8000)/(5+10+5) = 400 lb per inch of weld. 
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(d) Now detennine the effect of the twisting couple. The polar moment of inertia of the weld, treating it as a 
line, is 

= ^2 WTT - —12 2(5)+ 10 - 

(e) At points A and B, the maximum loading / tttm twisting is 



r TC ^ (190.00Q>V5^H-3.75^ ^ 3080 lb/In 

' 385,4 



where C ^ distance from center of gravity to point being analysed. 

3 75 

The vertical component / = - (anao) = 1850 lb/in. 

^ V5^+ 3.75^ 



The horizontal 



component L = -==^=^(3080) = 2460 lb/ln< 

^ V52+3-75^ 



Note that and can be obtained directly by using the horizontal and vertical distances = 3.75^' 
and Cy = 5"ln/= TC/J^. 

(f) Combining the horizontal and vertical components at point A, the loading per Inch is 

F = V(2460)^ -I- (400+ 1850)^ = 3830 Ih/in 

(g) For steady loads, the weld size is «; = ^^"''^ = ||^ = 0,347". Use a l"weld. 

'allowable 

Note that tho allowable loading is 9600 lb per Inch of weld, the allowable loading for parallel loading 
being used where there is a combination of transverse and parallel loading. 

(A) An alternate analysis, which is justifiable on the basis of the distribution ctf the transverse shear force 
as used in beam analysis, Is to consider the top and bottom welds as carrying no transverse shear force. 
The maximum transverse shear stress In a rectangular section Is 3^/2^4 at the neutral axis. Thus the di- 
rect shear at point A is zero and at point E the maximum shearing force per Inch is 



At point A the resultant force per inch of weld, due to torsion alone, is 3060 lb/in. as determined in 
(e) above. 

The size of weld Is critical at point A (and point B) and is 

^ J^cm^ = ^ Q 32iii Use a -l" or ^' weld- 



g. A circular bar is welded to a steel plate. The bar diameter <2= 2ln. 
Determine the size of weld reanired. 

Solution : 

Bending moment - 2000(8) = 16,000 in-lb. Shearing force = 20001b. 
Section modulus of weld treated as a line is [see Pig. 25-7 (a)] 

Zw = i^**^ = itn2f = 3.14 In^ 
Force per Inch of weld, at top and bottom, is 

W/Z^ = 16.000/3.14 = 5100 lb/in 

Vertical shear, assuming uniform distribution of the shear force, is 

= V/L^ = 2000/2?^ = 318 lb/in 

Resultant load / = VsjOtf^ + 318^ = 5110 lb/in. 



Size of weld w = 



f.. 




Fig. 25-14 



actual 



allowable 



5110 
9600 



= 0.53". A i"weld should be satlsfoctory. 
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10, A plate gitder is labricated by welding. What size of fillet welds to join the 
flanges to the web is required for a transverse load (shear force) of 150,0001b 
applied at the section under consideration? Refer to Fig,25-15. 

Solution: 

The weld reaulred at the junction of the web and flange is considered as a secondary 

weld, inasmuch as it is required to hold the parts together* The deflection of the beam 
is not affected significantly even if the weld is omitted. 

The loading per inch of weld at the Junction of the web and flange is 

VAY (150.000>{20>(21) 



f = 



= 1575 lb/in 



In <20.020)(2) 

where V = shear force = 150,0001b 

A - area of section above the weld - 10(2) = 20 in^ 

y = distance to the center of gravity of the area above the weld (=21 in.) 

/ = moment of inertia of the whole section about e.g. axis of I-beam (= 20,020 in^) 

n = number of welds (= 2). 

The weld leg size w = 1575/9600 = 0.164" (leg size of continuous weld). 

Even though there may be little or no stress on some welds, for 
practical reasons it Is best not to put too small a weld on a thick plate. 
The adjacent table, given by American Welding Society, can be used 
as a guide. Thus the minimum weld size as calculated is 0.164" for 
a continuous weld. However, by the adjacent table, the minimum weld 
is ^''for a 2" plate. Note that the leg size of the fillet weld need not 
exceed the thickness of the thinner plate. 

Because of the greater strength of the ^ weld» intermittent welds 
can be used. Lincoln Electric Co. recommends, also, that the size of 

the fillf>t wold used for design calculations or determination of length 
must not exceed y of the web thickness, or ^{y) = 0.333", This rec- 
ommendation is based on limiting the shear stress in the thinner plate 
to 13,000 psi (aa given by the AWS Bridge Code). Thus, even thougha 
weld is to be used, the calculations will be based on a weld 0.333". 




Fig, 29-15 



Thickness of 
thicker plate 


Minimum 
weld size 


1 " 

up to 2 

over 2 up to ;i 
over 3 up to iV 

over li up to 2" 
over 2" up to 6'' 
over 6^ 


3/16 in. 

1/4 in. 
5/16 in. 

3/8 in. 

1/2 in, 

5/8 in. 



R = 



size of continuous weld needed 



0.164 



= 49% 



size of intermittent weld used 0,333 

From the table for percent of continuous weld, using the value for 50%, the length of Intermittent weld 
and spacing can be 2-4, 3-6, or 4-8. 

A final recommendation, then, for the weld Is a — weld (leg size), two Inches long, on 4 inch centers. 



Average shear force = 



TfJ 



2 r3 + 2 + 3 



= 300 lb/in 



Maximum force/in = V2000^ + 300^ = 2020 lb/in. 

The maxinmm force varies from 2020 lb/in in one direction to 2020 Ib/ln 

in the opposite direction. This is true for both top and bottom welds. 

The allowable force/in for 2,000,000 cycles is 

^ 5090 _ 5090 



2000 Ib/iji 



t 

Shear 




3OD0lta 



11. A rectangular beam is to be welded to a plate. The maximum load of 30001b Is applied repeti- 
tiously, Determine the size of weld required for 10.000.000 cycles. Assume the shear load is 
distributed uniformly over the entire weld. Refer to Fig, 25-16 below. 

Solution: 

Consider the horizontal welds where the bending stress is maximum (the 
top and bottom welds are stressed the same). 

The bending moment varies ftom a maxinmm of 3000(6) = 18,000 In-lb 
in one direction to a maximum of 3000(6) = 18,000 in-lb in the opposite di- 
rection. Hie shear force varies ftom 30001b up to 30001b down. 

Thesectionmodulusottheweldis Z^= bd-^d^Z = (2X3)+3^3 = 9in^ 

The load In lb/in due to bending is / = M/Z^ = 18,000/9 - 2000 lb/in 

V 3000 
L. 




Binding 

= 3000 lb/in 




Shear 

= SOOlbyin 



2,000.000 



= 3390 lb/in 



Fis. 25-16 
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where K = "■inlmam stress ^ _^ since the load is completely reversed. 



maximum stress 
The allowable force per inch of weld for 10,000,000 cycles is 

Ao,ooo,ooo = (3390)(^^^f-- = 2750 lb/in 

The weld size w = 2020/2750 = 0.734"- Use w ^ 3"' 



12. Determine the load capacity of the single plug weld shown 

in Fig. 25-17. Use an allowable shear capacity of 13,600 

psi. The load is steady. 

Solution: 

Shear area = = l7r(5)® = 0.441 to®. 

Allowable force F = (13,600)(0.441) 6000 lb. 



X ' " 




H~1__L_ 


* 1 


1 





Fic. 25-17 



SUPPLEMENTARY PROBLEMS 

13, A l" X ^"bar is welded to a 4 in, diameter cylinder. Determine the size of a 45^ fil- 
let weld. Assume transverse shear is uniformly distributed in the weld. Use an al- 
lowable load of 96001b per inch of weld. 

Ans, For a bending moment of 1800in-lb, a section modulus of weld = bd-^d^/z = 

5(1)+ 1^3 = 0.83 in^, and a resultant load per tach of weld = V2160® + 50^ = 
21601b. the size of weld = 2160/9600 ■= 0,225"; use ^" . Since the load is 
essentially transverse to the weld, a smaller weld could be used, based on 
an allowable load of 11,300 lb per inch of weld. However, a final size of 
w = Is satisfactory. 

14. Determine the size of fillet weld required for the flat plate loaded as shown In Fig. 25-19 below. 
Ans, w = 0.368''> use w = ^' for an allowable load of 9600 lb/in. 




15. A channel is welded to a support. For a steady load of 50001b, determine the size of weld required. Assume 
that the vertical load is uniformly distributed on the weld. Refer to Fig, 25-20 above. 

Ans, = 18 in^ , 2780 lb/in due to bending, 500 lb/in due to Shear, resultant 2830 lb/in, and w = 0.294" 

for allowable load of 9600 lb per inch of weld; use w = ^ , 

I 6 

16. A channel is welded to a support as shown in Fig. 25-21 above. The load is applied in a varying fashion 
^om zero to a maximum of 50001b. Assume the vertical load is uniformly distributed on the weld. Determine 
(o) the maximum resultant load on the weld, (b) the minimum load on the weld, (e) the allowable load per 
inch on the weld for 2,000,000 cycles, and (d) the size of weld. 

Ans, (a) 2830 lb per inch (same as Prob, 15). (6) Zero, (c) For K ^0* allowable load per inch of weld is 

5090 lb/in. (d)w ^ 0,556"; use w - i". 

IT. A calculated necessary weld size is 0.180". A <!" fillet weld Is to be used intermtttently* Determine the 

spacing. Ans. Use a -i-'weld, 3in. long, with 6in, spacing. 

18. A plug weld used in a plate 1 in. thick has a diameter of li in. What is the design load for an allowable shear 
stress of 13,600 psi? Ans, 24,000 lb 




Chapter 26 



Flywheels 

FLYWHEELS. A flywheel and a governor are devices to control speed variation in an engine, the dif- 
ference being that a flywheel redistributes energy ^vithin a cycle to control speed, while 

a governor controls the amount of fuel to an engine to match the load requirements to maintain a spec- 
ified speed. If we picture a governor operating in a fixed position, the function of the flywheel is then 
isolated in its function of limiting the speed variation. 

If the load output requirements are constant and the power input is constant, no flywheel is needed. 
If the power input is variable, with the load output requirements constant, a flywheel can be used to 
advantage to smoothen out the operation; if the power Input is constant and the load output require- 
ments are variable, again a flywheel can be used to advantage to smoothen out the operation. 

Examples of machines that use flywheels effectively are punch presses and internal combustion 
engines, In punch presses the rate of energy input can be thought of as constant and the output vari- 
able; in internal combustion engines the rate of energy input is variable and the rate of load output 
may be constant or variable. 



RIM FLinVHEEL. The weight of the rim of a rimmed flywheel can be deterndned by any one of the 

following equivalent forms: 

^ V^8 Vl-Vl rHo^l'Col) 
where = weight of rim alone, lb 

K = empirical number to account for the effect of the hub, spokes, shaft, etc., which unless 
otherwise specified can be taken as 0.90 

g = 32.2ft/sec2 

E = energy to be given up by the flywheel, or energy to be stored in the flywheel. This can 
also be considered as the maximum variation of energy from the mean energyrequirements, 

ft-lb , 

Fi = maximum speed of a point on mean radius r of rim, ft/sec 
K2 = minimum speed of a point on mean radius r of rim, ft/sec 

y = ^(Vi + y^) = mean speed of a point on mean radius of rim, ft/sec 

8 = coefficient of speed fluctuation = (Vi- ^2)/^^ = (0^^-0)2)/^ 
oix = maximum angular velocity of the flywheel, rad/sec 
a>2 - minimum angular velocity of the flywheel, rad/sec 

fi) = fi>2) = mean anguter velocity of the flywheel, rad/sec. 



SOLID DISK FLYWHEEL, 
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where W = weight of the disk flywheel, lb 

g = 32.2 ft/sec^ 

E = energy to be supplied by the flywheel, ft-lb 

VL = mean velocity of a point on the outside radius of the disk 
S = coefficient of speed fluctuation = ^^1q~ ~ ' a>2)/a> 



V± = maximum velocity of a point on outside radius of disk flywheel, ft/sec 
= minimum velocity of a point on outside radius of disk flywheel, ft/sec 
= outside radius of plate flywheel 
= maximum angular velocity of disk flywheel, rad/sec 

6>2 = minimum angular velocity of disk flywheel, rad/sec 
A> = mean angular velocity of flywheel, rad/sec. 



SOLVED PROBLEMS 

L Derive the eauatlon for the necessary weight of the rim of a rimmed flywheel: 1^ = — |— . 
Solution: ^ ^ 

The kinetic energy £ in ft-lh given up by a flywheel is 

where /q = moment of inertia of the flywheel and shaft on which flywheel is mounted, Ib-ft-^ec^ 

Oh, a>2 = respectively the maximum and minimum angular velocity of flywheel, tad/sec 

r = any arbitrary radius* If r is taken specifically as the mean radius of the flywheel rim, then 
the eauation can be written 

where V^, Vq = respectively the maximum and minimum velocity of a point on the mean radius of the rim 

V 9 mean velocity of a point on the mean radius = ^(V^ + V^) 
8 = coemcient of apeed fluctuation ^ (V^ - V^IV* 

Consider that the moment of inertia of the flywheel is made up of two parts: 

where = weight of rim, lb 

- radius of gyration of rim, ft 

- weight of hub, spokes, shaft and other masses rotating with the shaft, lb 

it^ = radius of gyration of hub, spokes, shaft and other masses rotating with the shaft, ft 
g = 32.2ft/Bec*^. 

If the rim thickness is small compared to the mean radius of the rim, is almost equal to the mean radius 
r: A =e r. Dividing equation (i) by and setting k\ - , we obtain 

J- ^ &^ 
which when substituted into £ = (/oA^)f^^S gives 



E = irf^-^^y h or , - - 2 



Rewriting and then setting K = 1 - 



^5 ^5 



The value of JC is generally around o.go, and unless otherwise specked may be taken as 0.90. In other 

words, the effect of the hubs, spokes, and shaft is to contribute about 10% of the required moment of inertia. 

In general, the total weight of the flywheel can be taken as about 1,15 H'f- in preliminary analysis before 
final dimensions are established. 
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2. A cast iron flywheel rim has mean radius 24", thickness 6", and width 8". Compare the exact moment 
of inertia with the apjaoximate value of iPr^/g, where r is the mean radius. The weight density of 

cast iron is 0.255 Ib/in^. 

Solution: 

(0) The exact moment of Inertia of the rim, considering the difference of the moment oi inertia of two cylin- 

2 e o 2 g ^ 2\ 32-2 / 2\ 32-2 / 

where IP^ = weight of cylinder with radius r^^ = TTr^bp = 7r(27)?(8>(0,255) 4670 lb 

= weight of cylinder with radius r. ^ 7Tr?bp = 77(21)^(8)(0.255) = 2825 lb 
= outside radius = 27" = 2.25', = inside radius = 21" = 1.75' 
b = width of rim = 8". p = weight density = 0.255 Ib/in^. 

(b) The approximate moment of Inertia, considering the rlm as a thin ring, is 

Wo. = f = ^(2)2 = 229 lb-ft-sec2 

The percent error = ^^^"^^^ (100) = 1-7%, 

233 

4jr£ 

3. Derive the equation for the reQuired weight of a circular piate used as a flywheel: W = ^ 



SoluUon: '^<<- 
The kinetic en^gy E in ft<lb given up by a flywheel is 

where / = momGnt of Inertia of plate flywheel, Ib-ft-sec^ 

cui = maximum angular velocity of flywheel, rad/sec 
0)2 = minimum angular velocity of flywheel, rad/sec. 

The moment of Inertia of a flat plate flywheel of weight IT and outside radius is / = i(V/g)r^, Then 

A flywheel for a punch press must be capable of furnishing 2000 ft-lb of energy during the i revo- 
lution while the hole is being punched. The maximum speed of the flywheel is 200 rpm and the speed 
decreases 10% during the cutting stroke. The mean radius of the rim is 36 in. (a) Calculate the 
approximate weight of the flywheel rim assuming that it contributes 90% of the energy requirements 
(K = 0.90). (fc) Determine the approximate total weight of the flywheel assuming that the weight of the 
flywheel is 1,15 times that of the rim. (c)What is the coefficient of speed fluctuation? 

Solution! 

(a) . 2(0.90)(32.2)<2Q0Q) ^ 

r^Co)^ - oj^) (36/12)^[(27rx200/60)^ - (277x180/60)^] 

(6) Approximate total weight = 1.15(155) = 1781b- 

(c) Coefficient of speed fluctuation S = <^~^ = 200-180 ^ ^^^^ 

^ 1.90 



5- A two cylinder engine with cranks at right angles develops 100 hp at mean speed 400 rpm. The co- 
efficient of speed fluctuation is to be no greater than 0,03, The mean diameter of the flywheel is 
4 ft. The maximum variation of energy per revolution is found to be 20% of the mean energy, as found 
from a dynamic analysis of the actual forces in the engine. If the arms and hub contribute 5% of 
the flywheel effect (K = 0.95). determine the necessary dimensions of a square rim section of cast 
iron which weighs 0.250 Ib/ln^ . 

solution: 

Energy output per cycle, = 100(63,000) ^^^^ Utt rad = 8230 ft-lb 
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Itoximuro vMlation or energy per cycle, E = 0.20(8230) = 1650ft-lb 
Blewi velocity V = rto = 2[27r(400/60)] = 83.8 ft/sec 

Weight of rim. = = TrZJ^tfcp 

0.95 (32.2) (1650) ^ 



(83.8^(0.03) 

3 



Where £L = mean diameter, in,; t = rim thickness, la,; b = rim width, in,; p = weigM density, Ih/ixr, Solving, 

t = b = 2Al": use 2i . 



SUPFLEHENTABY PRQBLEH8 



6* A gas engine develops 80 indicated horsepower at 1800 rpm mean speed. The maximum variation of energy 
per revolution is 27% of the mean energy, and the allowable coefficient of speed fluctuation is 0.02, Assume 
that the rim provides 95% of the needed flywheel effect (K = 0.95). The mean velocity of the flywheel rim 
is limited to 8460 ft/mln. Determine the mean diameter end the weight of rim required. Ans. 18ln., 30.71b 

7. A gas engine develops 80 Indicated horsepower at 1800 rpm mean speed. If the maximum variation of energy 

per revolution is 27% of the mean energy, and if the allowable coefficient of speed fluctuation is 0.02, de- 
termine the necessary weight of flywheel. Assume all the flywheel effect comes from the flywheel. The 
flywheel is to he a plate of outside diameter 18 In. mounted on the shaft. Ans, Weight of plate = 64.6 lb 

8. A crusher drive-shaft rotates at maximum speed of 60 rpm and requires an average power input of lO hp. If 
the maximum energy variation per cycle is equal to the mean energy of the cycle and if the speed must not 
drop more than 10% during the crushing operation, determine the required weight of a flywheel rim with a mean 
diameter of min. The crushing operation occurs In each revolution of the drive-shaft. Assume K * 0.95. 

Ans. 4040 lb 

9. A cast iron flywheel rotating at 40 rpm maximum Is to furnish 75,000 ft-lb of energy to a punch during 4 rev- 
olution with a 10% reduction in speed. The maximum velocity at the mean radius of the rim Is not to exceed 
3000 ft/mln. What cross section area of the rim Is necessary if 95% of the flywheel effect Is produced by 
the flywheel? Cast lion weighs 0.255 Ib/in^. Ans. 41.8 In^ 

10. A single cylinder double acting engine delivers 250 hp at 100 rpm mean speed. The maximum variation of 

energy pet revolution Is 10% of the mean energy, and the speed variation is limited to 2% eith&r way from 
the mean speed. The mean diameter o£ the rim is 8 ft. Assuming that the hub. spokes, and shaft contribute 
5% of the flywheel effect (K - 0.95) and that cast iron weighs 0.255 Ib/in^, determine (a) the coefficient of 
speed fluctuation, (&)the weight of rim, (c)thecrosssectionareaoftherim. Ans, 0.04, 36001b, 46. 8in^ 



STRESSES IN FLYWHEELS. The stress in what is called a free 

rotating ring is a very simple quick 
approximation for the stresses in the thin rim of a rotating flywheel. 

The effect of the spokes is neglected and only the stress due to 

inertia loading Is considered- 

(a) Consider half a ring isolated as shown In Fig. 26-1. The 
differential mass dM is 

^ r(de)tbp 

where r = mean radius, in, 

dd = differential angle subtended by the differential 
mass, radians 

t = thickness of rim, in.; b = width of rim, in. 
p = weight density, Ib/in^; g = 386 in/sec^. 

(b) The differential inertia load / = (mass)(acceleration) = 
(~~^^(ra>'^), where oj = angular velocity in rad/sec. 





^ different LA J fnais, 

s 



Fig- 26-1 
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(c) The vertical component of the differential inertia load is dfy = (r<u2)j sin 0. 

Note that horizontal components balance. 

{d) The vertical component of the inertia load is balanced by the tensile forces at the cut sections 

= I , (jay^ ) sin 0 = ~ — -cos^ = ^ — (2) 

(e) Assuming that the tensile stress (psi) is uniformly distrlbutecl across a section, then 



= -f- = -f- 

where v = roj Is the velocit^r (in/sec) at the mean radius. 



SOLVED PROBI.EM 



11. Determine the maximum permissible velocit; v in a cast iron thin rim of a flywheel if the maximum 
allowable tensile stress In cast iron is 4000 psi. Cast Iron weighs 0,255 Ib/in^. 
Solution: 2 ^ 

St = ^ . 4000 = . V = 2460 in/sec = 205 ft/sec 



S 386 
Note that bending in the rim has been neglected. 



SUPPLEMEPiTAHY PROBLEMS 

12. Determine the maximum permissible velocity In a steel thin rim of a flywheel If steel weighs 0.283 Ib/in^ 

and the allowable stress Is 20,000 psi. Ans. 435 ft/sec 

13. Considering the cast iron rim of a flywheel as a thin ring and considering the thin rim as a free rotating ring, 
determine the maximum tensile stress due to rotation. The rim has width 6in,, thickness 41n,, and mean di- 
ameter 30 in. The flywheel Is rotating at 2000 rpm. cast iron weighs 450 Ib/ft^. Ans. 6660 psl 



THE MAZIMCIH TENSILE STRESS in a thin rotating rim of a flywheel where bending as well as the 

normal stress due to Inertia is considered. Is a bit more compli- 
cated. An equation developed from those derived by Timosbenko on a rational basis, taking into account 
the axial force in the spokes, bending^ and normal stress, obtained on the basis of treating the rim as 

a thin ring and neglecting the curvature In the rim is, from "^-^^ using the sign which gives the 

larger value . ^ _ t 

cos ^ . 9.r n cos '^vT w 



3C sin a Ct Va sin 




where = tensile stress, psi 

q = weight of rim per Inch of length = btp, Ib/ln 
V = velocity at the mean radius, in/sec 

b = width of rim, in.; t ^ thickness of rim, in.; g = 386 in/sec^ 
^ = angle from centerline between spokes to the section where the 

stress is being found 
2a = angle between spokes 

r = mean radius of rim, in- Fig, 26-2 

C a constant depending on the cross section area of the rim, area of a spoke, proportions 
of the rim, and angle between spokes. C is given by 




_ 12r^ r 



/ sin 2a 



2 sin^ a\ 4 

where A = area of cross section of the rim = bt 

= area of cross section of a spoke. 



2/ 2aJ 



1 



2 siD^ a 



( 



sin 2a 



+ 



2/ Aj_ 
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The numerical values for C iot different numbers of spohes, to simplify the arithmetic, are; 

4 spokes (2a= 90°): C = ^(0.00608) + 0.643 + 

6 spokes (2a = 60°): C = ^^(0.00169) + 0.957 + y- 

8 spokes (2a =45°): C = (0.00076) + 1.274 + j- 

The axial force F in each spoke is f = — lb. 

SOLVED PROBLEM 

14. (a) Determine the maximum tensile stress in the thin rim of a steel flywheel rotating at 600 rpm 
(2077- rad/sec). The mean radius of the rim is 60" (r = 60"). The flywheel rim Is 8" thick (( = 
8") and 12" wide (b = 12"). The area of a cross section of the rim is A = ht = 96 in^. Each of 
the six spokes is constant in cross section with a cross section area = 16 in^. (Find the 
maximum tensile stress in the rim at two sections, ^ = 30** and ^ = 0° .) 

(b) Compare the stress determined with that of a free rotating ring. 

(c) Calculate the axial stress in each spoke. 

Solution: 

(a) For 6 spokes. C = (0.00169) + 0.957 + ^ = ^^^^ (0.00169) + 0.957 + |f = 8-10. 
At the section of the rim where the spoke is located, <f) = The stress at this section Is 

^2 



t btg L 3C sin Ot Ct Vot sin U 

27.2(3770)'^ _ cos 30° ^ 2(60) / 1 _ cos 30° Vl 
I2(8)(386) L 3(8.101 sin 3tf ~ 8.10(8) W6 Sin 30° /-I 

= 10,400[1 - 0.0714 + 1.85(1.91 - 1.74)] 

= 12,900 pst. using the + sign tat the maximum 
where q=btp- 12(8)(0.283) = 27.2 Ib/ln. v = ro) = 3770 In/sec, 2(L = eKP t<x% spokes. 

At the sectimi of the rim midway between spokes, ^ = cP . The stress at this section Is 

^ _ 27.2(3770)^ r 1 ^ 2(60) /_1 1 V] 

* " 12(8)(386} L 3(8.10) sin 30° ~ 8.10(8) \7J/6 sin 30°/-J 

= 10,400[1 - 0.0824 ± 1.85(1.91 - 2)] 

- 11,300 psl, using the - sign tat the maximum. 
The maximum tensile stress in the rim occurs at the section where the spoke is located and Is 12,900 psi. 

(6) The stress in a free rotating ring = ^ = ^-^^^J^^^^f ^ 10.400 psl. 

The maximum stress taking into account bending Is 12,900 psi, an increase of ^^'^^^^^^'^^^^ (^00) = 
24% from that obtained with a very simple case of a free rotating ring for the particular given data. 

(c> The ax^ force in each spoke is F = 4^ = ^i!!«^w«^!^! ^ 82,500 lb. 

3 (386)(8.10) 

The Stress in each spoke = F/Ai = 82,500/16 = 5160 psl. 



SUPPLEMENTARY PROBLEMS 



IS. Given the same data as for Problem 14 except that cast Iron is to be used Instead of steel, determine the 
maximum stress in the rim. Cast iron weighs 0,255 Ib/ii^. Ans. 11,700 psl 



FLYWHEELS 



319 



16. A cast Iron flywheel rim is 4" thick by 8" wide and has mean radius 36". The maximum tensile stress in the 
rim is to be limited to 8000 psi. The cross section area ot each of 4 spokes is set at 10 In^. Cast iron 

weighs 0.255 Ib/in^. 

(a) Determine the maximum velocity at the mean radius without exceeding the maximum permissible stress 
for the following; 

(i > Assuming the rim is to be treated as a free rotating ring. 
(2) Analyzing for the section of the rim at the spoke = 4^, 

(5) Analyzing for the section of the rim midway between spokes (<fy = (P). 

(b) Determine the maximum stress in a spoke for the maximum velocity determined. 

Arts, (a) 3480in/seCi 2870in/fiec, 3150in/sec- Maximum velocity withoutexceeding 8000 psi is 2670 in/sec, 
as dictated by the most stressed section occurring in the rim where the spoke is located, 

(b) 1190 pel (for v = 2870 in/sec) 



APPROXIMATE STRESSES IN FLTVHEEL RMS of ordinary construction are given by the Lanza e- 

guation: 

s = P'^(0.075 + 

where s = tensile stress, psi 

d = mean diameter of rim, Inches 

t = thickness of rim, inches 

V - velocity of the mean radius, ft/sec 
n = number of spokes 

where the ejects of inertia loading and bending are accounted for by the two terms, with approximately 

3/4 of the stress being due to the tensile stress in the rim due to the inertia loading and 1/4 of the 
stress being due to the bending of the rim considered as a beam fixed at the ends (at the spokes) and 
loaded between spokes by the inertia load. 



SOLVED PROBLE 



17. Assuming the maximum stress in a flywheel rim can be approximated, as suggested by Lanza, by 
adding 3/4 of the stress computed by considering the rim as a free rotating ring and 1/4 of the 
stress computed by considering the rim as a straight beam of length eaual to the arc between arms, 
fixed at both ends, and loaded uniformly with Inertia forces, derive the equation for the maximum 
stress s. Take the weight density as 0.270 Ib/ln^. 

Solution: 

(a) The stress (psi) In a free rotating ring is 

Where v = velocity in in/sec, V = velocity in ft/sec, g = 386 in/sec^. 

(b) Consider next the bending stress in the rim treated as a straight beam fixed at both ends, the length 
being the arc dlstanoe between spokes. 

= ~ = t€» a rectangular section beam 



The bending moment M at the ends of a beam rigidly held at both ends and uniformly loaded is 

u - ^ mr i [iTdbtp ,t_, ^1 7Td 0,00028' 



,000287 d^ito^ 



where IF = inertia load = (mass) (acceleration) = (2<fei^>, lb 

d = mean diameter of rim, in-; b = width, in,; t = thickness, in. 
a> - angular velocity, rad/sec; n = number of spokes; L = nd/n, in. 
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Substitute tbis value of M into tbe equation for S2 and obtain 

§M_ 0.0017 2d^6>^ 0.980JK^ 

where da> = 2iV, since v = 12V = zdta. 
(c) Then s = 0.75si + 0.25S2 = 0.75(0.10K^) + 0.25( °'^^°/^ ) 

Cn 

= K^(0,075 + ^^^). the Lanza equation. 



18. Use the Zjanza equation to deterniine the maximum tensile stress in the thin rim of a cast iron fly- 
wheel rotating at 600 rpm. The rim has mean radius 60", thickness 8" and width 12". Six spokes 
are used. Note that the data is the same as for Problem 15 above. 

Solution: 

^ = = (f|ft)( ^^^^^^^ ad/sec) = 314 ft/sec (high for cast iron), 
, = ^-(0.075 ^^) = (314)^(0.075 + ^5:^^ = „,eOO psi 

Comparison of tbe approximate result above with the stress of 11,700 psl using tbe rationally derived 
equation in Problem 15 of the preceding section shows that the approximate equation gives a greater value 
of stress and is on the conservative side. 

Note also that for the procedure used, tbe maximum stress could be reduced considerably by Increasing 
the number of spokes. 



STRESSKS IN ROTATING DISKS OF UNIFORM WIDTH, as might occur in solid plates used as fly- 
wheels, are given by the following equations: 

Disks with holest 

Radial stress tot any radius r: 



Tangential stress for any radius r: 



s* = 



S 



8 



The maximum radial stress occuring at r = \/f7r^ is 



T mast 



The maximum tangential stress occuring at r = r. is 




where s 



rmaz ~ niaximum radial stress, psi 
*+™- maximum tangential stress, psi 

p ^ weight density, Ib/in^ 
g = 386 in/sec^ 

IX = Poisson's ratio (0.30 for steel, 0.27 for cast iron) 

V = Tf^oy, peripheral velocity, in/sec 
r. = inside radius of plate, in. 

= outside radius of plate, in. 

T = variable radius, in. 



Fig. 26^ 
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Solid disks: 

The general equations for radial and tangential stresses in solid rotating disks are a bit dif- 
ferent from those for disks with holes. 

Radial stress for any radius r: 



8_ 

g 

Tangential stress for any radius r: 

The maximum radial stress and maximum tangential stress aie equal and both occur at r = 0: 



5 



S \ 8 



SOLVED PROBLEMS 



19. Determine the maximum radial stress and the maximum tangential stress in a steel plate (Polsson's 
ratio /X = 0.3) rotating at 3000 rpm. The radius of the hole in the plate is r^ = 4!' and the outside 
radius of the plate is = 12". Where do the maximum stresses occur? Steel weighs 0*280 Ib/in^. 

Soluti 



(a) The maximum radial stress is, for v = r^oi - 12(27rx 3000/60) = 3770 in/sec. 
This stress is located at r = = V4(12) = 6.93 in. 



(b) The maximum tangential stress is 



0.280(3770)^ /0.3-<-3\r. . 1-0.3/4'^ 



386 



This stress occurs at r = = 4 In. 



20. A solid steel rotor 3ft long and 12 in. in diameter rotates at 3000rpm. What are the maximum radial 
and tangential stresses and where do they occur? Steel weighs 0.280 Ib/in^, and Poisson's ratio 

IX = 0.3, 
Solution: 

Here v = r^oj = 6(2/7x3000/60) ^ 1884 in/sec. 

pv^ /u^3\ 0.280 (lS84f /0,3 + 3\ 

^^^m^ = *+«-v = -^(^-^1 = :::::: 1 — — 1 = 1060 psi 

Tmmx ttemx g \ 8 / 386 \ 8 / 

The mazlnmin stresses occur at the center of the rotor. 



SUPPLEMENTARY PROBLEM 



21- A steel forging has a diameter of 24" and rotates at 600 rpm. The center of the forging is defective and it 
is proposed to bore out the center to a diameter of 8"* Deternune the maximum stresses for the solid and 
hollow forgings. Steel weighs 0.280 lb/in®- Poisson's ratio is 0,3. 

Ans, Solid forging: = 17,000 psi, s^^^ = 17,000 psi 

Hollow forging: Vmax ^ 7560 psi, s^^^ = 34,900 psi 

Note that the bored forging has a higher tangential stress. 



Chapter 27 
Projects 



The following projects are suggested for practice in applying the principles of the preceding 
chapters in more comprehensive situations. These projects involve, in varying degrees, combinations 
of analysis, synthesis, ingenuity, proportioning of parts, use of codes, drawing and sketching, selection 
of materials, safety considerations, economic factors, life expectancy, and other related Ideas. 



1. Design of a Hand Screw Press — one ton cwacily 

A one ton capacity hand screw press for general 
usage is to be designed. Preliminary specifications 
have been established as shown in Fig, 27-1. While 
a complete design would require the making of the 
detailed drawings* this project will involve only 
the analysis of the various parts together with an 
assembly layout drawing on 18"x24^' paper. A scale 
skotcli of each proposed part as necessary for analysis 
purposes is to accompany the calculations* Sufficient 
information should be shown on the scale sketches 
to permit a draftsman to make detail drawings. 

The layout drawing is to show two views: the 
one shown In the figure and a side view. 

Suggested Materials 

1. Frame - Cast Iron 

2. Pressure Plate - Cast Iron 
3* Screw - SAE 1025 Steel 

4. Bushing - Mn. Bronze 

5. Bolts - Steel 

The following questions indicate some of the factors to be considered in the design. 
A. Design of Screw 

(1) What type of thread should be used? Acme thread? Square thread? American Standard or Unified National 
coarse or fine thread? 

(2) May this screw be treated as a short compression member? A column? 

(J) If a column, what is the unsupported length? What is the end conditions constant? 

(4) Is there an axial load? A bending load? A torsional load? An eccentric load? Any other load? 

(5) Is the type of loading the same on either side of the nut? 

{6) What combination of loading will cause the maximum stress and at what point (or points) will it occur? 

(7) What should be the efficiency of the screw? Is overhauling desirable? 

(8) What provisions, if any, should be made for lubrication? 

(9) What factor of safety is required? On what physical properties of the materials should it be based? Ul- 
timate strength? Endurance limit? Yield point? What is the danger of overload? To press? To operators? 




Handwheel 



Bronze Bushing 



14 Square Pressoie 
Plate, Self-Aligning 



Fig, 27-1 
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Should design be based on rigidity or strength? Design for steady or variable loading? Shock? Stress 

concentration? 

{10) What is the probable range of the coefficient of friction for the screw and nut? For the collar? What 
effect does this have on the loadii^? Is the design safe If the maximum iffobable coefficient of friction 
is used? What effect does the choice of materials have on the values of the coefficients to be used? 
How is the thrust to be transferred from the screw to the pressure plate? What effect does this have on 
the torque required? 

(11) What size handwheel is required? 

B. Design of Bashing 

(1) What should be the length of the nut? What effect does Increasing the length to diameter ratio have on 

load distribution on threads? 

(2) Should it be integral with the frame? If not, how should It be attached? 

(3) How Is the thrust to be transferred from screw to frame? 

(4) Should bushing or frame fail first due to overload? 

(5) What is the stress distribution In bushing? What thickness wall should be used? 

C. Design of Pressure Plate 

(1) What is the pressure distribution on plate? 

(2) IS resultant load eccentric? 

(3) What is the stress in plate? Are approximations needed? 

(4) How Is screw to be attached to plate and still allow self-alignment? 

D. Design of Frame 

(1) What are the loads in the vertical section? In the curved section? In thft horizontal section? 

(2) As a first approximation, assume a rectangular section in which the width is equal to five-eighths of the 
depth. 

(3) Modify this ^if^ction to form a T-section and check. Make any changes indicated. 

(4) Wlmt should be the width of the T-sectlon? Is there a minimum set by other parts such as the hub around 
the bushing? The width of base reuulred for foundation bolts? 

(5) May the curved section be analyzed as for a straight beam? 

(6) Is rigidity of the frame important? 

E. Design of Foondation Bolts 

(1) What loads must the bolts resist? 

(2) What is the distribution of loads among the bolts? 

(3) Should all bolts be the same size? Why? 

(4) What allowances should be made for wrench clearances? 

(5) What size bcdts should be used? 



2, Valve Stem Analysis 

A cam of circular profile works against a diameter flat faced follower as shown in Fig. 27*2 below. The 

analysis is to be made for 90° of counterclockwise rotation of the cam. 

For the position shown, the s[ffing force is 701b and the force P is 1001b. As the follower is raised the 
spring force increases linearly to 1201b and the applied force P decreases linearly to 401b. 

The weight of the follower is to be determined. The follower is made of steel, 0.28 Ib/in^. The weight of 
the spring may be assumed to be approximately 0.6Ib. 
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The cam rotates at a uniform speed of 1800 rpm counterclockwise, 
Coefficient of sliding friction is 0.25. 

Find: 

(a) The maximum stress in the valve stem for the position shown, 

(6) The maximum stress in the valve stem during 9(P counterclock- 
wise rotation of the cam- (Analyze f<» oP, 30P, 6(P, 9(f - Plot 
results. Analyze for any other position, as necessary.) Assume 
that the equivalent mass of the spring In the Inertia analysis 

is 1/3 the mass of the spring. 

(c) The maximum contact stress between the cam and follower 

during the 90*^ of rotation- 

(d) Design a spring for the given specifications. A maximum de- 
sign stress for the spring is limited to 75,000 psi, shear. 




Fig. 27-2 



3. Single Stage Speed Reducer 

A single stage right-angle speed reducer is to be desifiood as compact as possible for application with a 
bread mixing machine. Five horsepower is to be transmitted at 1 150 rpm of the high speed shaft with a velocity 
reduction of 3 to 1. Power is to be applied through a V-belt drive and taken from the output shaft ttuough a flexible 
coupling. The velocity ratio of the pulleys is 1 to 1. 

Base the selection of the bearings on satisfactory operation for two years, with 10 hours per day, 6 days a 

week op^^ration. T.imit the pitch diameter of the pulleys to minimum. 

Since the machine is to operate in a dusty atmosphere, proper sealing is extremely important. 
An itemized two view assembly drawing with a bill of materials is renuired. 



4. Speed Reducer 




The planetary spur gear speed reducer shown in Fig. 27-3 below has 4 hp supplied to the input shaft through a 
flexible coupling. The input shaft rotates at 1200 rpm. Power Is transmitted with no shock under 24 hours/day 

service. 

There are three planet gears, equally spaced. The internal gear is held stationary. 
The gears are to be made trom SAE 1030 steel, 

(a) Determine the size of shafts for the transmission of the power. 
Power is taken from the shaft by a coupling. 

(b) Determine the smallest diameter gears which can be used If the 
velocity ratio is 8:1- No fewer than 15 teeth are to be used on 
any gear. Use 2CP stub teeth. Check dynamic and wear loads. 

(c) Determine the face width of the gears. 

(d) Determine the size of the pin in the arm on which a planet 
gear rotates. The pin is BAE 1030. 

(e) Determine the beting loads. The bearings on each shaft 
are 6 inches apart. 

(f) Describe the transfer of the torque in the unit. How much 
torque must be applied to the base? Does this torque depend 
on the direction of rotation of the input shaft? 

(g) Specify the size of bolts to be used in the base, 

(h) Determine the size of key to be used with the gear on the 
input shaft. Key is to be made fi^om SAE 1020. 



Input Shaft 



Output Shaft 




Fig. 27-3 
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5. "Tnrboiprop" l^eed Redacer 



of Ptopcller 



\ 



lUOlb 



■a- 




Powir fjon [he 
(Pun Toraiop) 



Flf. 27-4 



An 800 hp turbme-propeiler aircraft engine rotates at 13,500 rpm and the propeller Is to be geared down to 
900 rpm. 600 bp is transmitted to the propeller, the test being used in the jet tlffust. Design requirements for 

aircraft and aircraft accessories are prescribed in detail by the NACA to account for wind gusts, gyroscopic forces, 
maneuvering, and landing. This project will be simplified by assuming essentially steady loading conditions. 
One of the tests that the reducer must pass is a 1000 hour bench test. While the manner of loading during the 
bench test is involved, exacting, and rigorous, again a simplification will be made that the engine will be sub- 
jected to 200% loading toi 250 hours and 100% loading for 750 hours. 

Minimum weight is an essential requirement. 

The reduction from 13,500 rpm to 900 rpm is too much 
for a single stage reduction. The proposal Is made that a 
single stage reduction be used In coiUunctlon with a plane- 
tary gear arrangement, as shown in Pig. 27-4. 

The diameter of gear 2 may be taken as 6*'. The diam- 
eter of gear 7 is to be three times that of gear 8* 

A sectional layout of the parts, to scale, is to be made. 

Including bearing assemblies. 

The housing for the reducer is a project in itself. Do not take time to analyze the housing. Design the 
gears arid shafts arid select bearlngsandproportlon the bouslngto suit the gears, shattSrSt^ bearings for the layout. 

The number of planet gears to be used affects tbe proportions. Arbitrarily, use tbtee planet gears. 

Further considerations: 

1. Materials: Use high strength steel or alloys. 

2. For assembly of the gears, two conditions must be met: 

(a) N^^Nq = even number (b) {N2^Ne)/n = Integer 

where Nq = number of teeth on gear 2, JVq = mimber of teeth on gear 6, n = number of equally spaced 
planet gears, 

3. Use velocity of engagement of gear teeth, not absolute velocity, in finding gear dynamic loads. 

4- Use mean cubic loads for bearing, shaft, ancl ircar loads. 

5. Minimum margin of safety tot the gears should be 0.2. 

6. Consider possibility of hollow shafting. 

7. Note that gear tooth loads on the planet are completely reversed. 

8. The airplane has a design speed of 300 mpta. The efficiency of the propeller may be taken as 85%. Neglect 

friction loss in the reducer. 



6. Air Cylinder 

An air cylinder is to be designed for operation at 80 psi. The maximum air pressure available in the plant 
where tbe cylinder is to be used is 150 psi. Thus the size of cylinder is to be based on a pressure of 80 psi, 
but the stress analysis will be based on 150 psi. 

The applied force required during tbe "out" stroke of the piston is 1200 lb. Although the fictional resist- 
ance in a well designed cylinder is approximately 5% of tbe theoretical force of the cylinder, it is advisable 
that the cylinder size be determined which is capable of exerting approximately I5 times the force which is con- 
sidered sufficient for the job. Thus, the size of the cylinder will be based on a pressure of 80 psi and a total 

required force of (l5)(1200) = 1800 lb. 

The required force on the "in" stroke of the piston is 150 lb, which, on the basis of the I5 factor given 
above, requires a force 225 lb in design of the cylinder on the return or "in" stroke. 

Tbe stroke of the cylinder Is to be 60 inches. 
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The cylinder is to be double acting and is to be cushioned l" at both ends. Needle valves are to be used 
to control the flow of air from the cushioning area. Provision is to be made to allov a fast start of the piston. 

The materials to be used for the various parts are: 

Piston rod SAE 1020 

Cylinder Seamless steel tubing 

Cylinder heads Good grade of cast iron 

Piston Good grade of cast Iron or SAE 1020 

The cylinder Is to be mounted, by appropriate lugs, on a surface parallel to the piston rod. Four mounting 
bolts are to be used. To minimise the stress in the mounting bolts and to maintain alignment, thrust blocks may 

be located at the inner edges of the mounting surfaces. 

The piston rod end Is to be designed for a pin connection. 

The following points are some of the items to be considered in the design: 

(1) Prevention of rusting of cylinder bore from the condensed moisture from the compressed air, 

(2) Proper glands and packing to prevent air leakage. 

(3) Ease in adjustability of the packings, 

(4) Use of fine threads versus coarse threads. 

Required: 1. A complete set of calculations. 

2, Sketches of all parts. 

3. A sectional view, with parts itemizedt on an IS^x 24*' drawing size sheet. 



7. Bearing Puller 

Various m^^thnds are available for removing machine members which are fitted with interference. One method 
is the use of an arbor press, another method is the use of a vise and drift, and still another method is the use 
of a puller (known as a wheel puller). 

For this project, it is desired to design a puller for a specific application: the removal of ball bearings 

assembled with interference between the inner race and shaft. 

The puller is to be adjustable so that it may \>e used with single row radial types of bearings having outside 
diameters ranging ftom 3.1496'' to 5,118l". The bore diameters range ftom 1,5748" to 2.1654". 

The maximum interference between the shaft and Inner bore of the largest bearing encountered in the large 
size bearings is O.OQI5" for the tightest fit used. For this fit, the maximum radial pressure between the inner 
race and shaft is approximately 3000 psi. 

The bearing puller is to operate by pressing against the Inner race so as not to damage the bearing. 

The maximum bearing width is 1.30". The centerline of the bearing is at a maximum distance of from 

the end of the shaft - 

Required: 1, An assembly drawing on an 18"x 24'' sheet of drawing paper. 

2. A complete set of calculations. 

3. Sketches of each part. 



8. Geneva Index 



A belt conveyor is moved intermittently by means of a geneva mechanism. Fig. 27-5 below. The conveyor 
is driven by a sprocket mounted on the same shaft as the geneva wheel. For this particular application the 
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CovTcyD 



Crank 



design data are: 

Angular velocity of driving otmk = 12 tpm (constant) 
Driving crank radius = 6 inches 
Distance between pivots = inches 
Sprocket diameter = 7.6 inches 
Conveyor belt and load = 2500 Ih 
Friction drag of belt = 170 lb (constant) 
Roller and wheel width = ^" 
Boiler diameter = 

1. To determine if this design is satisfactory an &,nalysis of 
the accelerations, forces, and stresses is reqaiied. The 
following ore to be determined: 

(a) Maximum angular acceleration of the geneva wheel 

(&) Maximum roller force 

(c ) Maximum torgne on driven shaft 

(d) Maximum roller contact stresses for given roller 

(e) Maximum stress at Section A-A 

(/) The shaft diameter for the driving shaft 

(g) The shaft diameter for the driven shaft 

(A) For the .V steel roller, determine the brinell hard- 
ness required for the roller. 

(O A satisfactory roller diameter if the roller width is 
reduced to k inch and the contact stress is limited 
to 100,000 psi, 

2. ThetotalequivalentmasspolarmomentofinertiaQftheTotatingparts(referredtotheaxls of the sprocket wheel) 
is 1 12 Ib-in-sec^. Taking this into account determine the same information required in part 1. 

3- The conveyor belt rests on 200 rollers each 2In. In diameter with a polar moment of Inertia of .02 Ib-in-scc^, 
the polar moment of inertia of each of the two sprocket wheels (one at each end of the conveyor bolt) is 7 
Ih-in-soc , and the polar moment of inertia of the geneva, wheel is 3 Ib-in-sec^. For this case determine an equiv- 
alent mass polar moment of inertia referred to the sprocket axis. Solve fcs the Information requested In part 1. 




Driving T«^u« 



Fig. 27-5 



9. Automatic Control 

A sequence of operations in an electrically controlled machining operation is to be initiated by an operator 
pressing a pushbutton. The following events are to occur: 

(J) Pressing a pushbutton actuates an oil pump motor and a four way electric solenoid valve controlling a 
hydraulic cylinder, providing that a work piece is not in position, A green light goes off and a red light 
goes on to Inform the operator that the machine is loaded. 

(2) The piston rod moves to its extreme outward position, locating the work piece in position. The piston 

rod is retracted automatically to Us initial pnsltinn. 
{3) The four way solenoid valve of a hydraulic clamp is actuated to hold the work piece in position. 

(4) When the hydraulic clamp is applied, a hole is drilled, the drill retracts, and the hydraulic clamp is 
released. 

(5) The four way solenoid valve controlling a second hycJrauIic cylinder is actuated to push the work piece 
to its next position, the travel being perpeadicuiar to the cylinder feeding the machine, 

(6) When the piston rod reaches its limit of travel, the piston rod is caused to return to its initial posUion, 
lighting a green light for the operatot*s benefit to infwm him that the cycle can be repeated. The red 

!ight goes off. 

Providing all necessary interlocks and safeties and providing for manual operation in case of a jam. design 
a control circuit to perform the required operations, 220 V three phase power supply is available. 
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10, Water Level Automatic Control 

Water level is to be maintained in a lo"xio" 
vertical tank as shown in Fig. 27-6» Water is flowing 
through an orifice in the bottom of the tank at a rate 
of CAQ^2§k, where C is the orifice constant, Is 
the area of the orifice^ and h is the water level height. 
The values of C and Aq ate such that the flow rate 
is Vh in^/sec, with h in inches. A float bavins a 
cross sectional area A in^ is ccHUiected to a regu- 
lating valve V, as shown. 

Under eQullibrlum conditions, the flnld force 
tending to close the valve is balanced by the spring 
force. EQuilibrium conditions exist when the flow 
into the tank Is equal to the flow out of the cvifice, 
and the lever is In a horizontal position. For a de- 
viation in lever position, there is a change in the 
hydraulic force tending to close the valve of lOnlb 
where m is the vertical displacement of the valve 
disk in inches. The change of rate of flow from 
equilibrium of the water through the valve is given 
by lOQm inVsec. The change in water level, or de- 
viation, is denoted by c. The moment of inertia of 
the lever assembly, including the float, float rod, 
and valve referred to the fulcrum of the lever may 
be taken as 0.05 Ib-ln-sec^. 

Determine the best choice of the float area A and the spring constant k , when the area of the float is limited 
to a ranf:e of 0,1 to 1,0 in^ and the spring constant k is limited to a range of 1.0 to 100 lb/in. Also, determine 
whether damping is necessary for stability. 



11. Tank Desfen 

The purpose of this project is to acquaint the student with the general ivocedure of design ander the ASME 
Code. 

ftoblem; It is required to store approximately 10.000 gallons of liquid propane for use as a gaseous fuel. Propane 
has a vapor pressure of 120 psi at 70°F and 210 psi at lOS^F. The storage tank is to be desUnedfor 
a working pressure of 250 psi in accordance with the ASMM Code for unfired pressure vessels. 



12. Bar Cutter 

A portable, dependable, light weight, hand operated device is required to cut ^ inch low carbon steel bars. 
It is desirable to have the minimum of distortion at the out surfaces. The unit should be compact and easily 

carried* The unit is to be hydraulic. 

Ref^ence! U.S. Patents 223S833and 2384130. 

Required: (1) A complete set of calculations together with sketches of each part. 

(2) An assembly drawing with at least 2 views, on an 18"x 24" sheet. 
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13. Book Alternator 



Books come from the binding operations, pass 
through a wrapping machine, smd proceed to the packing 
section. 

Before the books can be properly packed for ship- 
ment. It is necessary that every other book be rotated 
through 180 degrees. Fig, 27-7 shows the books before 
and after rotation. 

60 books a minute is the rate of production. 

Design a device to rotate every other book. Suf- 
ficient design should be shown to permit management 

to decide if the Idea is worthy of consideration and 
subsequent detailed design and construction. 

Consider that aufflclent space is available to provide for the necessary arrangement 
l^aces between books = i^ times book length. 




Fig. 27-7 
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14. One Han Passenger EleTator 



Purpose: 

The purpose of this project is to create a prelim- 
inary design and to make recommendations for the in- 
stallatlcHL of a one man passenger elevator which has 
been reouested by a custoicier. This preliminary design 
will be concerned only with the functional and engi- 
neering aspects of the installations. 

Problem: 

A residence has a conventionaL stairway from the 
first floor to the second floor, but no provision is pro- 
vided for going from the first floor to the basement 
except by ladder or outside entrance, K is proposed 
to install a one man passenger elevator to operate 
between the fiist floor and basement. Fig. 27-8 shows 
the permissible head room and clearances provided. 
Note that It is necessary to enter the elevator from 
the right on the first floor and Leave ftom the left in 
the basement. 

Preliminary Design Requirements: 



Proposed Elevfticr Shaft 

Section A-A 
Second Floor 



First Floor 



Basemeflc 




Pig. 27-8 



(i> Since this is a preliminary study, several alternate arrangements fat the proposed installation should 
be investigated. 

(2) After having decided upon a feasible arrangement, prepare a preliminary scale drawing showing the nec- 
essary elevation, plan, and auxiliary views. 

(3) Prepare a preliminary estimate covering the cost of equipment and installation. 

(4) Write a letter of transmittal to the customer in the form of an engineering proposal. 
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15- Grass Mower 

A manufacturer has decided to build and sell lawn mowers, With the recent number of serious accidents, 
he is interested in marketing a product that is safer tban any mower now available. In fact the sales appeal of 
safeneBS is so strong tbat large quantities of a mower could be sold on safeness alone. A survey of the present 
mowers shows that there are only three basic types: 

(J) Conventional reel 

(2) Rotwy 

(3) Sickle bar (the type used on farm moweta and mowers that cut along the highways- 
All of these types are dangerous even though guards are placed on them for protection. 

As a design engineer for the company, you are given the following job: Design a machine that will remove 
all grass to a proper level and will be safer than conventional types. 



16. Barrel Hoist 

A manufacturing company has the following problem; 

Small parts are a large portion of this business and several operations are required on each part. The nature 

of the operations required on different orders is such that it Is not practical to handle these parts on a production 
line. As a result, parts are shipped from one department to another in steel drums- Even though these drums are 
normally not filled over thr€e-q;uarters full, some drums weigh as much as 500 pounds. These drums are trans- 
ferred between departments by motorized cart and are set within „ 
S ft of the hopper for the machine that is to perform the next opera- 

tion. The operator of the machine must dump the contents of the 

drum into the hopper beside his machine. The top edge of the 
hopper is 5 ft from the floor. 

Design a device that will enable each operator to flll his 
hopper when necessary. State clearly any necessary assumptions 
and design with the following in mind: safety, original cost, ease 
of operation, power lequliements, space requirementa. versatility. 

The size of the steel drums is shown in Pig. 27^9. 

Fig. 27-9 
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17. Globe Valve Design 

A 1^' Globe Valve is to be designed forusewtthsalt water at 20QPf. The following specifications are to be met; 

(a) Valve to be suitable for 400 psl operating pressure. 

(b) Monel metal to be used, except for handwheelp which is to be malleable iron. (A satisfactory sub- 
stitute metal for monel may be usedO 

(c) Non-metallic valve seat disc to be used. 

(d) Proper seals to be used to insure no leakage. 

(e) Ample flow areas to be provided. 

(f ) Minimum thickness of monel castings to be 1/8^^ . 

Non-rotating" valve seat disc to be used. 

(A) A non-rising valve stem Is a necessary feature of the design. 
(i ) Valve stem to be 45° with the axis of the pipe. 

Required: (1) An itemized section assembly drawing, together with a bill of materials. Overall dimensions 

only are to be shown. 

(2) A complete detail drawing of the valve stem, showing all necessary dimensions and machined 

surfaces. 



PROJECTS 



331 



18. StatisUcal Fits 

Statistical quality control makes use of the natiirai laws of the statistical distribution of dimensions which 
exists when parts are machined and assembled. The spread of dimensions resulting from a machining process 
closely follows the frequency distrUmUoii pattern of the standard nwrnal statistical or probability curve. The 
natural spread of a machining process is usually taken as ±2a since 99,73% of the area under the normal curve 
falls within these boundaries. Each machine has its own natural spread which may be determined by measuring a 
large number of parts and preparing a frequency histogram, or the stajidard deviation cr may be calculated as 



a = 



where n = total number of p^s measured 
X - dimension of individual parts 



n 

The standard deviation, cr, as determined from the above. Is then multiplied by six to give the natural spread 

of the process based on ±3cr spread. 

When applying the above to the fitting olmatingpacts such as ashaft and bemng, the standard deviation for the 
two processes and are related to the standard difference deviation, o^p by 

where cr^ - standard deviation of shaft producing process 

Oj, = standard deviation of bearing boring process 

<T^ - standard deviation of the shaft and bearii^ dimension differences 

If all the processes are kept centered with respect to a mean dimension^ we may then expect that 99<73% of 
all the mating parts will have t\\& ranging from -3c^ to +3c^. 

The experiment called for in this project is intended to demonstrate the application of statistical quality control 
to the assembly of mating parts, if we pretend that the number of spots which show for each throw of the dice 

corresponds to the measurement of a dimension. The experiment will show that statistically the range of clearances 
Is considerably less than might be predicted by assuming the worst possible combination of fits. 

Dimensioning of machine parts should take advantage of the random statistical distribution which occurs in 

practice. Consider a shaft dimensioned as 3.00105^'992Z^ . or ^ ^^^^ and a bearing dimensioned as 3-0021^'^^|^ , 

3 0036 "UWJ/j J.UUUo .uui^ 

or The dimensions shown have been selected In such a way so as to correspond to numbers as might be 

d<OUUD 

obtained In throwing dice, three dice for the shaft and 6 dice for the bearing. The analogy can be considered as 
follows: If three dice thrown, the maximum sum of the spots is 18 and the minimum sum is 3. Then the range 
of the sum of the spots corresponds to the range In dimensions in tenths of a thousand, (3 to 18 ^ 0.0003" to 
.OOls'V) Or, if the analogy Is considered further, a throw of 3 points on the dice would correspond to a shaft 
size of 3.0003 and a throw of 18 points would correspond to a shaft size of 3.0018. Since measurement of actual 
shafts would involve a necessary variation or error, we can think of the numbers on the dice as corresponding 
to actual shaft dimensions as might he found by measurement in the shop. 

In a similar fashion, the hole dimensions correspond to the values as might be found from throwing 6 dice, with 
amlnlmnmpolntvalueof 6(ormlnlmumholeof 3.0006)andamaxlmumvalueof 36 (or maximum hole of 3.0036). 

A. Determine each of the following: 

(J) The mean value of shaft diameter. 
(2) The mean value of hole diameter. 
(5) The maximum possible clearance. 

(4) The maximum possible interference. 

(5) Assuming that the natural spread of the machining operations corresponds to the tolerance^ find the 
6£T spread of the shaft. 

(S) Assuming that the natural spread of the machining operations corresponds to the tolerance, find the 
6c spread of the hole. 

(7) Find the 6a deviations of the assemblies. 

(S) Find the mean deviation. 

(9) Determine the maximum clearance expected for 99.73% of the parts and the minimum clearance ex- 
pected for 99.73% of the parts. 
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B* Using nine dice, detemine and record tlie Interference or clearance obtained throwing 6 dice to conespond 

to a hole dimension and 3 dice to correspond to a shaft dimension. Since a large enough sample Is necessary, 
perform the operation 100 times. Plot the following: 

(7 ) A frequency distribution curve or histogram of the shaft dimensions, 

(2) A ftequency distribution ciirre or histogram of the hole dimensions, 

(3) A frectuency distribution curve or histogram of the differences of hole and shaft dimensions. 

- Xx 

(4) Calculate the mean value x of the clearances, x — 

where x-^ measured clearance, n = total number of measurements. 

(5) Calculate the standard deviation, a = 
C, Summarise your nndlngs* 



19. Card Feeder 

Cards of different colors are received in stacks of 2000* The cards measure 5"x3^'x0.006'\ The cards 
are to be fed Into a machine which, by photoelectric meanSp will sort the cards Into separate stacks of the same 
color. The rate of feed is to be no less than 1000 per minute. 

Two problems exist: 

(i) The means by which the cards are to be ie^ singly into the machine. 

(3) The means by which cards which have been Identified as to color are to he separated Into separate 

stacks. 

Solutions involving sketches of proposed designs for either or both problems are desired. 



20. Bnnaway Ttack Project 

Occasionally trucks have brake failures on level roads or on steep inclines. You, as a designer, are asked 
to submit a bid for an emergency means of bringing a runaway truck to rest. The design Is to be made for a semi- 
trailer truck loaded to its capacity. 

The reQuirements of this project are as follows: 

(7) Divestlgate the means by which a runaway truck may be brought to rest and Investigate the feaal* 

bility of the idea. 

(2) Specify the requirements of a satisfactory design, as capacity, manner of operation, safety features, 
cost, and other pertinent specifications. 

(3) Propose as many methods as possible. 

(4) Select what you feel to be the best method and make a design layout drawing, to scale. Make such 
views and/or sections as sue necessary for cluity or description of tiie design. Dimensions need 
not be shown on the drawing. All necessary calculations for sizing of parts must accompany the 

layout. 

(5) Estimate the cost per unit. If the design Is used, it is estimated that 10,000 units will be made, 

(6) Submit a report to management with the prc^osed design, briefly summarizing advantages, disad- 
vantages, salient features of the design, cost, and your recommendation as to the desirability of 
pursuing the project further. 
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21. AntoiiKitic Control Prefofoi Piess 
A description of the mecbaiiical operation of an automatic preform press Is ffiven on pages 10 and 11 of 

Design News, Volume 16, The operation is summarized as follows: 

(1) A Sliding block with an appropriate cavltr to measure the proper volume of phenol resin transports the 
powder to a die ctwmber and ejects a completed preformed disk. A pneumatic cylinder operates the 

sliding block. 

(2) The die chamber is formed by the retraction of the lower ram. After dropping the powder into the chamber, 
the sliding block immediately moves back to its initial position beneath the hopper. 

(3) The upper run then moves down, compressing the powder into shape at ivproximately 6000 psi. The 

upper ram dwells for several seconds under load after which it rises, 

(4) The lower ram then elevates the completed prefcwm to the table top and stays in position until the sliding 
block moves forward on its next cycle. 

(5) When the sliding block moves forward, its leading edge pushes the completed preform over the edge of 
the table to a conveyor belt. The lower ram then descends to form the cavity for the preform powder. 

The entire action is controlled by limit switches which energize the hydraulic and pneumatic circuits through 
solenoid valves. The timer Is adjustable to allow for a variable dwell of the upper ram. The lower ram has an 
adjustable stroke which is varied by an adjustment screw. 

Providing for all necessary interlocks and safeties, design a control circuit to perform the required opera- 
tions. The air oylinder uses plant air pressure, 90 psi. A separate electric motor and puntp are required for the 
hydraulic cylinders. 

Manual opf^ration should be provided for in case of a Jam. 

220 V three phase power supply is available. 



22. Automatic Anto-ThrotUe Control 

Since the construction of super-highways has been extensive and will increase In the future, longer con* 
tinuons ante trips are being made. 

The use of the present foot accelerator causes considerable fatigue to many drivers during long trips. A 
manufacturer of auto specialty parts has asked you as a member of its design staff to investigate the feasibility 
of installing a manually set, automatically released throttle to alleviate fotlgne caused by use of the foot ac- 
tuated accelerator- 
Submit a report of your feasibility study including the following items; 

(Z) Make a preliminary sketch of a practical design which might be used. Safety features must be in- 
corporated in the design. 

(2) Prepare a rough estimate of the manufacturing cost to produce yonr design at a rate of 10,000 units 
per month. 

(3) Prepare a ivelimlnary customer's manual giving a step-by-step procedure for installing your unit on 
a specific make of car. 
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The following projects (23 through 36) were used at Purdue University in an experimental design 
course by P.G. Reynolds of the E.L duPont de Nemours and Company, Inc, 



23. Catalyst Injection System 

A continuous process for making a plastic requires injection of a catalyst into a pipe line at a uniform rate 
of 10 cm^ per hour against an operating pressure of 10,000 psi. This requires the time of one operaJ;or on a con- 
tinuous basis to do the work by essentially a band technique^ so the operatlnff superintendent las requested you 
to design a system to do this Job automatically. Normally a run lasts for about 30 days before the unit Is shut 

down for a catalyst change. 

Changes must be justified on a saving basis. Operation costs are $6000 per year per man and continuous 
operation requires 4 men per week on the basis of a 40 hour work week. A return of about 20% is expected on 
the Investment because of the risk of early obsolescence. The return on investment should be based on a de- 
preciation of 6% wd a tax rate of 52% on the profits. 

Note: The information in tbe above paragr^b can be used for problems 23 through 36 where labor savings 
apply. 



24. Safety Device on Powder Belt 

A belt 6^' wide is conveying black powder between two buildings 25 ft apart. The second building Is a stor- 
age unit holding 40001b of powder which may explode If there is a spark. It is necessary to design a mechanism 

which will cut the belt, shower the area with water and seal the hole in the baricade if fire becomes visible on 
the belt. 

The operating people Indicate that about $25,000 is the maximum which can be spent on this type of device. 
Otherwise^ an intermittent conveyor system can be justified. 



25. Bite-WiDK X-Bay Assembly Machine 

Develop the design of a machine to assemble bite-wing dental X-ray films at a rate of thirty a minute. The 
machine should cut the film from a roll, wrap it with the covering materials, inspect it and collect the finished 
products in boxes of 100. 

This machine would do the work of 10 people using hand methods and must be Justified on that basis. De- 
termine the return on the investment on the machine. 

(The student should obtain samples of bite-wing X-ray film to see what is involved in this operation,) 



26. Bag Packing Machine 

Dynamite with the general characteristics of brown sugar is packed into 121b bags by hand. In order to 
handle 40,000 Ib/sblft of the material, a five man operating group is required plus a one man trucker to bring 
material and take away the packaged material. Two operators scrape up the material, put it into a bag and weigh 
it at the rate of 5 bags per minute for each operator- Two additional men then fold the bags shut and tape the 
tops closed. A final man takes the bags, puts them Into a box, and tapes it closed. 

We have been asked to design a machine to do this work with one operator plus the trucker. Please provide 

the optimum unit to do this job in terms of reliability and cost. 

Also investigate what is the most economical solution to the problem: complete mechanization or a combi- 
nation of part mechanization and the rest hand labor. 
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37 . ZZ Cartridge Assembly Machine 

A munitions mannfocturer decided that it would be necessary to modernize tbelr production facilities for pro- 
ducing 22 caliber cartridges. About 20,000,000 cartrldgeB per year are manufactured, of whlcb about 50% are 

long rifles and 25% each ate longs and shorts. 

You, as the engineers, have been requested to develop preliminary designs for a machine to assemble the 
cartridges from the components and collect them in groups of fifty for boxing. The machine should have a ca- 
pacity 50% greater than the annual requirements to take care of seasonal swings. It has been estimated that 
$350,000 could be Invested in the machine if U did not require more than 3 operators per shift. Shells, bullets, 
powder and primers will be supplied as components to the machine. 



28. Automatic Tire MomitlnK Hacblne 

Automobiles are being assembled at the rate of 40 per hour on an assembly line* This requires, by hand 

techniques, a crew of about 12 men for the tire installation on wheels. Design a machine for assembling tires 
on the wheels semi-^utomatically. requiring no more than two operators. Can the cost of the machine be Justified 
by the savings? 



29. Tube Fitting Tester 

Hydraulic operation of equipment and servo controls requires the use of a large number of hydraulic fittings. 
In the field these fittings often leak and cause trouUe even though tightened. We havp been asked to work out 
some sort of testing machine which will take the many types of hydraulic fittings and test them to determine 
which would be most suitable for field Installation. 

n has been decided that a maximum of $25,000 would be spent for the construction of such a unit. 



30. ReftigeratioD Unit 

A plant has a refrigeration load of 750 tons/day In the summer met by evaporation of ammonia at a pressure 

of 25 psig. Tt has been the practice to use this vapor In a process, but the operation is changed so this can no 
longer be done. During the summer, as a result of the decreased heating load, there is a large surplus of 15 
psig steam available for process use. Determine the most suitable system to handle this refrigeration load In 
terms of operating economy and develop the design and control system. Determine the cost. 



31. Circulating Pump 

An ammonia synthesis unit is being designed to produce ammonia at a pressure of 6000 psl. This requires 
a circulating unit to process about 200 ft^/min of gas of approximately 75% & 25% at operating conditions. 
The pressure drop Is 45Q psi across the pumping unit. You have been asked to evaluate possibilities and pro- 
pose a design which will cost less than $75,000 and result in the minimum operating and maintenance cost. 
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32. Vice ^ooliog Machine 

At the present time a plant is operating wire spooling ewipnient with 3 operators per shift around the clock 
to supply wire wound on spools. The wire is doable 22 gage copper with a ,020^' thick plastic coating, ThB 
spools vary In length ftom 50ft to 350ft in 50ft iDterrals. 40% of the spools are 100ft In length; 30%. ISQft in 
length; 10%, 50ft in length; and the remainder 5% each. We have been asked to design a machine which will 
produce 22 spools/mln and convey them to another production machine and to operate with one man. This machine 
would normally need to operate only one shift. We are to w«k np the design t£ a machine which will do the work 
and can be Justified on a monetary basis. 



33. C^erator Protection 

A man Is operating a press which has to produce 20-25 pieces a minute. The operator has to put in the 

fresh piece and remove the finished piece. Work out controls and protection systems which will eliminate any 
chance of the operator or his assistant getting hurt, brndequate safety control has handicapped the machine to 
the point where we can only obtain 75% of Its capacity. Can we Justify the installment of the safety equipment? 



34. Paint Bemover 

A new paint product is to be marketed which has oatstanding life if applied over bare wood. To sell this 
broadly requires a device or technique which will rapidly remove old paint. This device must work at least 10 
times as fast as any presently available device and must be able to sell for no more tban $50. Provide a solution 
to this requirement. 



35. Box Lining Device 

We are confronted with the problem of lining boxes, at the rate of 6 per minute, with wax paper. The boxes 
at present vary from is'^ to 18^' width by l" variations and from le'' to 24" in length by l" increments. Jt re- 
quires three operators per shift to line boxes at this rate by band techniques. The lining when folded into the 
boxes must provide a complete waterproof pocket and the edges must extend s" beyond the edge of the box. 
Develop a machine to do this operation efficiently and determine whether It can be Justified. 



36. 100,000 RPH Motor 

We have need for a prime mover to provide an output of a minimum of i hp at 100,000 rpm. B is possible to 
spend up to $10,000 to fabricate a unit to meet this recpiirement. If possible, a 1^ hp motor would be desirable 
for general use and It could be used by the hundreds if it could be manutectured fw as low as $1000 each. What 
could be provided? 
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A 

Acme thread, dimensions, 145 
AFBMA (Anti-Friction Bearing 

Manufacturer's Association), 266 

AGMA, bevel gears, peak load rating, 243, 247 

worm gear power rating, heat dissipation, 251,252 

wear, 250 

Allowable stresses, bdt materials, 291 

bevel gears, 242 

helical gears, 235 

helical springs, 195-196 

shafting, 114 

spur gear teeth, 225 

worm gears, 249 
Allowable wear load, bevel gears, 243 

helical gears, 236 

spur gears, 227 

worm gears, 260 
Allowances and tolerances, 18, 19 

Alternating stresses, 73 

American Standards Aaaociation, 18 

Amplitude^ vibration^ 90 

Angular deflection, shafting, 116, 119 

Anti-friction bearings (see rolling bearings) 

Area moment method, deflections, 38, 39 

ASME Code, shafting, 113-120 

Assembly of shrink fits, 21 

Attitude (lubrication), 280 

Axial deflection, 87 

Axial loading, 8 

Axial pitch, worms, 249 

B 

Back cone, bevel gears, 241 

Ball bearings (see IU>lling bearings) 

Band brakes, differential, 181 

self -locking, 181 

simple, 180-181 

simple two-way, 181 
Basic hole standard, 18 
Beams, curved, 26 

curved, solved problems, 29-34 

deflections, area moment method, 88-89 

deflections, conjugate beam method, 39 

deflections, step functions, 40 
Bearings (see Rolling bearings. Journal 

bearings. Lubrication) 
Belleville springs, 192, 197 



Belt drives, allowable stresses, 291 
angle of wrap, 290, 291 
flat belt stress equation, 290 
minimum pulley diameter, 291 

pivoted motor, 297 

power capacity, solved problem, 294 

power transmitted equation, 290 

shaft loads, solved problem, 293 

solved problems, 292-298 
supplementary problems, 298-299 
tension equation, derivation, 292, 293 
V-belts, solved problem, 296 

Bending, axial load, and torsion, 9, 10 

Bending moment diagrams, 11 

Bending moments* shafting, 115 

Bending stress, 7, 8 
curved beam, 26 

Bevel gears, 
AGMA peak load rating, 243, 247 
AGMA rating for wear, 243, 247 
allowable stress, 242 
back cone, 241, 242 
classification, 241 
crown gears, 241 
durability by AGMA Standards, 

solved problem, 247 
dynamic load, 243 

dynamic load, solved problem, 245, 246 
endurance load, 243, 244 
external, 241 

face width, 242 

force components, 207-208 

formative niunber of teeth, 243 

hypoid, 241 

internal, 241 

Lewis equation, 242 

materia] factors, 244, 247 

pitch angle, 241 

pitch diameter, 241 
solved problems, 244-247 

spiral tooth, 208 

straight tooth, 207 

strength by AGMA Standards, 

solved problem, 247 
strengtii design, formula, 242 
supplementary problems, 248 
transmitted forde, 242 
velocity factor, 242 
virtual number of teeth, 248 
wear load, 243-246 
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Biaxial loading, 10 

Bilateral, tolerances, 18 

Birnie's equation, 21 

Bolt loading, bolt joints In tension, 156 

external load, 156, 159 
fatigue strength, 158 
impact, 157, 162 

initial load, 156-157, 169 
joint separation, 156, 159 
nut height, 158 
resultant load, 156-157, 159 
Soderberg diagram, 162-164 
solved problem&t 159-168 
stress, 161-162 
stress concentration, 158 
stresses in tension, 157 
supplementary problems, 168-164 
thermal expansion, 160 
torque, 157 
Brakes, band, 180-182 
coefficient of friction> 182 
definition, 178 
double shoe, 179 
external shoe or block, 178 
heat <Jissipated, 182 

heat (?:t*nerated, 182 
internal shoe, 180 

long pivoted shoe» 179 
ri^id shoe, 178 

self-actuatin^t 178 
self-locking, 178 

single block, 178 

solved problems, 183-187 

supplementary problems, 188-189 

uniform wear, 179 
Buckingham, dynamic tooth load, 226, 286 

equation, spur gears, 225 

equation* helical gears, 236 
Butt w^ds (see Welded joints) 

C 

Castigliano's theorem, 42-43 

Centroidal axis, 26-28 

Circular pitch, helical gears, 284 

spur gears, 222 

worm gears, 249 
Circulating power, planetary gear trains, 211 
Classification, bevel gears, 241 
Clearance, 18 

Clutches, coefficient of friction, 165 

cone, 166 
definition, 165 
multiple disk, 165 
solved problems, 168-176 
supplementary probl^mis, 176-177 
torque capacity, 165-166 
Coefficient of friction, brakes, 102 
collar, 146 
disk clutch, 165 

in belt drive equations, 290, 291, 292 
journal bearings, 281, 284, 285, 288 



Coefficient of friction (cont.) 
rolling bearings, 265 

threads, 146 
Column action, helical springs, 194 

shafting, 114 
Columns, critical load, 46 

end conditions, 46 

equivalent stress, 47 

Euler eq[uation, 46 

factor of safety, 47 

J- B- Johnson formula, 46 

safe load, 47 

slendemesa ratio, 47 

solved problems, 66-68 

supplementary problems, 71 
Combined stresses, solved problems, 8-15 

supplementary problems, 15-17 
Cone clutch, axial forces, 167 

friction radii, 166, 169 

horsepower capacity, 107, 175 

torque capacity, 166, 173-174 
Conjugate beam, deflections, 39 
Couplings, axes coUinear, 131 

axes intersecting, 181 

axes parallel, 131 

design based on friction, 132 

design based on number of bolts, 132 

Falk type, 134 

flexible, 131 

rigid, 181-184 

solved problems, 132-136 

supplementary problems, 187 

universal joint, 131, 135-136 
Critical damping, 90 
Critical load, columns, 46 
Critical speeds, 101 

Dunkerley equation, 102, 109 

first, 101 

flexible supports, 108 
frequency equation, 103, 108 
higher, 103 

influence coefficients, 108 
multi-mass, 102 

Rayleigh-Ritz equation, 102, 104 
second, 101 

shaft of constant cross section, 102 

shaft design, 121 

single mass, 101 

solved problems, 103-109 

supplementary problems, 110*112 
Crown gears, definition, 241 
Curved bar, strain enei^, equation 

development, 48 
Curved beams, 26 

differential strain energy, 43 

formula development, 31-32 

maximum stress, 27 

neutral axis, 26 

section property, 27-28 

solved problems, 2d-34 

strain energy, transverse load, 42 

supplementary problems, 34-36 
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D 

Damping, critical, 90 
equivalent, 89 
ratio, 90 

Deformation, rolling bearings, 267 
Deflection, area moment method, 88 

axial, 37 

Belleville springs, 197 

angular shafting, 116, 119 

CaBtigliano'a theorem, 42 

conjugate beam, 39 

development of shear equation, 56-57 

due to shear, 41-42 

effect of shoulders and grooves, 65 

graphical integration, 43-45 

helical springs, 192 

lateral, 88 

multi-leaf springs, 191 
shaft design, 121 
solved problems, 48-66 
step functions, 90 
supplementary problems, 69-71 
tapered shaft, 66 
torsional, 37 
Deflection and buckling of 

machine members, 87 
Design process, 1, 2 

Diametral pitch, helical gears, 234 

Dimensions, basic, 18 

Disk clutch, axial force, 166-166 

friction radii, 165, 169 

number of contact surfaces, 166 

torque rapacity, 165 

uniform pressure, 165, 169 

uniform wear, 165, 169 

Dunkerley equation, 102, 109 

Durability, AGMA Standard for bevel gears, 

243, 247 

Dynamic capacity, rotling bearings, 258 
Dynamic load, bevel gears, 243, 246-246 

helical gears, 236, 238 

spur gears, 226 

worm gears formula, 249 

E 

Efficiency, screw mechanism, 146 

worm gearing formula, 251 
Endurance limit, 78 

Endurance load, bevel gears, 243, 244 
helical gears, 236 

spur gears, 226 
worm gears, formula, 250 
Endurance strength, 78 
finite life, 86 
Goodman diagram, 74 
Soderberg line, 74 

Energy, flywheels, 313, 314 
spring, 92 

Energy method, vibration, 92 
Engineering design, 1, 2 
Equivalent column stress, 47 



Equivalent damping constant, 89 
Equivalent mass, 89 
Equivalent maximum normal stress, 76 
Equivalent maidmum shear, 75, 76 
Equivalent normal stress, 75 
Equivalent spring constant, 89 
Euler equation, 46, 47 

P 

Face width, bevel gears, 242 

helical gears, 234 

spur gears, 222 
Factor, geometric, 72 

stress concentration, 72 
Factor of safety, column, 47 

variable stresses, 74, 75 
Fatigue, bolt loading, 158 

helical springs, 196-196 

machine members, 73, 74 

spur gears, 228 

spur gear teeth, 225 

welded joints, 306 
Fillet welds (see Welded joints) 
Finite life, 86 
First critical speed, 101 
Fits, 18-20 

Flexible supports, critical speeds, 108 

Fluctuating stresses, 73 

Flywheels, description of function, 313 
disk type, S18, 316, 320, 321 
rim type, 313, 314, 816, 817, 319 
speed fluctuation coefficient, 818 
solved problems, 317-821 
supplementary problems, 817-821 

Force analysis, helical gears, 234 

Force transmitted, vibrations, 91 

Forcing function, 90, 91 

Form factor, helical gears, 235 
spur gears, 227 

Formative number of teeth, bevel gears, 243 
helical gears, derivation, 287 

Frequency equation, 103, 108 

Frequency, natural, 101 

Frequency ratio, 90 

Frequency of vibration, fundamental, 92 
Friction, brakes, 182 

clutches, 165 
gears, 205 

rolling bearings, 266, 256 
threads, 146 

worm gearing efficiency, 261 
G 

Gear forces, components, 205 
bevel gear, components, 207-208 
friction losses, 205 
helical gear, components, 205-206 
planetary gear trains, 211 
solved problems, 212-216 
spur gear, components, 205 
supplementary problems, 217-221 
worm gear, components, 210 
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Gear teeth, f ormatiTe number, 236 

virtual numberj 235 
Geometric factor, 72 
Goodman diagram, 74 
Graphical integration, bending deflections, 

H 

Heat dissipated, brakes, 182 

r 

journal bearings, 284 
Heat generated, brakes, 182 

journal bearings, Z78 
Helical gears, allowable stress, 235 

Buckingham equation, 236 

circular pitch, 234 

circumferential circular pitch, 234 

diametral pitch, 284 

dynamic load, 236, 288 

face width, 234 

force components, 205-206, 234 

formative number of teeth, 285, 287 

form f actoTi 235 

helix angle, 234 

Lewis equation for, 236, 236 

Hmitiiij^ endurance load, 236 

maximum power, solved problem, 239 

normal circular pitch, 234 

normal diametral pitchi 284 

pressure angle, 234 

solved problems, 237-239 

strength design, solved problem, 287 

strength equation, 236 

supplementary problems, 240 

velocity factor, 286 

virtual number of teeth, 286, 287 

wear load, 236, 238 
Helical springs, allowable stresses, 196-196 

buckling, 193 

deflection, 192 

f atig:ue, 195-196 

parallel, 198 

series, 193 

shear stress, 192 

spring ends, 194 

spring index, 192 

surging, 195 

Wahl factor, 192 
Helix angle, helical gears, 234 

threads, 145-146 
Higher critical speeds, 103 
Hypoid gears, description, 241 

I 

Influence coefficient, 103 
Installation of rolling bearings, 265 
Interference, 18, 19 
Interference flts, Birnie's equation, 21 

forces and torques, 21 

Lame's equation, 20 

pressure, 20, 23 

stresses due to, 20 

tangential stress, 20-21, 23 



J 

J» B> Johnson equation, 46 

safe load, 47 
Journal bearings, attitude, 260 

bearing pressure, 278 

coefficient of friction, 281, 285, 288 

dimensionless parameters, 278, 279, 280 

eccentric ity> 280 

end leakage, 282, 288 

film pressure, 278 

friction coefficient, 279 

heat dissipated, 284 

heat generated, 278, 286, 288 

imperfect lubrication, 278 

minimum film thickness, 280, 281, 282 

oil flow rate, 282, 288 

oil selection, solved problems, 286, 288 

perfect lubrication, 278 
permissible load, solved problem, 287 
Petroff*s equation, 280 
power loss, solved problem, 287 
Raimondi & Boyd design curves, 280 
Sommerfeld number, 280 
surface temperature, solved problem, 28G 
temperature rise of lubricant, 283 
thick film lubrication, 278 
thin film lubrication, 278 
typical practice, 279 
Judgment in design, 1 

K 

Kennedy keys, 188 

Keys, design of square and fiat keys, 
188-189, 141 

gib-head, 138 
Kennedy, 138 
solved problems, 141-142 
square, 188, 141 

supplementary problems, 143^144 

torque capacity in compression, 139 
torque capacity in shear, 139 
Woodruff, 138, 142, 144 
Kinetic energy, vibration, 92 
flywheels, 818, 814 

L 

Lame's equation, 20 
Lateral deflection, 38 

shaft design, 121 
Lateral rigidity, shafting, 116 
Lead, worm gearing, 249 

angle, worm gearing, 249 
Lewis equation, bevel gears, 242 

helical gears, 235, 236 

spur gears, 224 

worm gears, 249, 250 
Loading, axial, 8 
Loose flt, 18 

Lubricants {see Lubrication, oils) 
Lubrication, film pressure distribution, 
277, 278 (see also Journal bearings) 
imperfect, 278 
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Lubrication (cont.) 
kinematic viscosi^, 277 

lubricants, 276 

perfect, 278 

Saybolt Universal viscoai^, 277 

solved problems, 285-288 

supplementary problemSf 289 

thick-film, 278 

thin-fllm, 278 

viscosity, 276, 277 

viscosity vs. temperature, oils, 285 

M 

Machine design, defined, 6 

Machine vibrations, 89 
Magnification factor, 91 
Mass equivalent, 89 

Material factors, bevel gears, 244, 247 
worm gears, 260 

Maximum normal stress, 6 
Maximum shear, planes of, 7 
Maximum shear theory, general, 6 

shafting, 118 
Maxhnnm stress, design, 6 
Maximum transverse shear, 8 
Mechanics review quiz, 2-5 
Metal fits, 18 
Modes of vibration, 92 
Moments, shaft bending, 116 

shaft torsion, 115 
Mounting rolling bearings, housing, 266 

shaft, 265 

Multi-leaf springs, bending stress, 191^192 
cantilever, 190 
deflection, 191 

extra full length leaves, 190-192 
semi-^elliptic, 190 

N 

Natural frequency, 101 

Neutral axis, curved beams, 26-28 

Normal stress, equivalent, 76, 76 

Notch sensitivity, 73 

O 

Oils, density vs* temperature, 277 

Saybolt viscosity number, 277 
Overhauling, threads, 146, 148, 151-152 

P 

Petrel's equation, journal bearings, 280 
Phase angle, 91 

Pins, knuckle joint design, 139, 141 

tapered, 140 
Pitch, circumferential circular, 234 

diametral, 234 

normal circular, 234 

normal diametral, 234 

worm gears, 249 
Pitch angle, bevel gears, 241 
Pitch diameter, bevel gears, 241 
Plan of study, 5 



Plane of maximum shear, 7 
Planes of zero shear, 6 

Planetary gear trains, circulating power, 211 

forces, 211 
Potential energy, vibration, 92 
Power screws, axial load, 146 

coefficient of friction, 146, 148-153 

efficiency, 146 

overhauling, 146, 148 

solved problems, 148-163 

supplementary problems, 154-155 
Power transmitted, belt drives equation, 290 
Pressure angle, helical gears, 234 

spur gears, 222 
Pressure in interference fits, 20, 23 
Principal stresses, 6 
Projects, 322-336 
Proportioning of parts, 72 
Punch press, design of flywheel, 815 

R 

Badial factor, rolling bearings, 

257, 258, 260, 261 
Raimondi and Boyd, journal bearing 

design curves, 280 
Rayleigh-Ritz equation, 102, 104 
Repeated stresses, 78 
Resonance, 92-93 
Reversed strcasos, 73 

Review quiz, 2-6 
Rigidity, general, 87 

shafting, 115 
Rolling bearings, 

advantages and disadvantages, 255 

AFBHA recommendations, 259 

AFBHA standards, 266 

AFBMA static rating, solved problem, 268 

application considerations, 255 

basic load rating, 259, 260 

basic static load rating, 267 

coefficient of friction, 266, 266 

dynamic capacity, 258 

equivalent load, 269, 260, 264 

equivalent radial static load, 
solved problem, 268 

friction, 256, 266 

friction power loss, solved problem, 267 
friction torque, 266 

housing mountings, 266 

installation, 265 

life, 268, 259 

life conversion, 264 

life estimates, solved problem, 269 

permanent deformation, 257 

radial factor, 2B7, 258 

rating life, 269, 260 

seals, 266 

selection, general, 266 

shaft mountings, 266 
shields, 266 

specific dynamic capacity, 268, 269 
solved problems, 267-274 
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Rolling bearings (cont) 
static capacity, 256, 268 
static equivalent load; 267 
fftatic load, 267 

Stribeck's equation, 256, 267 
supplementary problems* 275 
temperature, 266 
thrust factor, 257, 258 

S 

Saybolt Universal viscosity, versus 

kinematic viscosity, 277 
Sciences underlying machine design, 2 
Screw threads (see Threads) 
Second critical speed, 101 
Selected average interference, 19 
Selective assembly, 19-20 
Shafting, allowable stresses, 114 

angular deflection, 116, 119 

ASME Code, 113-120 

bending moments, 115 

column action factor, 114 

critical speed design, 121 

design equations, 118 

latf^ral deflection, design, 121 

lateral rigidity, 115 

mai^hinery shafting, 115 

maximum shear theory, 118 

shock and fatigue factors, 113-114 

slope through bearings, 121 

solid vs. hollow, 113, 120-121 

solved problems, 116-127 

standard sizes, 115 

supplementary problems, 128-180 

torsional moments, 115 

torsional rigidity, 116 

transmission shafting, 115 
Shafts, critical speeds, 101 
Shear, planes of zero, 6 
Shear deflection, 41, 42, 56 
Shear stress, general, 7 

equivalent, 7B, 76 

key, 139 
Shear theory, design, 6 
Shock and fatigue, shafting, 113-114 
Shrink flts, assembly, 21 
Single degree of freedom, 89 
Size, nominal, 18 
Slendemess ratio, columns, 47 
Snug fit, 18 

Soderherg, bolt loading, 162-164 
helical springs, 195 

line, 74 

Sommerfeld number, journal bearings, 280 
Speed, coefficient of fluctuation, flywheels, 318 

reducers, worm gears, solved problems, 262 
Splined connections, 140, 142 

solved problem, 142 
Spring constant, equivalent, 89 
Spring energy, vibration, 92 
Springs, Belleville, 192 

des^n, 190 



Springs, Belleville (cont.) 
energy stored, 198 

helical, 192 

multi-leaf, 190 

spring rate, 192-193 

solved problems, 198-202 

supplementary problems, 202-204 
Spur gears, allowable stresses, 225 

BHN, 227-228 

Buckini^am equation, 225 

definitions, 228 

deformation factors, 228 

dynamic load, 225 

force components, 206 

form factor, 227 

fundamental law of gearing, 228 

interference, 223 

Lewis equation, 224 

permissible tooth error, 226 

pitch TS. tooth error, 226 

solved problems, 229-282 

standard pitches, 224 

stress in teeth, 224 

supplementary problems, 283 

surface endarance limit, 227-228 

teeth proportions, 228 

terminology, 222 

tooth endurance strength, 226 

tooth strength, 224 

wear load, 227 
Square thread, 146 
Standard, basic hole, 18 
Standard sizes, shafting, 115 
Standards, AGMA for bevel gears, 243 
Static equivalent load, rolling bearings, 257 
Steady state vibration, SO 
Step functions, deflection, 40 

integrating, 41 
Strain energy, axial loading, 42 

bending, 42 

bendii^ equation devdopment, 48 

curved bar, 48 
curved beam, 42 
shear, 42 
torsion, 42 

transverse force, curved beams, 42 
Strength, factors influencing, 72 
Strength design, bevel gears, formulas, 

2-12, 245, 246 
helical gears, solved problem, 237 
spur gears, 224 

worm gears, Lewis formula, 249 
Stress, bending, 7 
concentration, 72 

concentration factor, 72, 74, 158 
disk type flywheel, 320, 321 
flywheel rims, approximate^ 319 
Lanza equation for flywheels, 819 
maximum normal, 6 
maximum shear, 7 
minimum normal, 6 
principal, 6 
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stress (cont.) 
shear, 7 

thick rim flywheel, 317 
thin rim flywbed, S16 

torsional, 7 
Stresses, 6-17 

allowable shafting, 114 

Belleville springs, Id? 
bending*, 8 

bending and axial loading, 9 
bending, axial load, and torsion, 10 
bending and torsion, 9 
bolts, 157 

bolts in tension, 167 

combined, solved problems, 8-16 

curved beams, 26 

due to interference fits, 20 

helical springs, 192 

in simple machine members, 

solved problems, 8-16 
malti-leaf springs, 191-192 
spur gear teeth, 224 
threads, 146 

torsion and axial load, 9 
Stribeck's equation, derivation, 267 

rolling: bearings equations, 266 
Study plan, 6 

T 

Tan^jential stress, interference fits, 20-21, 28 
Tapered shaft, deflection, 65 
Temperature, journal bearing, 288, 286 

metal fits, 24 
Threads, Acme, 145, 148 

angle normal to profile, 145-146 

bearing pressure, 147 

helix angle, 146 

lead, 146 

pitch, 146 

square, 145 

stress area, 147 

stresses, 146-147 

terminology, 145 

worm gearing, 249 
Thrust factor, rolling bearings, 

257, 258, 260, 261 
Tolerance, 18, 19 
Torque, disk clutch, 165 

keys, 189 

splined connection, 140 

Torsion, 9 

Torsional deflection, hollow member, 87 

rectangular member, 38 
Torsional moments, shafting, 116 
Torsional rigidity, shafting, 115 
Torsional stress, 7 
Transient vibration, 90 
Transmissibility ratio, 91, 92 
Transverse shear, maximum, 8 
Transverse shear stress, 7 



U 

Uniform pressure, disk clutch, 165, 169 
Uniform wear, disk clutch, 165, 169 

Unilateral tolerance, 18 
V 

Variable loads, 72 
solved problems, 76-86 

supplementary problems, 86-88 
Variable stresses, 73 

equivalent normal stress, 75-76 
equivalent shear stress, 75-76 
factor of safely, 74, 76 
finite life, 86 
fluctuating, 78 
repeated, 73 
reversed, 73 

surface correction factor, 75 
V-belts (see Belt drives) 
Velocity factor, bevel gears, 242 

helical gears, 2S5 

worm gears, 249 
Vibration, critical damping, 90 

damping ratio, 90 

energy method, 92 

equivalent damping, 89 

equivalent mass, 89 

equivalent spring constant, 89 

force transmitted, 91 

forcing function, 90, 91 

free, 90 

frequency ratio, 90 
fundamental frequency, 92 
general procedure of analysis, 89 
kinetic energy, 92 
magnification factor, 91 
models, 92 

multi-degree of freedom, 92 

phase angle, 91 

potential energy, 92 

resonance, 92-98 

single degree of freedom, 89 

spring energy, 92 

steady state, 90 

steady state amplitude, 90 

solved problems, 93-98 

supplementary problems, 99-100 

transient, 90 

transmissibility ratio, 91, 92 
Virtual number of teeth, bevel gears, 243 

helical gears, derivation, 237 
Viscosity, definition, 276 

kinematic, 277 

typical oils, 285 

units, 277 

W 

Wear, AGMA rating for bevel gears, 243 
Wear load, bevel geai^, 243, 244, 245, 246 

helical gears, 236 

helical gears, solved problem, 238 
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Wear (contj 

spur gears, 227 

worm gears, formula, 250 
Welded joints, bracket design problem, 

309, 310 

butt welds, allowable force equation, 301 

design for fatigue, problem, 311 

design formulas, 305 

fatigue strength, 306 

fillet welds, allowable load equations, 

801, 302, 303 
girder design problem, 311 
intermittent welda. 305, 306 
load distribution, 308 
maximum shear, 307, 308 
moments of inertia, 308, 309 
polar moments of inertia, 808, 804 
rule of thumb design, 306 
section moduli, 303, 304 
solved problms, 807-812 
supplementary problems, 312 
Woodruff keys, 138 

Worm gears, AGMA approx. proportions, 
solved problem, 262 



Worm gears (cont-) 
AGMA power rating, heat dissipation, 
2&0'2e2 

AGHA recommended proportions, 261 
allowable stress, 249 
axial pitch, 249 
circular pitch, 249 
description, 249 

design, solved problem, 252, 263 

dynamic load formula, 249 
efficiency formula, 261 

endurance load formula, 260 

force components, 210 

heat dissipation, solved problem, 262 

lead, 249 

lead angle, 249, 262 

Lewis equation, 249, 260 

material factor, 250 

pressure constant, 261 

solved problems, 262-254 

strength design, Lewis formula, 249 

supplementary problems, 264 

velocity factor, 249 

wear load, formula, 260 
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